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Abstract

We present a neural network-based pipeline for efficiently generating
fast matrix multiplication (FMM) algorithms of small but arbitrary di-
mensions (n,m, k). Our neural network is general and tunable to output
FMM schemes with specific properties, and in this paper we specifically
target aspects that are useful and important in practical implementation,
such as ternarity (coefficients in {−1, 0, 1}), sparseness and a low number
of additions after optimization (addition reduction carried out separately).

We generate and optimize thousands of FMM algorithms and show
that our generation method is beneficial in terms of performance across the
entire FMM pipeline (both the FMM generation itself and optimization
of additions). We discuss performance metrics and utilize heatmaps to
visualize and understand this performance.

We achieve record-low arithmetic (additive) complexity for various
combinations of dimensions. For (n,m, k) = (2, 2, k), our method per-
forms particularly well. Our improvement compared to previous results
increases with k.

We show that the (addition) optimization process can behave very
differently depending on the dimensions considered, indicating how further
improvements (beyond our results) can be targeted. In particular, in
the (n,m, k) = (2, 2, k) setting, we show evidence of structural FMM
properties coming into play, concretely showing that FMM generation
with a minimal number of additions is sometimes suboptimal with respect
to the entire FMM pipeline.

Finally, we make our neural network implementation, our generated
FMM schemes, heatmap utilities and datasets publicly available.
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1 Introduction
This work focuses on minimizing the number of additions for fast matrix mul-
tiplication (FMM) schemes of fairly small dimensions. As argued in [20], mini-
mizing the arithmetic (additive) complexity of matrix multiplication algorithms
has a practical impact similar to minimizing rank.

We take the holistic perspective from [21] and consider the entire FMM
pipeline, as illustrated in Figure 1. As suggested in the illustration,
FMM Scheme Generation and Addition Reduction are essentially separate pro-
cesses in the production of implementation-efficient and addition-optimized FMM
schemes.

FMM Scheme
Generation

Addition
Reduction

FMM Pipeline

Figure 1: Pipeline for generation of implementation-efficient FMM Algorithms.

There are several different ways of generating FMM schemes, and there are
also several ways of post-processing FMM schemes for optimization (addition
reduction). In this paper we ask the following question: How can a holistic view
of the FMM Pipeline improve production of optimized FMM schemes when using
a neural network-based FMM generator to skew addition density probability
distributions?

We provide a new neural network for ternary (coefficients in T = {−1, 0, 1})
FMM algorithm generation that performs better than previous generation meth-
ods – in a holistic sense, and we concretely assess pipeline efficiency.

If you are somewhat familiar with neural networks and FMM algorithms,
you can easily understand our neural network as fully connected, as illustrated
in Figure 2 for the simpler case of multiplying two 2× 2 matrices

AB =

(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
c11 c12
c21 c22

)
= C.

When we examine the number of additions in FMM schemes, comparing
them before and after optimization, we will see in Section 4 that other gener-
ation methods generate smooth bell-like probability distributions. In contrast,
our neural network generates bell-shapes that are much more irregular, rather
devilishly twisted and torn, as if drawn directly from Hell; we thus call these
the Hell’s Bells. Subsequently, we therefore also refer to our neural network as
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Figure 2: Illustration of the neural network for the case n = m = k = 2.

the Hell’s Bells (neural) network, and to the FMM Pipeline when instantiated
with the Hell’s Bells network as the Hell’s Bells Pipeline.

A bird’s-eye interpretation of our method is that we tweak probability dis-
tributions in different ways in favor of improving the production quality of op-
timized FMM algorithms, aiming at practical implementation.

In a general context, multiplying 2 × 2 matrices directly from the defini-
tion requires eight multiplications and four additions. In 1969 Strassen [33]
showed how to reduce the number of multiplications to seven, at the cost of
increasing the number of additions to 181. The number of multiplications is
also called the rank of the algorithm. The rank seven was shown to be optimal
in [36]. Strassen’s algorithm reduces the asymptotic complexity of multiplying
n × n matrices from O(n3) to O(nlog2(7)). One branch of research has worked
on minimizing the asymptotic complexity, culminating in the current record of
O(n2.371339) [1]. This branch almost exclusively consists of galactic algorithms.
This work only considers the other branch, that is, asymptotically fast, practi-
cally viable FMM algorithms.

For rank 7 algorithms for multiplying 2×2 matrices, the number of additions
was reduced to 15 in [4]. The number of additions required is also referred to as
the arithmetic complexity of the algorithm. Using a change of basis, Karstadt
and Schwartz improved this number to 12 and showed it to be optimal in [13]. In

1When referring to additions, we implicitly include both additions and subtractions.
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terms of computational complexity, performing this change of basis introduces
lower-order terms that are small compared to the cost of performing an addition.

Now consider multiplying an n ×m matrix by an m × k matrix. For most
shapes with at least one dimension larger than 2, both the optimal rank and
the optimal arithmetic complexity of matrix multiplication are not known. For
three collections of low-rank schemes found for a large number of dimensions,
see [17, 27, 29]. Note that [17] points out that results are beaten so frequently
that publishing an exhaustive list in a paper becomes pointless as the list very
quickly becomes outdated.

1.1 The 3× 3 Case
For multiplying 3 × 3 matrices, Laderman found a rank 23 algorithm by hand
in 1976 [18]. After almost half a century of applying increasingly sophisticated
search methods, this rank has not been improved. The arithmetic complexity on
the other hand has recently seen a number of improvements in quick succession.

In terms of the number of additions required for rank 23 algorithms for mul-
tiplying 3 × 3 matrices, Smirnov found an algorithm that naively requires 84
additions [30]. Smirnov pointed out that the number of additions for his algo-
rithm can be lowered, but he did not perform such an optimization. Karstadt
and Schwartz reduced the number of additions to 75 in [13]. Beniamini et al.
reduced this number further to 61 using a change of basis in [3]. Without
performing a change of basis, Mårtensson and Stankovski Wagner showed how
to perform Laderman’s original algorithm using only 62 additions [20], almost
matching the result of Beniamini et al.

Recently, Stapleton developed a method for generating low-rank matrix mul-
tiplication schemes using a neural network [32]. By generating many schemes
of rank 23 and reducing the number of additions using the implementations
of Mårtensson and Stankovski Wagner, he found a 60-addition algorithm. In
this work, we further combine Stapleton’s method of generating fast matrix
multiplication schemes with Mårtensson’s and Stankovski Wagner’s method for
reducing the number of additions to find a scheme requiring only 59 additions.
In an earlier preprint of this work, we give the full details of this scheme [22].
This includes the naive (unreduced) form of the scheme using 110 additions, as
well as the optimized form, which requires only 59 additions. This also includes
a specification of the scheme on a form readable by the software implementations
of Mårtensson [19] and Stankovski Wagner [31]. We briefly comment on how
our work relates to some recent improvements from [14, 24, 35] in Section 1.3.

1.2 Other Dimensions
In this work, we also show how to generalize the method introduced by Staple-
ton to arbitrary dimensions (n,m, k). For various dimensions, we improve the
arithmetic complexity of previous constructions. Our method performs partic-
ularly well for dimensions of the form (2, 2, k), where it outperforms previous
methods more, the larger k becomes.
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1.3 Related Works
The first example of finding fast matrix multiplication using machine learning is
from Elser [6], who managed to recover Strassen’s algorithm, as well as a rank-
23 algorithm for multiplying 3× 3 matrices. These results were replicated with
a similar method in [2], where the authors argued heuristically why a rank-22
scheme for multiplying 3 × 3 matrices is unlikely to exist. Using significantly
more computational resources and a different approach, DeepMind found effi-
cient matrix multiplication schemes in [7, 23].

Recently, Perminov published a series of preprints relevant for this area of
work [24, 25, 26]. In [25], he searched the flip graph for schemes with ternary
coefficients. The dimensions where he makes improvements are too large for
(at least the current version) of our approach to apply. In [26], he builds upon
the method of [20] for reducing the additive complexity of matrix multiplication
schemes, slightly improving the additive complexity in some settings. Finally,
in [24] he traverses the flip graph of dimensions (n,m, k) = (3, 3, 3), applying
the reduction method of [26] until he finds an algorithm with the number of
additions reduced to 582. For more discussion, comparing our two results, see
Section 4.5.

Starting from Perminov’s scheme, Sun applies a transformation of it and then
uses an exhaustive search among all straight-line programs (SLPs) to optimize
the number of additions [35]3. This way he achieves a scheme requiring only 56
additions. By applying another transformation of Perminov’s scheme, combined
with SLP, Karunaratne and Idamekorala reduce the number of additions to
55 [14].

Note that the reductions in [14, 35] both go outside the framework of both
our work and the work by Perminov, both of which limit the search space to
common subexpression elimination (CSE). Their works are compatible with
generating many schemes with our method as well as the flip graph search of
Perminov, and then reducing the number of additions. However, note that their
methods are non-obvious to generalize, as they use the very particular structure
of the scheme in question to be able to perform exhaustive SLP. See Section 2.2
for a more detailed introduction to the difference between the two reduction
frameworks.

For sets of dimensions other than (3, 3, 3) we compare with previous work in
[3, 10, 13, 20, 21, 26, 28].

Acknowledgments
We thank Gemini 3.6 Flash and Chat GPT 5.6 for proofreading this manuscript,
although all writing and modification of this manuscript were done by hand.

2A result he published concurrently with an early preprint of this work [22].
3The fact that the search is exhaustive follows by studying his script [34]. To be more

precise, he applies exhaustive SLP to two out of three search problems, as the search space is
too vast for the third one.
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2 Notation and Background
We frequently use the compact indexing notationC0 C1 C2

C3 C4 C5

C6 C7 C8

 = C = AB =

A0 A1 A2

A3 A4 A5

A6 A7 A8

B0 B1 B2

B3 B4 B5

B6 B7 B8

.

We let U(a, b) denote the continuous, uniform distribution taking values
between a and b. We let N (µ, σ2) denote a normal distribution with mean µ
and variance σ2. Given a matrix A ∈ Rn×m, we define its Frobenius norm as

∥A∥F =

√√√√ n∑
i=1

m∑
j=1

|Aij |2.

2.1 Strassen-type Matrix Multiplication Schemes
Given A ∈ Rn×m, B ∈ Rm×k and consider C = AB ∈ Rn×k for some ring R.
A Strassen-type algorithm of rank r computes C as

M1 = (α
(1)
11 A11 + α

(1)
12 A12 + · · · )(β(1)

11 B11 + β
(1)
12 B12 + · · · ),

...

Mr = (α
(r)
11 A11 + α

(r)
12 A12 + · · · )(β(r)

11 B11 + β
(r)
12 B12 + · · · ),

C11 = γ
(1)
11 M1 + γ

(2)
11 M2 + · · ·+ γ

(r)
11 Mr,

...

Cn,k = γ
(1)
nkM1 + γ

(2)
nkM2 + · · ·+ γ

(r)
nkMr, (1)

where α
(l)
ij , β

(l)
ij , γ

(l)
ij ∈ K. In this work we consider ternary coefficients,

that is, we let K = T = {−1, 0, 1}. For some dimensions – most famously
n = m = k = 4 – it is possible to improve the rank by letting R = K = Z2 [7].
For other settings it is possible to improve the rank by considering a larger
set of coefficients for K, such as integer [15], rational [16, 30] or even complex
coefficients [12, 23]4.

For a comparison of how the rank of ternary schemes compare against
schemes with other coefficients, see [17, 27].

As detailed in [21], generating FMM schemes with low arithmetic complexity
can be divided up into two parts or processes; generation of many schemes of
minimized rank, and reduction of the number of additions of each scheme. Let
us first briefly discuss the addition reduction part.

4The rank-48 scheme for the n = m = k = 4 setting from [23] was later simplified to only
using rational coefficients in [5].
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2.2 Reducing Additions in an FMM Scheme
Consider a system of sums to compute, as defined in (1). Compared to com-
puting all additions and (scalar multiplications) naively, it is possible to save
a significant number of operations by performing the computations in a clever
order. Computing all ’A’-factors, ’B’-factors and ’C’-terms boils down to three
instances of problems of the following format. Given a1, . . . , aq, compute

s1 = g11a1 + · · · g1qaq, (2)
... (3)

sp = gp1a1 + · · · gpqaq, (4)

using a minimum number of additions and scalar multiplications. In this
work, we consider schemes where gij ∈ T. Thus, we restrict the operations to
additions.

2.2.1 Common Subexpression Elimination

The works of Mårtensson-Stankovski Wagner and Perminov both restrict the
search space to Common Subexpression Elimination (CSE). CSE works by re-
peatedly finding a sum/difference of two variables that exists in at least two
of the p sums in (2)-(4). This is called a common subexpression. The method
eliminates all occurrences of this subexpression by replacing it with a new vari-
able. Then the process continues until there are no common subexpressions
left. Once there are no common subexpressions left, then the remaining sums
are computed naively.

The challenge in each step lies in deciding which of the common subexpres-
sions to choose. In this work, we perform CSE from Mårtensson-Stankovski
Wagner [20] to optimize the additions of the schemes that we generate.

2.2.2 Straight-Line Programming

A more general approach of computing (2)-(4) is by using Straight-Line Pro-
gramming (SLP). Here we compute all the sums using t additions by forming

aq+1 = ai1 ± aj1 ,

...
aq+t = ait ± ajt ,

where for all sl, there is a k, such that aq+k = sl. Here, of course, ik, jk ∈
{1, . . . , q + k − 1}. Note that we can consider even more general ways of SLP,
such as forming new partial sums by multiplying an existing variable by a scalar.
However, this is likely not useful in our setting with ternary coefficients.
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In [21] a toy example where SLP can outperform CSE for computing a
system like in (2) was introduced. Whether this applies for problem instances
coming from matrix multiplication schemes was left as an open question. Very
soon afterwards, Sun [35] reduced the number of additions for multiplying 3× 3
matrices from 58 to 56, by performing exhaustive SLP. This was then further
improved to 55 in [14]. Both these works exploited the favorable properties of the
scheme in question. We leave the general questions of how to efficiently perform
SLP and how it performs compared to CSE for future research. Note that our
method of generating schemes is compatible with any method for reducing their
additions.

2.3 Generation of Many Low-Rank Schemes
The main contribution of this paper is a new method for generating schemes
of low rank with good potential for low optimized arithmetic complexity. We
describe our method in detail in Section 3.

3 The Hell’s Bells Neural Network and Pipeline
Let us describe our neural network-based method for discovering fast matrix
multiplication schemes. For more precise details on our method we refer to the
implementation [31].

We consider the problem of finding the coefficients in (1) as the problem of
finding the weights of a neural network. The values for the matrices A and B
are considered as inputs to the network. The values M1, . . . ,Mr constitute a
hidden layer. Finally, the values for the matrix C constitute the output of the
neural network.

For a concrete illustration of the approach for dimensions n = m = k = 2,
see Figure 2. The non-trivial weights correspond to all the edges that go into
a sum/the symbol Σ, in the figure. The (trivial) weights for all other edges are
implicitly equal to 1. The process of finding a matrix multiplication algorithm
simply consists of figuring out the values for the non-trivial weights.

Our method of finding the solution consists of two steps; finding a real-
valued solution, and turning the real-valued solution into a solution with ternary
coefficients.

3.1 Network Weight Initialization
The network starts by independently assigning the random value to each non-
trivial weight w as

w =


1 with probability 0.05,
−1 with probability 0.05,

∼ U
(
−
√

6/fin,
√
6/fin

)
with probability 0.9.

(5)
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Here, fin is the fan-in, the number of inputs to that layer of the neural
network. Concretely, this is equal to r(nm+mk) for α

(l)
ij and β

(l)
ij , and for γ

(l)
ij

it is equal to rnk.

3.2 Sampling Matrices for Training and Testing
We create sets of matrices that are used during training and testing. We sample
matrices in the following way. Each entry is sampled i.i.d. from N (0, 1). The
matrix is then normalized to unit Frobenius norm. In this way, optimization
is driven by inputs on a product of spheres rather than entrywise-independent
matrices. Empirically, this induces a non-uniform distribution over converged
ternary schemes, suggesting that the method currently explores a restricted but
practically valuable subset of the full ternary search space5.

3.3 Hell’s Bells network Phase 1: Solution in R
Loop the following steps a predetermined number of times (epochs).

1. Generate a batch of b = 256 random matrix pairs6 Ai,Bi and compute
their products Ci = AiBi.

2. Compute the corresponding approximations of the matrix products C′
i

using the current network weights.

3. Compute the loss ℓ as the mean squared error of the approximation;

ℓ = MSE({C′
i,Ci}) =

1

b

b∑
i=1

∥C′
i −Ci∥2F

4. If ℓ < ε, then return REAL SOLUTION CONVERGED.

5. Update the network weights using ℓ.

If no solution was found, then return REAL SOLUTION DID NOT CONVERGE.
Network weights are updated using the (PyTorch) optimizer AdamW, which

can be viewed as a gradient step decision maker in the (multi-dimensional)
network weight search space.

3.4 Hell’s Bells network Phase 2: Ternarization
If the process from Section 3.3 finds a real-valued solution, then we try to turn
it into a solution with ternary coefficients. The process is essentially the same as
in Section 3.3, with the main exception being how we penalize deviations from

5While it may be possible to initialize the weights to more precisely match that of a matrix
multiplication schemes, it is unlikely to have a significant impact on the performance of our
approach, which for specific values (n,m, k) draws values in a fairly narrow interval.

6this batch size empirically performs particularly well.
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ternary weights. Loop the following steps for the remaining number of steps
(epochs).

1. Generate a batch of b = 256 random matrix pairs7 Ai,Bi and compute
their products Ci = AiBi.

2. Compute the corresponding approximation of the matrix product C′
i using

the current weights.

3. Compute the loss ℓ, defined in the following way.

ℓ = MSE({C′
i,Ci}) + λsparse

∑
w∈W

|w|+ λternary
∑
w∈W

ΨT (w). (6)

Here λsparse, λternary and T are real values that can be modified epoch by
epoch, and

ΨT (w) = −T ln
(
e−

|w|
T + e−

|w−1|
T + e−

|w+1|
T

)
.

The second term of (6) encourages the network to minimize the total
weight. This is in line with [21], which observed that schemes with lower
naive arithmetic complexity tend to have lower optimized arithmetic com-
plexity.

Each term in the sum of the third component of (6) makes the network
value weights being close to T = {−1, 0, 1}. Thus, the term as a whole
makes the network value produce weights approaching this set. In fact,
there is nothing magical about the set T. We can generalize it to making
the model approach any alphabet A, by defining

ΨT,A(w) = −T ln

(∑
a∈A

e−
|w−a|

T

)
.

4. To evaluate whether our solution is both correct and has coefficients close
to the set {−1, 0, 1} we compute

ℓe = MSE({C′
i,Ci}) + 1−DT(W ),

where
DT(W ) = 1− 1

|W |
∑
w∈W

min (|w − 1|, |w|, |w + 1|) . (7)

If ℓe < ε, then we have a candidate solution and terminate the ternariza-
tion. If more than the pre-determined number of epochs have passed, then
we also terminate and mark the run as SOLUTION FAILED TO TERNARIZE.

7this batch size empirically performs particularly well.
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To generalize the process to check for closeness to an arbitrary alphabet
A, we would of course replace (7) with

DA(W ) = 1− 1

|W |
∑
w∈W

min
a∈A

(|w − a|) .

5. Update the network weights using ℓ. Note that the loss value ℓ for updat-
ing the weights and the evaluation loss ℓe for checking if our solution is
correct are different.

3.5 Verifying the Solution
If ternarization succeeds, then we make a hard snap, that is, we round each
current weight w to the closest value in T. We run a check to see that the
algorithm we found indeed constitutes a correct matrix multiplication scheme.
If we have indeed found a correct scheme, then as a post-processing step, we
run the software of Mårtensson and Stankovski Wagner [20] to determine the
arithmetic complexity of the solution.

3.6 Comments on our Particular Setting
Our setting is a bit unusual within the context of neural networks.

1. We can (cheaply) generate an unlimited amount of training data.

2. The neural network is an exact representation.

Despite these advantages, finding the correct weights of course remains a
hard problem, since the problem of finding the lowest rank itself is hard, as
showed by Håstad [8].

3.7 How Problem Size Grows with the Dimensions
Consider the general matrix multiplication problem for dimensions (n,m, k) and
rank r. The number of non-trivial edge weights to compute, involving ′A′ terms
is rnm, the number of non-trivial edge weights to compute, involving ′B′ terms
is rmk, and the number of non-trivial edge weights to compute, involving ′M ′

terms is nkr. Thus, the total number of non-trivial edges to determine is equal
to

r(nm+mk + nk). (8)

This number is of course equal to the number of variables when stating the
problem in terms of Brent equations.

3.8 Choice of Optimizer and Hyperparameters
For completeness, we discuss the choice of optimizer and hyperparameters in
Appendix A.
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4 Results
We first provide a summary of the additive complexities we find, before we go
into our more detailed results relating to FMM generation efficiency and more
structural observations.

4.1 Additive Complexity Summary
In Table 1 we summarize our results in terms of the arithmetic complexity that
we find for various dimensions.

Table 1: Our additive complexities compared to the previous state-of-the-art
for various dimensions.

Previous best

Dimensions Rank This paper w/o CoB w/ CoB
222 7 15 15 [28] 12 [13]
223 11 17 21 [20] 18 [3]
224 14 26 36 [20] 28 [3]
225 18 28 40 [20] 32 [3]
226 21 38 45 [21] 42 [10]
227 25 41 - 64 [10]
228 28 51 - 73 [10]

233 15 44 43 [21] 39 [3]
234 20 54 52 [21] 51 [3]
235 25 70 71 [26] 75 [10]

333 23 59 55 [14] 61 [3]

Notice that we limit ourselves to dimensions where n ≤ m ≤ k. Given a
scheme for dimensions nmk of a specified rank and arithmetic complexity8, it
can be transformed into an algorithm of the same rank and arithmetic complex-
ity for any permutation of the dimensions n, m and k. We reference the first
publication at which the specific arithmetic complexity was demonstrated, not
where the algorithm was first found on naive, non-optimized form. All cited
comparisons refer to the best reference results that we can find, not necessarily
the best result that can be achieved using known methods.

Generally, looking at the addition count distributions for the optimized
schemes, it tends to look like a skewed normal distribution, with some noticeable
exceptions.

4.2 How to Read Addition Reduction Heatmaps
We utilize addition reduction heatmaps to illustrate performance aspects of
FMM algorithm generators. Recall that our main end goal is to skew the output

8For convenience we simply write a set of dimensions (n,m, k) as nmk in many places
within this section.
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probability distributions of the number of additions after reduction towards
minimal values.

Our heatmaps plot how dense the resulting FMM algorithms are before
(x-axis) and after (y-axis) addition reduction, in terms of the number of addi-
tions. The raw data, available in [31], is discrete and two-dimensional, with the
minimum and maximum values displayed on both axes, so there are no values
outside the displayed region. You may appropriately think of the raw data as a
two-dimensional histogram, bucketing pairs of integers, but we have opted for a
color coding with smearing for improved visual interpretation of the probability
distributions.

In Figure 8, for example, we pair the heatmap with a histogram to clearly
provide a direct end goal visual of the resulting probability distribution of the
number of additions after optimization. This histogram corresponds to looking
at the raw heatmap data from the y-axis.

4.3 The Hell’s Bells Network is More Efficient than Uni-
form FMM Algorithm Generators

In Figure 3 we compare the performance of the Hell’s Bells network to the FMM
generator used by Heule et al. [9]. While it is very involved to clearly define
what drawing an FMM algorithm uniformly at random actually means, we can
still substantiate our efficiency claim by making this comparison.

It is clear from looking at the near-perfect binomial bump in Figure 3b that
the Heule FMM generator draws FMM algorithms close to uniformly at random
in some (not technical but) intuitive and natural sense.

Note that the slightly stretched shape along the diagonal indicates a positive
correlation between the number of naive and reduced additions, indicating that
it is FMM pipeline-optimal to minimize additions during FMM generation in
the (n,m, k) = (3, 3, 3) setting.

It is very clear that the Hell’s Bells network delivers probability distributions
that are much better in the sense that they are heavily skewed towards a smaller
number of additions in the optimized schemes. The FMM schemes generated by
the Hell’s Bells network are biased to have lower naive number of additions, and,
by extension, our full Hell’s Bells pipeline delivers a lower optimized number of
additions. This is visually apparent in Figure 3a, as the shape of the probability
distribution is more comet-shaped, with the center of mass shifted significantly
down to the left along the diagonal, compared to Figure 3b.

Looking at just the optimized number of additions in Figure 4, the difference
in efficiency is similarly apparent9.

9Aiming at a minimal number of additions after reduction, it is appropriate to compare the
left tails of the probability distributions, whereas the middle and right parts of the distributions
are not relevant in this setting.
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(a) Heatmap for the Hell’s Bells network.

(b) Heatmap from [21] for Heule et al.

Figure 3: Addition reduction heatmap comparison for our FMM generation
method vs. that of Heule et al. for the 333 setting.
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Figure 4: Probability distributions for the optimized number of additions in
different sets of FMM algorithms.

4.4 Parameter Order May be Significant
It is not immediately clear that the Hell’s Bells network treats the parameters
(n,m, k) equally in a symmetric sense. That is, running the Hell’s Bells network
with parameters nmk or, e.g., the computationally equivalent kmn may poten-
tially yield different results – different probability distributions with respect to
additive weight.

To examine this point further, we compare the case for 234 vs. 432, shown
in Figure 5. We see a slightly higher variance for 432, which is beneficial when
targeting minimality.

For 235 vs. 532 we observed a similar slight difference and opted to go with
532 in our simulations (reported as 235 below). However, the number of samples
is not large enough for a conclusive result, so our conclusion is that parameter
order may be significant for performance in the current implementation. More
detailed investigations are left for future studies.

4.5 The 333 Setting
In the 333 setting we achieve 59 additions (see Figure 6, first reported in [22]),
which was subsequently improved by, in turn, Perminov’s 58 additions in [24],
Sun’s 56 additions [35] and Karunaratne’s and Idamekorala’s 55 additions. Let
us comment on this chain of results in some more detail.

In [24], Perminov managed to find a scheme requiring only 58 additions. His
approach was to start from a rank-23 scheme and then search the vast flip graph
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(a) 234 setting (256 samples). (b) 432 setting (342 samples).

Figure 5: Addition count distribution comparison for the 234 and 432 settings.
The Hell’s Bells network shows some signs of asymmetric behavior with respect
to parameter order nmk vs. kmn.

Figure 6: Addition distribution and reduction heatmap for the 333 setting with
15,316 sampled FMM algorithms.

in its neighborhood until he found a scheme with low arithmetic complexity.
Compared to us, he explores a larger number of schemes, but the difference
from one scheme to the next is very minor.

By transforming Perminov’s scheme and applying SLP instead of CSE (see
Appendix B of [21] for some further discussion), Sun found a scheme requiring
only 56 additions. This was further improved to 55 additions using a similar
approach in [14]. Note that these improvements come from performing reduction
of additions more efficiently, compared to both our work and Perminov’s, and
not from generating schemes in a more efficient way.

While we do not deliver a new record in the 333 setting, we do leave the
setting under-explored since we, contrary to Sun and Perminov, have neither ap-
plied local search around our FMM algorithm outputs, nor more/other/stronger
addition reduction methods than those in [20]. We leave exploration of more
advanced such FMM pipelines for further research.
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4.6 The (n,m, k) = (2, 2, k) Parameter Regime
Studying the results of Table 1 we find the (n,m, k) = (2, 2, k) setting particu-
larly interesting. The corresponding addition count distributions and heatmaps
for dimensions 222 to 228 are found in Figures 7 to 13.

222

The 222 setting is trivial and is included for completeness. The respective num-
bers with and without change of basis here are known to be optimal. Note that
the addition count distribution deviates a lot from a (skewed) normal distribu-
tion, and finding solutions that are equal to the optimal 15 is very easy.

Figure 7: Addition distribution and reduction heatmap for the 222 setting with
10,227 sampled FMM algorithms.

223

Notice for the 223 setting, that our result can easily be matched by performing
Strassen’s algorithm on Winograd’s form, together with a naive multiplication
of a 2×2 matrix and a column vector. Nevertheless, this result has – as far as we
know – not been published elsewhere. Note that the addition count distribution
deviates quite a lot from a (skewed) normal distribution. Finding solutions that
are close or equal to 17 (which might be optimal) is very easy.

224

Without a change of basis, 30 additions can easily be achieved by dividing the
computation into two independent multiplications of 2× 2 matrices. Note that
we do significantly better than that with 26 additions.

225

Our 28 additions here can also be achieved by combining our results for the 224
setting with a naive multiplication of a 2× 2 matrix and a column vector.
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Figure 8: Addition distribution and reduction heatmap for the 223 setting with
25,625 sampled FMM algorithms.

Figure 9: Addition distribution and reduction heatmap for the 224 setting with
4,464 sampled FMM algorithms.

Figure 10: Addition distribution and reduction heatmap for the 225 setting with
8,378 sampled FMM algorithms.

226

Our 38 additions here constitute a non-trivial improvement compared to our
own results of lower dimensions and against previous state-of-the-art. For ex-
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ample, combining our results from the 224 setting with Strassen’s algorithm on
Winograd’s form leads to 26 + 15 = 41 additions.

Figure 11: Addition distribution and reduction heatmap for the 226 setting with
3,438 sampled FMM algorithms.

227

Our 41 additions here constitute a non-trivial improvement compared to our
own results of lower dimensions and against previous state-of-the-art. For ex-
ample, combining our results from the 225 setting with Strassen’s algorithm on
Winograd’s form leads to 28 + 15 = 43 additions. For this setting, we do not
find any previous published results optimizing the number of additions in the
setting without a change of basis.

Figure 12: Addition distribution and reduction heatmap for the 227 setting with
1,631 sampled FMM algorithms.

228

Our 51 additions here constitute a non-trivial improvement compared to our
own results of lower dimensions and against previous state-of-the-art. Combin-
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ing our results from the 224 setting twice gives an algorithm with 52 additions.
Combining our results from the 226 setting with Strassen’s algorithm on Wino-
grad’s form leads to 38 + 15 = 53 additions. For this setting, we do not find
any previous published results optimizing the number of additions in the setting
without a change of basis.

Figure 13: Addition distribution and reduction heatmap for the 228 setting with
1,499 sampled FMM algorithms.

4.7 Heatmap Clustering Reveals Structural Properties
The sequence of heatmaps in Figures 7 to 13 for the 22k schemes reveals further
interesting insights. Firstly, the clustering indicates that there are different
classes of FMM algorithms that fare better or worse in terms of number of
additions after reduction. In other words, clustering reveals structural properties
that are visible in the heatmap space.

This means that it is likely possible to extract the precise FMM algorithm
feature or feature set that define a specific cluster. This may, of course, be useful
for pushing the search for more efficient algorithms even further.

We note that no previous research efforts have explicitly targeted problem
structure for efficient FMM algorithm generation, so this opens up very inter-
esting targets for future research.

The clustering we see in the 22k setting seems to follow a pattern; 222 and
223 define two clusters, for 224 and 225 there are three, for 226 and 227 there
are four, for 228 (and presumably 229) there are five.

4.8 Lower Weight is Suboptimal for Some Parameter Sets
Last but not least, the sequence of heatmaps for the 22k schemes also clearly
shows that the FMM algorithms in the rightmost cluster (with highest naive
weight) perform best in terms of the number of additions after reduction, which
shows that weight minimization during FMM generation is suboptimal over the
entire FMM pipeline for these parameter sets.
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Regime 22k with k > 8 and Scaling Limits

We did not attempt to generate 22k-schemes for k > 8, so we do not know the
maximal k for which the Hell’s Bells network can generate FMM algorithms
with the current implementation. However, since pushing for low weight is
suboptimal, it makes more sense to first modify the Hell’s Bells network to
target a specific weight to maximize the efficiency of FMM generation in the
22k parameter regime. This is suggested as further research.

4.9 The (n,m, k) = (2, 3, k) Parameter Regime
The remaining results from Table 1 correspond to dimensions of the format
(2, 3, k), whose addition count distributions and heatmaps are found in Fig-
ures 14 to 17. Generally in these settings, we see some clustering around certain
addition counts, making them more frequent than if drawing values from a
(skewed) normal distribution.

233

In the 233 setting, with our 44 additions we manage to improve the 46 additions
reported by Perminov in [26]. However, we do not improve the state-of-the-art
as a solution with 43 additions was achieved in [21] by reducing the Hopcroft-
Kerr scheme [11] in the equivalent 323 setting.

Figure 14: Addition distribution and reduction heatmap for the 233 setting with
3,500 sampled FMM algorithms.

234/432

In the 234 setting, our 54 additions improve the result of 58 additions presented
by Perminov [26]. However, in [21] one of the equivalent 423 schemes was
reduced to 52 additions.
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Figure 15: Addition distribution and reduction heatmap for the 234 setting with
256 sampled FMM algorithms.

Figure 16: Addition distribution and reduction heatmap for the 432 setting with
342 sampled FMM algorithms.

235/532

In the 235 setting10 our 70 additions improve the published state-of-the-art so-
lutions both with and without a change of basis. Interestingly, this distribution
is not at all Normal, and the minimally obtained score of 70 additions is also the
most common addition count in this setting! Unlike the possible interpretations
for some smaller dimension settings, like 222 and 223, we do not believe that
this indicates that 70 additions is optimal.

4.10 Remaining Parameters
The subsections above cover the dimensions in which we managed to find solu-
tions. For dimensions of type 22k, we arbitrarily stopped at k = 8, while our
method could have found solutions for larger values of k. For dimension types
larger than reported here, such as 334, we did not manage to generate solutions.

10As indicated before, we technically study the computationally equivalent 532 setting.
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Figure 17: Addition distribution and reduction heatmap for the 532 setting with
1,023 sampled FMM algorithms.

We believe that our method should be able to find solutions also for larger
dimensions, and the path forward in this direction is not only to improve the
implementation by tweaking the hyperparameters, but also more fundamentally
to incorporate structural information, evolving more intelligent neural networks
that are targeted at specific parameters or parameter sets.

5 Summary and Future Work
We introduce a neural network-based pipeline for efficiently generating FMM
algorithms of small dimensions (n,m, k), achieving record-breaking arithmetic
complexities for various dimensions. By generating and analyzing thousands of
schemes, we study the connection between the arithmetic complexity before and
after reducing additions, revealing structural properties of FMM. By making the
implementation, schemes and data sets available, we facilitate future research
in this direction.

5.1 List of Future Work
There are many potential improvements and generalizations of the method pre-
sented in this paper, most of which are scattered throughout the paper. Here
we compile them into a list for convenience.

• The hyperparameters, detailed in Table 2, were set to fit the 333 setting,
and subsequently applied to other dimension settings. The only opti-
mization made for specific settings was adjusting the number of epochs.
Tailoring the hyperparameters for each specific parameter set nmk should
yield improved results.

• As described in Section 3.4, we ternarize the solution to get coefficients in
the set {−1, 0, 1}. As also discussed there, this method can be applied to
an arbitrary, finite set of coefficients.
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• Our method of generating many solutions can be combined with Permi-
nov’s method of searching the flip graph for a vast number of schemes in
the neighborhood of a solution. It is also possible to consider transfor-
mations of solutions, as Sun did in [35], applying a transformation of the
solution originally found by Perminov.

• As demonstrated by Sun [35] for some schemes, going beyond CSE sub-
stitutions can lead to a lower number of additions. Combining that idea
with our scheme generation could also lead to improved results.

• The initial state of the optimization procedure is set to something fairly
arbitrary and generic. It might be possible to improve by using knowledge
of the structure of the matrix multiplication problem at hand.

• Currently, our scheme generation tries to minimize the total weight, that
is, the naive additive complexity. In the 22k parameter regime, this is
clearly suboptimal. Can we improve by optimizing for another heuristic?
One possible idea here is to use the potential metric from [20].

• We train and test the network by letting it attempt to multiply a batch
of pairs of matrices. Instead, it should be more efficient to train/test it
against the general formula for matrix multiplication.

• Heatmaps show a clustering effect, as we saw in Section 4.7. How can this
be exploited? In Figure 10 we see that 46 naive additions lead to lowest
reduced number of additions. Is this specific to our method or does it
reveal something about FMM for that dimension? For the 22k case, it
seems as k increases that generating schemes with higher weights lead to
lower optimized number of additions. This suggests that it might be bene-
ficial to have the FMM generation process targeting FMM algorithms of a
specific weight. An even higher goal is to understand how the underlying
FMM structures induce the observed clustering.

• The (2, 3, 5) setting stands out as odd with 70 additions being both the
best and most common addition count score. Figuring out the mystery
of this probability distribution has the potential of lowering the addition
count for this setting and perhaps also for other settings.
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A Optimizer and Hyperparameters
For convenience, in Table 2 we compile all our hyperparameters and the values
we use for them. The first category - Input - is simply input parameters that
the algorithm itself does not set. The rank r is chosen as the best known rank
for that particular set of dimensions (n,m, k).

We vary the number of epochs depending on the dimensions (n,m, k) to
roughly maximize the expected number of ternary schemes found per unit of
time. Having a batch size of 256 seems to be a good tradeoff.

As an optimizer we use AdamW. We specify hyperparameters relevant to
AdamW in Table 2. Among them, the value 0.97 for β2 is a non-standard value
that we found to be effective. Once again, we refer to the implementation [31]
for even more details.

Table 2: Algorithm hyperparameters

Category Parameter Values

Input

Matrix dimension (n) Varies
Matrix dimension (m) Varies
Matrix dimension (k) Varies
Algorithm rank (r) Varies

Training Epochs Varies
Batch Size 256

Optimization

Optimizer AdamW
Initial Learning Rate 8 · 10−3

β1 (Momentum) 0.9
β2 0.97
Weight Decay 0.01

Ternarization and Sparsification

Ternary Trigger Loss 3 · 10−6

Ternary λ 10−4

Sparsity λ 3 · 10−6

Temperature T 10−3
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