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Abstract

Computing effective eigenvalues for neutron transport often requires a fine numerical resolution. The main
challenge of such computations is the high memory effort of classical solvers, which limits the accuracy of
chosen discretizations. In this work, we derive a method for the computation of effective eigenvalues when
the underlying solution has a low-rank structure. This is accomplished by utilizing dynamical low-rank
approximation (DLRA), which is an efficient strategy to derive time evolution equations for low-rank solution
representations. The main idea is to interpret the iterates of the classical inverse power iteration as pseudo-
time steps and apply the DLRA concepts in this framework. In our numerical experiment, we demonstrate
that our method significantly reduces memory requirements while achieving the desired accuracy. Analytic
investigations show that the proposed iteration scheme inherits the convergence speed of the inverse power
iteration, at least for a simplified setting.

Keywords: Dynamical low-rank approximation, kinetic equations, neutron transport, unconventional
integrator

Introduction1

In analyzing nuclear systems the eigenvalue problem that describes the behavior of a neutron-induced fis-2

sion chain reaction known as the k-eigenvalue problem is of fundamental importance. The magnitude of3

the dominant eigenvalue indicates whether the fission chain reaction will 1) ultimately diverge, 2) reach a4

constant, non-zero steady state, or 3) decay to zero. These cases are known as supercritical, critical, or5

subcritical systems, respectively.6

Given that the dominant (i.e., maximal) eigenvalue determines the character of the system, the inverse power7

iteration method (and its variations) is the most commonly applied method. In this method the neutron8

transport operator is repeatedly applied to an initial guess of the eigenvector in a similar manner to solving9

a steady-state problem where the righthand side changes with each iteration [26].10

There are a variety of mathematical models for the transport of neutrons including Monte Carlo [25], discrete11

ordinates (SN ) [22], spherical harmonics (PN ) [1], and simplified PN methods [27]. The workhorse model for12

nuclear systems is the multigroup diffusion method [34] where the neutron energies are discretized into finite13

energy ranges known as groups, and an elliptic, diffusion operator is used to approximate the migration14

of neutrons. Such a model will require storage of a solution that has a size that is the product of the15

energy and spatial degrees of freedom. When dealing with a highly heterogeneous system such as a nuclear16

reactor, the number of spatial degrees of freedom can be enormous [36], and to correctly approximate the17

reaction rates the number of energy degrees of freedom can easily reach several hundred [14]. For this reason,18

many problems are approximated by coarsened descriptions in space and energy to enable exploration of19

design space in engineering applications. These coarse problem descriptions can be accurate for systems20

that have either historical data to calibrate to or where past high-fidelity calculations can be used to inform21

discretizations. Nevertheless, the promise of small modular nuclear systems, interplanetary exploration scale22

reactors, and other emerging technologies may not be able to rely on these techniques.23
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To enable high-fidelity calculations we seek numerical techniques that have reduced memory and computa-24

tional costs. An efficient method with low memory requirements for time-dependent problems is dynamical25

low-rank approximation (DLRA). This method has been introduced for matrix-valued solutions in [16] and26

an extension to tensors is given in [17]. Its main idea is to represent and evolve the solution on a manifold27

of rank r functions. DLRA yields evolution equations for the individual factors of the solution [16], which28

can be solved numerically with standard methods. Robust integrators for these equations are the matrix29

projector-splitting integrator [23] and the unconventional integrator [3]. The original use of dynamical low-30

rank approximation focuses on matrix ordinary differential equations. Note that partial differential equations31

can be brought into such a form by performing a discretization of the phase-space except for time. In [7],32

the derivation of DLRA has been extended to function spaces, i.e., the evolution equations can be derived33

before discretizing the problem. This approach does not only provide the ability to derive stable discretiza-34

tions [19], but in the radiation transfer context allows an efficient implementation of scattering [19, 20].35

Problems in which dynamical low-rank is successfully applied to reduce memory and computational costs36

are, e.g., kinetic theory [7, 8, 31, 30, 9, 5, 6, 13, 20] as well as uncertainty quantification [10, 28, 29, 33, 18].37

Furthermore, DLRA allows for adaptive model refinement [4, 2, 32], where the main idea is to pick the rank38

of the solution representation adaptively. Recently, an approach to employ DLRA for computing rightmost39

eigenpairs has been proposed in [12].40

In this work, we combine dynamical low-rank approximation and the neutron diffusion equations to obtain41

an inverse power iteration scheme with low memory requirements. For this, we treat the updates of the42

power iteration as pseudo-timesteps. DLRA is then applied to the iteration scheme. I.e., the solution is43

represented as a product of rank r matrices and the resulting DLRA update equations yield an iteration44

scheme of each matrix. The memory requirement of the solution representation reduces from Nx×G, where45

Nx is the number of spatial cells and G is the number of energy groups to Nx× r+G× r, where r � Nx, G.46

47

This paper is structured as follows: After the introduction, we provide an overview over the used concepts48

in Section 1: Section 1.1 presents a discretization of the full k-eigenvalue problem for matrix solutions49

φ ∈ RNx×G. Section 1.2 shortly reviews important concepts of dynamical low-rank approximation used in50

this work. In Section 2 we employ dynamical low-rank approximation to derive a memory efficient iteration51

scheme for the k-eigenvalue problem. Section 3 gives a convergence proof for the scheme in a simplified52

setting. Numerical results are presented in Section 4 before concluding with Section 5.53

1. Background54

In the following, we give a short overview of the concepts employed in this work. Furthermore, we use55

this section to write the energy-dependent neutron diffusion equation in a compact matrix notation, which56

simplifies the derivation of DLRA evolution equations.57

1.1. k-eigenvalue computation58

Our main goal is to determine the maximum eigenvalue keff as well as its corresponding eigenfunction φ of59

the neutron transport k-eigenvalue problem. The corresponding multigroup approximation reads60

−∇ ·Dg(r)∇φg(r) + Σt,g(r)φg(r) =
χg
keff

∑
g′

νΣf,g′(r)φg′(r) +
∑
g′

Σs,g′,g(r)φg(r), (1)61

62

where r ∈ Ω ⊂ Rd is the spatial variable, Σt,g(r) is the total cross section of energy group g at spatial63

position r, Σf,g(r) is the fission cross-section and Σs,g′,g(r) is the scattering cross section between groups64

g and g′. The variable Dg(r) denotes the material diffusion coefficient at position r and energy group g.65

Furthermore, ν is the mean number of particles produced per fission event and χg is the fission neutron66

distribution function for group g. We are interested in computing φg(r) which is the integral of the scalar67

flux over the energy range of group g at position r corresponding to the maximal eigenvalue keff . For sake68

of readability, we omit boundary conditions and state them whenever needed.69
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In the following, our aim is to state a numerical discretization of (1), which treats the scalar flux at given70

spatial points as a matrix. That is, for a spatial grid r1, · · · , rNx and energy groups g ∈ {1, · · · , G} we71

have φ = (φjg)
Nx,G
j,g=1, where φjg = φg(xj). Such a formulation enables the use of dynamical low-rank72

approximation to reduce memory requirements. First, to later be able to derive efficient update formulations73

for the low-rank factors, we require all material coefficients to have a moderate rank. Note that the rank of74

these material coefficients equals the number of materials Nm, since75

Dg(r) =

Nm∑
`=1

ρ`(r)D
(`)
g , (2)76

77

where D
(`)
g is the diffusion coefficient (or any other material coefficient) for material ` and energy group78

g. The functions ρ`(r) denote densities of material `. In the following, we use the low-rank formulation of79

the material parameters which later will facilitate the derivation of the DLRA evolution equations. When80

evaluating Dg at cell interfaces rj+1/2 = (rj + rj+1)/2, one needs to approximate the material coefficient81

through its harmonic mean, i.e.,82

Dg(rj+1/2) =: Dg,j+1/2 = 2
Dg,jDg,j+1

Dg,j +Dg,j+1
= 2

∑
`,k ρ

(`)
j D

(`)
g ρ

(k)
j+1D

(k)
g∑

`(ρ
(`)
j + ρ

(`)
j+1)D

(`)
g

.83

84

Noting that only two terms in the sums can be non-zero, we get85

Dg,j+1/2 =

Nm∑
`,k=1

ρ
(`)
j ρ

(k)
j+1

(
ρ

(`)
j + ρ

(k)
j+1

) D
(`)
g D

(k)
g

D
(`)
g +D

(k)
g

. (3)86

87

The diffusion operator in one dimension is discretized through88

∇ ·Dg(r)∇φg(r)
∣∣∣
r=rj

≈ (D(g)φg)j89

90

where φg ∈ RNx collects the scalar flux at all spatial cells. The matrix D(g) ∈ RNx×Nx has values91

Dj,j±1(g) =
1

∆r · Vj
Dg,j±1/2Sj±1/2,92

Dj,j(g) = − 1

∆r · Vj
[
Dg,j+1/2Sj+1/2 +Dg,j−1/2Sj−1/2

]
,93

94

where ∆r is the size of each radial element. The surface area between cell j and j ± 1 is denoted by95

Sj±1/2 and the volume of cell j is denoted by Vj . The choice of these terms defines the spatial geometry.96

In our numerical experiments, we look at spherical domains, where we have Vj = 4π
3 (r3

i+1/2 − r
3
i−1/2) and97

Sj±1/2 = 4πr2
i±1/2. Using (3) in the above definition of D(g), lets us write D(g)φg as98

D(g)φg =

Nm∑
`,k=1

D
(`)
g D

(k)
g

D
(`)
g +D

(k)
g

D(`,k)φg,99

100

where we use101

D
(`,k)
j,j±1 = ±

ρ
(`)
j ρ

(k)
j±1

∆r · Vj
(ρ`(rj) + ρk(rj±1))Sj±1/2,102

D
(`,k)
j,j = − 1

∆r · Vj

[
ρ

(`)
j ρ

(k)
j+1

(
ρ

(`)
j + ρ

(k)
j+1

)
Sj+1/2 + ρ

(`)
j ρ

(k)
j−1

(
ρ

(`)
j + ρ

(k)
j−1

)
Sj−1/2

]
.103

104
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Let us further use the diagonal matrix ρ(`) ∈ RNx×Nx with entries ρ
(`)
jj = ρ`(rj) to write105

χgν

k

∑
g′

Σf,g′(r)φg′(r) =
χgν

k

∑
g′,`

ρ`(rj)Σ
(`)
f,g′φg′(rj) =

χgν

k

∑
g′,`

Σ
(`)
f,g′ρ

(`)φg′ ,106

∑
g′

Σs,g′,g(rj)φg(rj) =
∑
g′,`

ρ`(rj)Σ
(`)
s,g′,gφg(r) =

∑
g′,`

Σ
(`)
s,g′,gρ

(`)φg′ .107

108

Then, for a given group g, the diffusion equation reads109

−
Nm∑
`,k=1

D
(`)
g D

(k)
g

D
(`)
g +D

(k)
g

D(`,k)φg +

Nm∑
`=1

Σ
(`)
t,gρ

(`)φg =
χgν

keff

∑
g′,`

Σ
(`)
f,g′ρ

(`)φg′ +
∑
g′,`

Σ
(`)
s,g′,gρ

(`)φg′ .110

111

We can write this term as a bigger system for φ ∈ RNx×G. For this, we define Σ̃
(`)
f =

(
χgνΣ

(`)
f,g′

)G
g,g′=1

and112

the diagonal matrices M (`,k) ∈ RG×G with entries M
(`,k)
gg = D

(`,k)
g as well as Σ

(`)
t ∈ RG×G with Σ

(`)
t,gg = Σ

(`)
t,g.113

Then we have114

−
∑
`,k

D(`,k)φM (`,k) +
∑
`

ρ(`)φΣ
(`)
t =

1

keff

∑
`

ρ(`)φΣ̃
(`)
f +

∑
`

ρ(`)φΣ(`)
s .115

116

We solve the above equation for φ and keff with an inverse power iteration. For this, an iteration index is117

assigned to φ and an update of the scalar flux is given by118

−
∑
`,k

D(`,k)φ̃n+1M (`,k) +
∑
`

ρ(`)φ̃n+1
(
Σ

(`)
t −Σ(`)

s

)
=
∑
`

ρ(`)φnΣ̃
(`)
f . (4)119

120

The iteration method to determine the eigenvalue k then reads121

1. Start with initial guess φ0
g with g = 1, · · · , G.122

2. Compute φ̃n+1 from (4).123

3. Set kn+1 = ‖φ̃n+1‖ and φn+1 = φ̃n+1/kn+1124

4. If |kn+1 − kn| ≤ ε stop, else set n← n+ 1 and repeat from step 2.125

Note that the chosen norm ‖ · ‖ denotes the Frobenius norm.126

1.2. Dynamical low-rank approximation127

In the following, the dynamical low-rank approximation [16] will be reviewed. For a more detailed derivation128

of this method, we recommend reading the initial presentation [16] as well as the derivation of stable129

integrators to the derived evolution equations [23, 3]. A comprehensive discussion and summary of DLRA130

can for example be found in [35, Chapter 1]. In this work, DLRA will be employed to derive a memory131

efficient iteration scheme. DLRA is commonly derived for time dependent problems of the form132

u̇(t) = F(u(t)), (5)133
134

where u ∈ RN×M and F : RN×M → RN×M . To reduce computational complexity as well as memory135

requirements, DLRA represents and evolves the solution to (5) on a manifold of rank r functions. In our136

case, the solution is represented by an SVD-like decomposition of the form137

u(t) ≈ X(t)S(t)W(t)T , (6)138
139

where X ∈ RN×r and W ∈ RM×r can be interpreted as basis matrices with orthogonal columns and140

S ∈ Rr×r is a (not necessarily diagonal) coefficient matrix. We denote the set of matrices of the form (6),141
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i.e., the set of rank r matrices, asMr. In order to derive evolution equations for the two basis matrices and142

their corresponding coefficient matrix, we wish to find ur ∈Mr which fulfills143

u̇r(t) ∈ Tur(t)Mr such that ‖u̇r(t)− F(u(t))‖ = min. (7)144
145

Here, Tur(t)Mr denotes the tangent space ofMr at ur(t). Then, following [16, Proposition 2.1], the condition146

(7) leads to update equations147

Ṡ =XTF(u(t))W , (8a)148

Ẋ =(I −XXT )F(u(t))WS−1, (8b)149

Ẇ =(I −WW T )F(u(t))TXS−T . (8c)150
151

Due to the inverse coefficient matrix on the right-hand side of the above equations, this formulation is152

not robust under small eigenvalues. Robust integrators for the low-rank factors are the projector-splitting153

integrator [23] as well as the unconventional integrator [3]. In this work, we make use of the latter, however154

a derivation for the projector-splitting integrator is possible as well. Let us assume that a factorized solution155

is available at time tn as Xn, Sn and Wn. The unconventional integrator updates the factorized solution156

from time tn to tn+1 via157

1. K-step: Update Xn to Xn+1 via158

K̇(t) = F(K(t)Wn,T )Wn, K(tn) = XnSn. (9)159
160

Determine Xn+1 with K(tn+1) = Xn+1R and store M = Xn+1,TXn.161

2. L-step: Update Wn to Wn+1 via162

L̇(t) = Xn,TF(XnL(t)), L(tn) = SnWn,T . (10)163
164

Determine Wn+1 with Ln+1 = Wn+1R̃ and store N = Wn+1,TWn.165

3. S-step: Update Sn to Sn+1 via166

Ṡ(t) = Xn+1,TF(X1S(t)Wn+1,T )Wn+1, S(tn) = MSnNT (11)167
168

and set Sn+1 = S(tn+1).169

The updated solution is then given as u(tn+1) = Xn+1Sn+1W n+1,T . When using a forward Euler time170

discretization we obtain the equations171

Kn+1 = Kn + ∆tF(KnWn,T )Wn, Kn = XnSn, (12a)172

Ln+1 = Ln + ∆tXn,TF(XnLn), Ln = SnWn,T , (12b)173

Sn+1 = Sn + ∆tXn+1,TF(Xn+1Xn+1,TXnSnWn,TWn+1Wn+1,T )Wn+1. (12c)174
175

Hence, from a given initial condition u(t = 0), we can compute X0,S0 and X0 through a singular value176

decomposition truncated at a given rank r and use (12) to time update the facrized solution in time. In the177

following, we use the above scheme to define a low-rank inverse power iteration for the k-eigenvalue problem.178

2. Dynamical low-rank approximation for the inverse power iteration179

2.1. Iteration equations for low-rank factors180

In the following, we derive the DLRA evolution equations of the unconventional integrator. The equations181

of the matrix projector-splitting integrator take a similar form. Let us choose a rank r representation for182

φn, which reads φn ≈ XnSnW n. Here, Xn ∈ RNx×r, Sn ∈ Rr×r and W n ∈ RG×r. The main idea183
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of our derivation is to interpret the iteration index n as a pseudo-time, i.e., we can use (12) to define an184

iteration on the factoring matrices. Let us first plug the rank r representation into (4). Furthermore, we185

define Σ(`) := Σ
(`)
t −Σ

(`)
s . Then we have186

−
∑
`,k

D(`,k)φ̃n+1M (`,k) +
∑
`

ρ(`)φ̃n+1Σ(`) =
∑
`

ρ(`)XnSnW n,T Σ̃
(`)
f . (13)187

188

This form simplifies the presentation of the following K, L and S-step derivations:189

K-step: We define Kn = XnSn, set φ̃n+1 = Kn+1W n,T and multiply (13) with W n from the right. Then,190

we have191

−
∑
`,k

D(`,k)Kn+1W n,TM (`,k)W n +
∑
`

ρ(`)Kn+1W n,TΣ(`)W n =
∑
`

ρ(`)KnW n,T Σ̃
(`)
f W

n.192

193

The terms194

Σ̂
(`)
f,n = W n,T Σ̃

(`)
f W

n, M̂ (`,k)
n = W n,TM (`,k)W n, Σ̂(`)

n = W n,TΣ(`)W n
195
196

can be computed in O(r2 ·G2) operations. With the above definitions, the K-step reads197

−
∑
`,k

D(`,k)Kn+1M̂ (`,k)
n +

∑
`

ρ(`)Kn+1Σ̂(`)
n =

∑
`

ρ(`)KnΣ̂
(`)
f,n. (14)198

199

L-step: We define Ln = SnW n,T , set φ̃n+1 = XnLn+1 and multiply (13) with Xn,T from the left. Then,200

we get201

−
∑
`,k

Xn,TD(`,k)XnLn+1M (`,k) +
∑
`

Xn,Tρ(`)XnLn+1Σ(`) =
∑
`

Xn,Tρ(`)XnLnΣ̃
(`)
f .202

203

The terms204

ρ̂(`)
n = Xn,Tρ(`)Xn, D̂(`,k)

n = Xn,TD(`,k)Xn
205
206

can be computed in O(r2 ·N2
x) operations. With the above definitions, the L-step reads207

−
∑
`,k

D̂(`,k)
n Ln+1M (`,k) +

∑
`

ρ̂(`)
n L

n+1Σ(`) =
∑
`

ρ̂(`)LnΣ̃
(`)
f . (15)208

209

S-step: We define S = Xn+1,TXnSnW n,TW n+1, set φ̃n+1 = Xn+1Sn+1W n+1,T and multiply (13) with210

Xn+1,T from the left and W n+1 from the right. Then, we get211

−
∑
`,k

Xn+1,TD(`,k)Xn+1Sn+1W n+1,TM (`,k)W n+1
212

+
∑
`

Xn+1,Tρ(`)Xn+1Sn+1W n+1,TΣ(`)W n+1 =
∑
`

Xn+1,Tρ(`)Xn+1SW n+1,T Σ̃
(`)
f W

n+1.213

214

Let us reuse our above definitions, but evaluate them at iteration n+ 1 instead of n. Then, the S-step reads215

−
∑
`

D̂
(`)
n+1S

n+1M̂
(`)
n+1 +

∑
`

ρ̂
(`)
n+1S

n+1Σ̂
(`)
n+1 =

∑
`

ρ̂
(`)
n+1SΣ̂

(`)
f,n+1. (16)216

217
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2.2. Inversions218

In the presented method, we frequently need to solve systems of the form219

−
∑
`

A(`)xB(`) +
∑
`

C(`)xD(`) = y.220

221

Let us assume general dimensions N and M . Then A(`),C(`) ∈ RN×N , B(`),D(`) ∈ RM×M , and we wish222

to determine x ∈ RN×M for a right-hand-side y ∈ RN×M . Written in index notation, we obtain223

−
∑
`

∑
j,α

A
(`)
ij xjαB

(`)
αβ +

∑
`

∑
j,α

C
(`)
ij xjαD

(`)
αβ = yiβ .224

225

Let us rearrange this to a matrix-vector product:226 ∑
j,α

∑
`

(
−A(`)

ij B
(`)
αβ + C

(`)
ij D

(`)
αβ

)
x̃α+(j−1)r = ỹβ+(i−1)r,227

228

where x̃, ỹ ∈ RN ·M are the matrices x and y rearranged to vectors. Hence, we can define the matrix229

E ∈ RN ·M×N ·M with entries230

Eβ+(i−1)r,α+(j−1)r =
∑
`

(
−A(`)

ij B
(`)
αβ + C

(`)
ij D

(`)
αβ

)
231

232

and then solve the linear system Ex̃ = ỹ. Note that for the K-step (14), we have N = Nx and M = r.233

The L-step (15) has N = G and M = r and the S-step (18) has dimensions N = M = r. Opposed to234

the original problem, which inverts a matrix E ∈ RNx·G×Nx·G, we now need to invert three significantly235

smaller subproblems (assuming r � max{Nx, G}). It should be noted that many implementations of the236

multigroup diffusion equations solve the equations on a group-by-group iteration based on the Gauss-Seidel237

method. These methods require the storage of a matrix of dimensions Nx ×Nx and a storage of a solution238

vector of size Nx ·G. Nevertheless, our implementation is able to avoid the building of matrices at each step239

and because it is not necessarily matrix free, it could utilize a wider variety of preconditioning strategies.240

2.3. Algorithm241

The full algorithm takes the following form:242

1. K-step: Update Xn to Xn+1 via243

−
∑
`,k

D(`,k)Kn+1M̂ (`,k)
n +

∑
`

ρ(`)Kn+1Σ̂(`)
n =

∑
`

ρ(`)KnΣ̂
(`)
f,n.244

245

Determine Xn+1 with Kn+1 = Xn+1R and store Nx = Xn+1,TXn.246

2. L-step: Update Wn to Wn+1 via247

−
∑
`,k

D̂(`,k)
n Ln+1M (`,k) +

∑
`

ρ̂(`)
n L

n+1Σ(`) =
∑
`

ρ̂(`)LnΣ̃
(`)
f .248

249

Determine Wn+1 with Ln+1 = Wn+1R̃ and store NE = Wn+1,TWn.250

3. S-step: Update Sn to Sn+1 via251

−
∑
`

D̂
(`,k)
n+1 S̃

n+1M̂
(`,k)
n+1 +

∑
`

ρ̂
(`)
n+1S̃

n+1Σ̂
(`)
n+1 =

∑
`

ρ̂
(`)
n+1SΣ̂

(`)
f,n+1. (17)252

253

with S = NxS
nNT

E . Set kn+1 = ‖S̃n+1‖ and Sn+1 = S̃n+1/kn+1.254

4. If |kn+1 − kn| ≤ ε stop, else set n← n+ 1 and repeat.255
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An extension of this algorithm to rank adaptivity according to [2] is straight forward. We state the rank256

adaptive algorithm here, even though our numerical computations have all been done with the fixed rank257

integrator.258

1. K-step: Update Xn ∈ RNx×rn to Xn+1 ∈ RNx×2rn via259

−
∑
`,k

D(`,k)Kn+1M̂ (`,k)
n +

∑
`

ρ(`)Kn+1Σ̂(`)
n =

∑
`

ρ(`)KnΣ̂
(`)
f,n.260

261

Determine Xn+1 with [Kn+1,Xn] = Xn+1R and store Nx = Xn+1,TXn ∈ R2rn×rn .262

2. L-step: Update Wn ∈ RG×rn to Wn+1 ∈ RG×2rn via263

−
∑
`,k

D̂(`,k)
n Ln+1M (`,k) +

∑
`

ρ̂(`)
n L

n+1Σ(`) =
∑
`

ρ̂(`)LnΣ̃
(`)
f .264

265

Determine Wn+1 with [Ln+1,Wn] = Wn+1R̃ and store NE = Wn+1,TWn ∈ R2rn×rn .266

3. S-step: Update Sn ∈ Rrn×rn to Ŝn+1 ∈ R2rn×2rn via267

−
∑
`,k

D̂
(`,k)
n+1 Ŝ

n+1M̂
(`,k)
n+1 +

∑
`

ρ̂
(`)
n+1S̃

n+1Σ̂
(`)
n+1 =

∑
`

ρ̂
(`)
n+1SΣ̂

(`)
f,n+1. (18)268

269

with S = NxS
nNT

E ∈ R2rn×2rn .270

4. Truncation: Determine the SVD Ŝn+1 = P̂ Σ̂Q̂> where Σ̂ = diag(σj). For a given tolerance ϑ, choose
the new rank rn+1 ≤ 2rn such that ( 2r∑

j=rn+1+1

σ2
j

)1/2

≤ ϑ.

Compute the new factors for the approximation of φn+1 as follows: Let S1 be the r1 × r1 diagonal271

matrix with the r1 largest singular values and let P1 ∈ R2r×r1 and Q1 ∈ R2r×r1 contain the first r1272

columns of P̂ and Q̂, respectively. Finally, set U1 = ÛP1 ∈ Rm×r1 and V1 = V̂ Q1 ∈ Rn×r1 .273

5. Set kn+1 = ‖S̃n+1‖ and Sn+1 = S̃n+1/kn+1. If |kn+1 − kn| ≤ ε stop, else set n← n+ 1 and repeat.274

3. Convergence in a simplified setting275

Let us remark the following properties of the presented iteration method: If the iteration converges to a276

so-called steady state, the error of the maximal eigenvalue depends on the low-rank structure of the steady277

state solution. I.e., the accuracy of the method depends on the low-rank structure of the full problem. To278

investigate convergence, we investigate a simplified setting for the power iteration. Assume that we wish to279

determine the maximal λ such that AφB = λCφD, i.e.,280

φ = λA−1CφDB−1. (19)281
282

Note that this iteration gives the maximal eigenvalue of the operator T (φ) := C−1AφBD−1. Moreover,283

note that in this setting, we obtain eigenmatrices rather than eigenvectors. Then, the power iteration for284

the full problem becomes285

φn+1 =
A−1CφnDB−1

‖A−1CφnDB−1‖
=

ĈφnD̂

‖ĈφnD̂‖
286

287

where Ĉ := A−1C and D̂ := DB−1. Let us assume that Ĉ = V ΛV −1 and D̂ = U−1ΣU . In this case,288

the eigenmatrix corresponding to the maximal eigenvalue of T is of rank 1, namely v1u
T
1 . Then, we write289
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our initial iterate as290

φ0
jg =

∑
`,k

Vj`α`kUkg291

292

or in terms of matrices φn = V αnU . Plugging this into the iteration scheme yields293

φ1 =
V ΛV −1φ0U−1ΣU

‖V ΛV −1φ0W−1ΣU‖
=

V ΛαΣU

‖V ΛαΣU‖
.294

295

Applying this multiple times gives296

φn+1 =
V ΛnαΣnU

‖V ΛnαΣnU‖
.297

298

Let us collect columns of V and U in vectors vi and ui. Furthermore, let us define µij =
λiσj

λ1σ1
. Then, we299

can rewrite the above expression as300

φn+1 =

∑
i,j λ

n
i σ

n
j αijviu

T
j

‖
∑
i,j λ

n
i σ

n
j αijviu

T
j ‖

=
λn1σ

n
1

|λn1σn1 |

∑
i,j µ

n
ijαijviu

T
j

‖
∑
i,j µ

n
ijαijviu

T
j ‖
.301

302

Since limn→∞ µnij = δi1δj1, we have that limn→∞ φ(n+1) = v1u
T
1 . Hence303

lim
n→∞

‖A−1CφnDB−1‖ = λ1σ1.304

305

Now we come to the dynamical low-rank algorithm. Here we need to assume that the directions v1 and u1306

lie in the initial basis matrices. Let us take a closer look at what this means for the spatial basis. For this,307

we collect the i-th column of X in the vector Xi. We say that v1 is contained in X if for any i ∈ {1, · · · , r}308

we have a representation Xi =
∑Nx

j=1 Tijvj with Ti = (Tij)
Nx
j=1 ∈ RNx and Ti1 6= 0. Note that T defines the309

basis transform between V and the basis matrix retrieved by our dynamical low-rank iteration X. Hence,310

for v1 being contained in X we do not require vi to be spanned by the r columns of X, we only require311

that vi lies in the representation of any column. In this setting, the convergence speed of the DLRA power312

iteration is given by313

Theorem 3.1. The inverse DLRA power iteration scheme as proposed in Section 2 converges for a problem314

of the form (19) to the eigenvector corresponding to the maximal eigenvalue λ1σ1. Moreover, we have315

|‖φn‖ − λ1σ1| ≤ C1

(
λ2

λ1

)n
+ C2

(
σ2

σ1

)n
.316

317

Proof. See Appendix A.318

4. Numerical Results319

In the following, we investigate the proposed algorithm for different material and geometric settings. Results320

will be compared against the full code framework [37]. Note that the memory requirements of this code321

framework do not allow the computation of a finely resolved solution, which is why we show that the DLRA322

approach converges to the same solution as the full problem for sufficiently large rank. The dynamical323

low-rank code that has been used in this work can be found in [21]. Note that the material data used in this324

work cannot be made publicly available. To compare against a finely resolved reference solution, a DLRA325

solution with high rank will be used.326
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4.1. Stainless-steel reflected uranium sphere327

The first problem we consider is the IEU-MET-FAST-005 criticality benchmark from the OECD/NEA suite328

[11]. This problem has a sphere of 36% enriched uranium surrounded by a neutron reflector comprised of329

stainless steel. The problem has an overall radius of 21.486 cm and the uranium sphere has a radius of330

13.213 cm. The stainless steel is divided into shells with two different densities: one with radius 1.758 cm331

and the other in the remainder of the total size.332

The dynamical low-rank approximation of this setting is derived according to Section 2. A spatial discretiza-333

tion with 400 spatial cells is chosen. The energy domain is represented by 87 energy groups. Figure 1 shows

Figure 1: Convergence of the effective eigenvalue for the uranium sphere testcase. As reference effective eigenvalue k∗eff for the
87 group problem, the converged solution of the full inverse power iteration is used. The number of spatial cells is Nx = 400.

334

the convergence of the effective eigenvalue for the full problem as well as the DLRA approximation. It is335

observed that the solutions for rank 20 and 25 show satisfactory convergence properties. Lower ranks result336

in unsatisfactory approximations of the effective eigenvalue. Furthermore, it should be noted that the DLRA337

method requires an increased number of iterations to reach a converged state.338

From the resulting DLRA factorization, we can investigate the dynamics of the system. For this, we compute339

an SVD decomposition of the coefficient matrix S = UΣV T and plot the vectors X̂i := XUi ∈ RNx as well340

as Ŵi := WVi ∈ RG, where for sake of representation we only look at the first five basis functions. Basis341

functions and the corresponding eigenvalues of the diagonal matrix Σ ∈ Rr×r are shown in Figure 2. The342

basis functions encode both the spatial geometry as well as physical effects. First, the spatial basis captures343

the change of the background material, especially the transition from uranium to stainless steel. Second, the344

energy basis encodes the appearance of mostly high-energy particles. The corresponding eigenvalues decay345

rather slowly as their index increases, which is an indicator for the effectiveness of the method only when346

the chosen rank is sufficiently high.347

In Figure 3 we look further at the properties of the solution. The spatial variation in the solution integrated348

over different energy ranges is shown in Figure 3a. In this figure the fast energy range is all groups above 0.5349

MeV, epithermal is above 5 eV up to 0.5 MeV, and everything at 5 eV and below is the thermal range. For350

this problem we observe that the problem is dominated by fast neutrons, as is to be expected because the351

stainless steel reflector does not moderate neutrons particularly well. To look at the shape of the solution352

in energy, Figure 3b plots φ as a function of energy at different spatial points: one near the outer radius of353

the sphere and one in the interior. Because φg in our solution is the integral over the group energy range,354

in this and subsequent plots we display the average value φ(r, E) = φg(r)/∆Eg for E in group g where ∆Eg355

is the width of group g. From Figure 3b we can see that there is a significant shift in the energy spectrum356

at different spatial points in the system.357
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(a) Basis function in radius (b) Basis functions in energy

(c) Singular values of the solution matrix

Figure 2: First five DLRA basis functions in (a) radius and (b) energy as well as (c) singular values for the uranium sphere
problem Nx = 400, G = 87 and rank r = 25.
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(a) Thermal, epithermal and fast neutrons (b) φ at fixed spatial positions.

Figure 3: Left: Thermal (E ∈ [0, 5]), epithermal (E ∈ (5, 0.5 · 106]) and fast (E ∈ (0.5 · 106,∞)) neutrons with a rank r = 5
approximation and Nx = 400, G = 87 as well as the full solution. Right: φ at fixed spatial positions computed with a rank 25
approximation.

4.2. Spherical, Thermal Reactor358

In this problem we look at the solution for a problem of a homogenized mixture of water fuel using the SHEM359

361-group energy group structure [15]. The problem consists of this homogenized material in a sphere of360

radius 79.06925 cm. We expect the solution to have more neutrons in the thermal energy range than the361

previous problem. Furthermore, this problem has a large number of energy groups. From Figure 4a we see362

that the eigenvalue keff converges within 1 pcm (1 percent-mille = 10−5) with a rank of 7 when compared to a363

full reference calculation with Nx = 1000 spatial cells. The reduced memory requirement of implementations364

is depicted in Figure 4b, where we observe that the memory of the full method grows significantly faster365

then the DLRA method. Note that our implementation of the full method uses Gauss-Seidel iterations,366

which is not employed in the DLRA implementation. Hence, the depicted memory for dynamical low-rank367

can further be reduced.368

We also note that the number of iterations required is much larger for this problem. This indicates a large369

dominance ratio, i.e., the ratio of the fundamental eigenvalue to the first harmonic., as would be expected370

in a problem with a large spatial extent.371

The spatial and energy basis functions are plotted in Figure 5. The spatial basis indicates that the leading372

mode peaks at the center of the problem and decays toward the boundary. The higher spatial basis functions373

account for the fact that different energy groups will decay at different rates as the edge of the sphere is374

approached. In this problem the energy basis is especially interesting because the fine group structure is375

able to give details on many of the resonances in the energy spectrum. Additionally, we observe in Figure376

5c that the singular values of the system decay more rapidly in the problem, reaching smaller than 10−13
377

by rank 25.378

The spatial variation in the solution and the energy spectrum are plotted in Figure 6. In this figure we379

observe that for this single material problem, the energy spectrum shape is approximately constant with a380

magnitude that shifts upward as the center of the sphere is approached. We also observe that DLRA is able381

to capture the energy self-shielding in the epithermal range as evidences by the characteristic dips in the382

energy spectrum.383
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(a) (b)

Figure 4: (a) Convergence of the effective eigenvalue for the light water reactor testcase. (b) Theoretical memory requirement
of the full algorithm (N2

x ·G+ 2 ·G2 ·Nx) vs. dynamical low-rank approximation (r2 ·N2
x + r2 ·G2) and corresponding error.

Note that we assume that DLRA is not using Gauss-Seidel, which would result in a further significant compression. Since the
DLRA code does not make use of this technique, we provide the less memory efficient memory estimate. As reference effective
eigenvalue k∗eff , the converged solution of the Nx = 1000 cells full method is used. The number of spatial cells for DLRA is
Nx = 400.

5. Conclusion384

In this work, we presented a dynamical low-rank iteration to compute effective eigenvalues in criticality385

problems. The method treats the iteration index as a pseudo-time and thereby allows deriving update386

equations for the factorized scalar flux with the DLRA method. Consequently, the memory requirements387

are decreased significantly, permitting the use of fine discretizations. Our numerical experiments show that388

the method yields satisfactory approximations of effective eigenvalues for sufficiently high ranks. Physically389

relevant characteristics are captured by chosen basis functions, which encode resonance regions and relevant390

energy ranges.391

In future work, we aim at investigating applying our techniques alongside different acceleration strategies for392

power iteration, e.g., coarse-mesh finite difference or Anderson acceleration. Moreover, we aim at including393

transport terms in the problem formulation. In this case, the solution becomes a tensor and we need employ394

tensor integrators as presented in [3] or [24].395
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(a) Basis function in radius (b) Basis functions in energy

(c) Singular values of the solution matrix

Figure 5: First five DLRA basis functions in (a) radius and (b) energy as well as (c) singular values for the light water reactor
problem Nx = 400, G = 361 and rank r = 25.
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(a) Nx = 400, G = 361 (b) φ at fixed spatial positions

Figure 6: Left: Thermal, epithermal and fast neutrons with a rank r = 25 approximation. Right: φ at fixed spatial positions.

401

Appendix A. Convergence in a simplified setting402

We wish to prove Theorem 3.1. The idea is to first show that the basis matrices X and W can represent403

the correct basis of the eigenfunction belonging to the largest eigenvalue in Lemma Appendix A.1. Once404

this result is established, we need to ensure that the coefficient matrix S will only pick these eigenfunc-405

tions. For this, we reformulate the S-step in Lemma Appendix A.2 which then yields the main result in406

Theorem Appendix A.3. Throughout the proof, we assume the following407

Remark 1. We assume that the eigenvectors ui and vi have unit norm. Furthermore, it is assumed that408

A−1C as well as DB−1 exist and have full rank.409

Moreover, we employ the following notation:410

Remark 2. The Frobenius norm is denoted by ‖ · ‖, whereas the spectral norm is denoted by ‖ · ‖2. Recall411

that for matrices Y and Z we have ‖Y Z‖ ≤ ‖Y ‖2 · ‖Z‖ ≤ ‖Y ‖ · ‖Z‖.412

Let us start with with a look at the K-step413

Lemma Appendix A.1. Assume that we have a problem of the form (19) and there exist Nx linear independent414

eigenvectors vj of A−1C. If the direction v1 of the maximal eigenvalue λ1 is contained in any column of415

X0, then there exists an i ≤ r such that416

‖Xn
i − v1‖ ≤ C · |λ2/λ1|n,417

418

i.e., the eigenvector v1 lies in the column range of Xn for n→∞. Furthermore, for j 6= i, we have419

|vT1 Xn
j | ≤ C · |λ2/λ1|n, |eT1 T nj | ≤ C̃ · |λ2/λ1|n. (A.1)420

421

Proof. Our derivation of the K-step yields422

AKn+1W n,TBW n = CKnW n,TDW n,423
424
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where superscripts again denote the iteration step. Let us define B̃n := W n,TBW n and D̃n := W n,TDW n.425

Furthermore, we write Xn = V T n, where T n ∈ RNx×r. Then with Kn+1 = Xn+1S̃ we have426

Xn+1S̃ = A−1CKnD̃n(B̃n)−1 = ĈXnSnD̃n(B̃n)−1 = V ΛT nSnD̃n(B̃n)−1.427
428

Let us define the diagonal matrix Λc := diag(1, λ2/λ1, · · · , λNx/λ1), which gives429

Xn+1S̃ = V ΛcT
nSnD̃n(B̃n)−1 · λ1.430

431

From the S-step as well as Remark 1, we know that SnD̃n(B̃n)−1 is of rank r for all n. Hence, the column432

range of Xn+1, which we denote by range(Xn+1) is433

range(Xn+1) = range(V ΛcT
n) = range(V ΛcV

−1V T n) = range(V ΛcV
−1Xn) = range(V Λn+1

c T 0).434
435

Therefore, there exist r coefficient vectors αi ∈ RNx such that with the normalization factor γi,n :=436

‖V Λn
cαi‖ we have Xn+1

i = 1
γi,n

V Λn+1
c αi. Note that437

∣∣γi,n − |α1i|
∣∣ ≤ (Nx∑

`=2

(
λ`
λ1

)2n

α2
`i

)1/2

. (A.2)438

439

Hence, when assuming α1i > 0, we have440

‖Xn
i − v1‖2 =

1

γ2
i,n

‖V (Λn
cαi − e1γi,n)‖2 ≤ ‖V ‖

2
2

γ2
i,n

‖Λn
cαi − e1γi,n‖2441

=
‖V ‖22
γ2
i,n

(
(α1i − γi,n)2 +

Nx∑
`=2

(
λ`
λ1

)2n

α2
`i

)
≤ C|λ2/λ1|n.442

443

For α1i ≤ 0 we have that ‖Xn
i − (−v1)‖ ≤ C|λ2/λ1|n. Hence, Xn

i converges to ±v1 and the eigenvector v1444

lies in the range of Xn for n→∞. For j 6= i, we have445

|vT1 Xn
j | = |(v1 −Xn

i )TXn
j | ≤ ‖v1 −Xn

i ‖ · ‖Xn
j ‖ ≤ C · |λ2/λ1|n.446

447

Furthermore, since we assume that eigenvectors are linearly independent, we have448

|eT1 T nj | = |(e1 − T ni )TT nj | ≤ ‖V −1V (e1 − T ni )‖ · ‖T nj ‖ ≤
C

‖V −1‖2
· |λ2/λ1|n.449

450

451

Remark 3. The same holds true for W n: If W 0 contains u1, this direction lies in the range of W n for452

n→∞. The proof is straightforward and simply applies the above derivation to the L-step.453

Now, we know that in the limit, the eigenvectors v1 and u1 form one of the columns ofX andW , respectively.454

If we have Xi = v1 and W` = u1 it remains to show that Snjk → δjiδk`, such that φn → λ1v1u
T
1 σ1 as455

n→∞. For this, we need to take a closer look at the S-step, which reads456

Xn+1,TAXn+1S̃n+1W n+1,TBW n+1 = Xn+1,TCXn+1MSnNTW n+1,TDW n+1
457
458

Therefore,459

S̃n+1 = (Ãn+1)−1C̃n+1MSnNT D̃n+1(B̃n+1)−1.460
461

Let us represent our basis in space and energy as Xn = V T nx and W n = UT ne . Then, the S-step can be462
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rewritten in the following way:463

Lemma Appendix A.2. With ∆(x) := I − TxT Tx ∈ RNx×Nx and ∆(e) := I − TeT Te ∈ RG×G, let us define464

E(n+1)
x :=(Ãn+1)−1Xn+1,TAV∆(x)ΛcT

n+1
x ,465

E(n+1)
e :=T n+1,T

e Σc∆
(e)UTBW n+1(B̃n+1)−1.466

467

Then, the S-step takes the form468

S̃n+1 = λ1σ1

(
T n+1,T
x ΛcT

n+1
x + E(n+1)

x

)
MSnNT

(
E(n+1)
e + T n+1,T

e ΣcT
n+1
e

)
. (A.3)469

470

Proof. Let us show the derivation for the spatial part only and drop the x index in the following. We know471

that A−1CV = V Λ, hence CV = AV Λ. Then, the matrix C̃ becomes472

C̃n+1 = Xn+1,TCXn+1 = T n+1,TV TCV T n+1 = T n+1,TV TAV ΛT n+1.473
474

Let ∆ := I − T n+1T n+1,T ∈ RNx×Nx . Then, with I = T n+1T n+1,T + ∆ we have475

C̃n+1 =T n+1,TV TAV (T n+1T n+1,T + ∆)ΛT n+1
476

=Ãn+1T n+1,TΛT n+1 + T n+1,TV TAV∆ΛT n+1.477
478

Therefore,479

(Ãn+1)−1C̃n+1 = T n+1,TΛT n+1 + (Ãn+1)−1Xn+1,TAV∆ΛT n+1
480

= λ1

(
T n+1,TΛcT

n+1 + (Ãn+1)−1Xn+1,TAV∆ΛcT
n+1
)

481

=: λ1

(
T n+1,TΛcT

n+1 + E(n+1)
x

)
. (A.4)482

483

The energy parts can be derived analogously, which yields the S-step (A.3).484

Now we have all building block to show convergence: Recall Theorem 3.1.485

Theorem Appendix A.3. The inverse DLRA power iteration scheme as proposed in Section 2 converges for486

a problem of the form (19) to the eigenvector corresponding to the maximal eigenvalue λ1σ1. Moreover, we487

have488

|‖φn‖ − λ1σ1| ≤ C1

(
λ2

λ1

)n
+ C2

(
σ2

σ1

)n
.489

490

Proof. Let us investigate the spatial part of the S-step (A.3), namely (A.4) and again conclude the terms491

for the energy part. We start by defining Pi := eie
T
i and P⊥i := I − eieTi . The idea of this proof is to show492

that P⊥i S and S(P⊥` )T → 0 as n→∞. Let us start by noting that493

P⊥i T
n+1,TΛcT

n+1MSn = P⊥i T
n+1,T (P1 + P⊥1 )Λc(P1 + P⊥1 )T n+1(Pi + P⊥i )MSn. (A.5)494

495

With (A.1), we have ‖P⊥i T n+1,TP1‖ ≤ C(λ2/λ1)n+1 and ‖P⊥1 T n+1Pi‖ ≤ C(λ2/λ1)n+1, hence496

‖P⊥i T n+1,TP1ΛcT
n+1MSn‖ ≤ C̃(λ2/λ1)n+1,497

‖T n+1,TΛcP
⊥
1 T

n+1PiMSn‖ ≤ C̃(λ2/λ1)n+1.498
499

Together with P⊥1 ΛcP1 = 0, (A.5) becomes500

‖P⊥i T n+1,TΛcT
n+1MSn‖ ≤ ‖P⊥i T n+1,TP⊥1 ΛcP

⊥
1 T

n+1P⊥i MSn‖+ C(λ2/λ1)n+1.501
502
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Let us observe that503

‖P⊥i MPi‖ =‖P⊥i T n+1,TV TV T nPi‖504

=‖P⊥i T n+1,T (V (P1 + P⊥1 ))TV (P1 + P⊥1 )T nPi‖505

≤‖P⊥i T n+1,T (V P⊥1 )TV P1T
nPi‖+ C(λ2/λ1)n+1 = C(λ2/λ1)n+1,506

507

where in the last step we used (V P⊥1 )TV P1 = 0. Hence, with Λ0 := diag(0, λ2/λ1, · · · , λNx/λ1), we have508

‖P⊥i T n+1,TΛcT
n+1MSn‖ ≤‖P⊥i T n+1,TP⊥1 ΛcP

⊥
1 T

n+1P⊥i MSn‖+ C(λ2/λ1)n+1
509

≤‖P⊥i T n+1,TP⊥1 ΛcP
⊥
1 T

n+1P⊥i MP⊥i S
n‖+ C(λ2/λ1)n+1

510

≤‖P⊥i T n+1,TΛ0T
n+1MP⊥i S

n‖+ C(λ2/λ1)n+1.511
512

In the same manner we have with E(n+1)
x,0 := (Ãn+1)−1Xn+1,TAV∆Λ0T

n+1
x that513

‖E(n+1)
x MSn‖ ≤ ‖E(n+1)

x,0 MP⊥i S
n‖+ C2(λ2/λ1)n+1.514

515

516 ∥∥∥P⊥i (T n+1,TΛcT
n+1 + E(n+1)

x

)
MSn

∥∥∥ ≤ ∥∥P⊥i (T n+1,TV TAV Λ0T
n+1
)
MP⊥i S

n
∥∥+ C(λ2/λ1)n+1.517

518

All together, this gives the estimate519

λ1

∥∥∥P⊥i (T n+1,TΛcT
n+1 + E(n+1)

x

)
MSn

∥∥∥
λ1

∥∥∥(T n+1,TΛcT n+1 + E(n+1)
x

)
MSn

∥∥∥520

≤
‖P⊥i

(
T n+1,TΛ0T

n+1 + E(n+1)
x,0

)
MP⊥i S

n‖∥∥∥(T n+1,TΛcT n+1 + E(n+1)
x

)
MSn

∥∥∥ + C(λ2/λ1)n+1
521

≤Ĉ · ‖P⊥i Sn‖+ C(λ2/λ1)n+1.522
523

Since by the normalization step of our scheme ‖Sn‖ = ‖Sn,−1‖ = 1, we have524

Ĉ :=

∥∥∥P⊥i (T n+1,TΛ0T
n+1 + E(n+1)

x,0

)
MSnSn,−1

∥∥∥∥∥∥(T n+1,TΛcT n+1 + E(n+1)
x

)
MSn

∥∥∥ ≤
‖P⊥i ‖2

∥∥∥(T n+1,TΛ0T
n+1 + E(n+1)

x,0

)
MSn

∥∥∥ · ‖Sn,−1‖∥∥∥(T n+1,TΛcT n+1 + E(n+1)
x

)
MSn

∥∥∥525

=

∥∥∥(T n+1,TΛ0T
n+1 + E(n+1)

x,0

)
MSn

∥∥∥∥∥∥(T n+1,TΛcT n+1 + E(n+1)
x

)
MSn

∥∥∥ ≤ λ2

λ1
.526

527

Including the term NT D̃n+1(B̃n+1)−1 and utilizing the same arguments as above yields528

‖P⊥i Sn+1(P⊥` )T ‖ ≤λ2σ2

λ1σ1
‖P⊥i Sn(P⊥` )T ‖+ C

(
λ2σ2

λ1σ1

)n+1

529

‖P⊥i Sn+1P T
` ‖ ≤

λ2

λ1
‖P⊥i SnP T

` ‖+ C

(
λ2

λ1

)n+1

530

‖PiSn+1(P⊥` )T ‖ ≤σ2

σ1
‖PiSn(P⊥` )T ‖+ C

(
σ2

σ1

)n+1

531

532
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Recursively, we get533

‖P⊥i Sn(P⊥` )T ‖ ≤ c
(
λ2σ2

λ1σ1

)n
, ‖P⊥i SnP T

` ‖ ≤ c
(
λ2

λ1

)n
, ‖PiSn(P⊥` )T ‖ ≤ c

(
σ2

σ1

)n
.534

535

Since ‖Sn‖ = ‖(Pi + P⊥i )Sn(P` + P⊥` )T ‖ = 1, we know that536

∣∣‖PiSnP T
` ‖ − 1

∣∣ ≤ C0

(
λ2σ2

λ1σ1

)n
+ C1

(
λ2

λ1

)n
+ C2

(
σ2

σ1

)n
.537

538

I.e., Snkj → δikδ`j and with Lemma Appendix A.1 and Remark 3 we conclude the theorem.539
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Tübingen, 2019.605

[36] Y. Wang, W. Bangerth, and J. Ragusa. Three-dimensional h-adaptivity for the multigroup neutron diffusion equations.606

Progress in Nuclear Energy, 51(3):543–555, 2009.607

[37] B. Whewell. Neutron diffusion framework, 2021. https://github.com/bwhewe-13/NeutronDiffusion.608

20




