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Second order in time finite element schemes for
curve shortening flow and curve diffusion

Klaus Deckelnick' Robert Niirnberg?

Abstract

We prove optimal error bounds for a second order in time finite element approximation
of curve shortening flow in possibly higher codimension. In addition, we introduce a second
order in time method for curve diffusion. Both schemes are based on variational formulations
of strictly parabolic systems of partial differential equations that feature a tangential velocity
which under discretization is beneficial for the mesh quality. In each time step only two linear
systems need to be solved. Numerical experiments demonstrate second order convergence as
well as asymptotic equidistribution.

Key words. curve shortening flow; curve diffusion; finite elements; error analysis; tangential
motion; arbitrary codimension
AMS subject classifications. 66M60, 656M12, 66M15, 35K55

1 Introduction

The aim of this paper is to introduce and analyse second order in time finite element schemes
for the numerical solution of gradient flows of the length functional

L(T) = /F 1ds.

Here, T' denotes a closed curve in R? (d > 2) and ds is the arclength element. We consider both
the L?-gradient flow of L, i.e. the well-known curve shortening flow

Voor = 2 on I'(t), (1.1)
and the H~!-gradient flow, which leads to curve diffusion
Voor = =V23¢  on T(t). (1.2)

We refer to [17, 21] and [31, 14, 15, 19, 20, 12, 4] for some background on these two flows. In the
above, (I'())¢c[o,7) denotes the family of evolving curves, V;,, is the vector of normal velocities
and s the curvature vector of I'(t). Furthermore, Vi¢ is the vector of normal components of
¢s = 0s¢ for a vectorfield ¢.

In what follows we shall focus on a parametric description of the evolving curves, i.e. I'(t) =
x(I,t) for some mapping = : I x [0,T] — R%, where I = R/Z is the periodic unit interval. Note
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that (1.1) and (1.2) only prescribe the normal velocities, and that choosing a suitable tangential
velocity component gives rise to a (possibly degenerate) parabolic system of second and fourth
order, respectively, for the position vector x. Finite element schemes that discretize systems
that are based on reparameterizations obtained via the DeTurck trick have been proposed and
analysed in [9] and [13] for the curve shortening flow and in [10] for curve diffusion. In a series
of papers, Barrett, Garcke and Niirnberg developed schemes (the so—called BGN schemes) that
equidistribute mesh points at the discrete level and used their approach in particular to solve
second and fourth order geometric evolution equations for curves, see [3, 2, 4, 5, 6]. A different
approach to enforce a uniform distribution of mesh points along the curve has been proposed
by Mikula and Sevéovic in [28]. In all of the above schemes a backward Euler method is used
for time discretization resulting in schemes of first order accuracy. In order to improve the
efficiency and accuracy of the methods it is desirable to develop schemes that are higher order
in time and at the same time enjoy good mesh and stability properties. In [1], Balazovjech and
Mikula suggest a Crank—Nicolson type scheme for the curve shortening flow which turns out to
be exact on shrinking circles. Mackenzie et al. propose in [27] a finite difference scheme that
uses a tangential mesh velocity in order to equidistribute grid points and which is second order
accurate in time. In [11] a high—order method is proposed for general geometric functionals,
which is based on a discretization of the first variation of the discrete energy and which uses
a collocation scheme in time. All of the above schemes require the solution of a nonlinear
problem in each time step. More recently, higher order methods for both second and fourth
order geometric flows based on the BGN-approach have been introduced by Jiang et al. in [22]
using a Crank—Nicolson leapfrog scheme, and in [23] using backward differentiation formulae.
The same authors propose in [24] a predictor—corrector scheme for surface diffusion, again on
the basis of the BGN-discretization. The order of accuracy is verified numerically in terms of a
suitably defined manifold distance. The above methods are applied in [18] to curve diffusion with
a particular emphasis on ensuring that the schemes decrease length and conserve the enclosed
area at the discrete level.

The aim of this paper is to introduce and analyse finite element schemes for both the curve
shortening flow and curve diffusion in R?, d > 2, that are based on systems obtained via the
DeTurck trick. The corresponding systems have been introduced in [9] and [10], respectively, and
will be recalled in Section 2. The tangential velocity introduced in this way has the effect that the
resulting systems are strictly parabolic and that the corresponding finite element discretizations
are well-behaved with respect to the distribution of grid points. In order to obtain schemes
that are of second order in time, we shall adapt the predictor—corrector approach from [24] to
this setting. More precisely, given the discrete solution at time ¢, and a time step size At, the
predictor step computes an approximation at time t,, + %At with the help of a known first order
scheme, which is subsequently used in a Crank—Nicolson—type step to calculate the discrete
solution at time ¢,, + At. This idea will be carried out in Section 3 for the case of the curve
shortening flow, extending the first order approach presented in [9]. We obtain a very simple
method that only requires the solution of two linear systems in each time step. Combining
this new time discretization with a spatial discretization by continuous, piecewise linear finite
elements, we shall prove that the resulting method is stable and convergent of optimal order in
space and time in the sense that

e the Dirichlet energy of the discrete solution is decreasing;

e the L% error is of order O(h? + (At)?), the H'-error is of order O(h + (At)?).

Here we observe that our convergence proof relies on the time step size being of order O(hi),
see Theorem 3.2, below, for details. To the best of our knowledge, the rigorous proof of second



order in time convergence in this setting is new in the literature. Let us point out that recently
second order in time schemes for mean curvature flow of axisymmetric genus-1 surfaces have
been proposed in [26]. In this case the profile curve evolves according to an evolution law
that coincides with the curve shortening flow up to a lower order term. For an approach
based on DeTurck’s trick and either a Crank-Nicolson scheme or a BDF2 method the authors
obtain optimal error bounds, but a discrete stability result does not seem to be available. Error
estimates for fully discrete schemes using backward differentiation formulae in the case of general
parametric surfaces have been obtained in [25, 7]. In these papers the evolution is purely in
normal direction, and again a proof of discrete stability does not seem to be possible. In addition,
we refer to [16] for a second-order accurate and monotone threshold dynamics algorithm for a
level set formulation of curve shorting flow.

Next, in Section 4 we shall apply the above ideas also to curve diffusion, where we rely on the
approach recently developed in [10]. Here, the discretization uses a splitting of the fourth order
problem into two second order problems by introducing a second variable in addition to the
position vector. Special care needs to be taken with regard to the relation between these two
variables at the intermediate time step. We shall propose a finite element scheme that requires
the solution of two linear systems in each step and which is stable in the same sense as for the
curve shortening flow. As the problem is much more complex, we are however not able to prove
corresponding error bounds. The numerical experiments which we present in Section 5 confirm
the error bounds in the case of the curve shortening flow, and suggest that our new scheme for
curve diffusion is also second order in time.

2 Preliminaries

2.1 Notation

We denote the norm of the Sobolev space W*P(I) (¢ € No, p € [1,c]) by || - |l¢, and the semi-
norm by | - |¢p. For p = 2, W5%(I) will be denoted by H(I) with the associated norm and
semi-norm written as, respectively, || - || and |- |,. The above are naturally extended to vector
functions, and we will write [W%P(I)]¢ for a vector function with d components. In addition,
throughout ¢ denotes a generic positive constant independent of the mesh parameter h and the
time step size At. At times € will play the role of a (small) positive parameter, with ¢, > 0
depending on ¢, but independent of h and At.

2.2 Curve shortening flow and curve diffusion

Consider a family
(L'(t))iejo,r) of evolving closed curves that are given by I'(t) = z(I,t), where z : I x [0,T] — R¢
satisfies |z,] > 0 in I x [0,7]. Then the unit tangent, the curvature vector, the orthogonal
projection onto the normal space and the vector of normal velocities of I'(¢) are given by the
following identities in I, see e.g. [6]:

z
T=x,=—£

1
, :T/J:<”3f’> ., P=Id—7®7, Vo = Puy.
EA EX AN EA P

It is easily seen that if = solves the system

|:cp|23:t =z, inlx(0,T], x(0)=uwx, (2.1)



then I'(t) = x(I,t) is a solution of (1.1). The system (2.1) was used in [9] in order to derive a
finite element scheme for the approximation of curve shortening flow which allows for a simple
error analysis.

An extension of these ideas to curve diffusion was recently proposed in [10]. To do so, we

introduce as a second variable y = \sz2 and consider the following system
P

|xp|2$t = _ypp+ch(xp7y7yp)y in I X (OaT]7 .CU(,O) = X0, (22)
where F4(a,b,c) € R¥™4 is given by F.q = [} + F, with

Fi(a,b,c) = (2a-c+ |al*|b]*) 1, (2.3a)
Fy(a,b,c) =2(c®a—-a®c)+2a-b(a®@b—b®a). (2.3b)

It is shown in [10, §2.1] that if = satisfies (2.2), then I'(¢) = x(I,t) evolves according to (1.2) and
satisfies in addition that % Jr1zo(-,t)> < 0. A discrete analogue of this property also holds for
the solution of a naturally defined finite element scheme, see (2.10) below, for which an optimal
error bound in the semidiscrete case is shown in [10, Theorem 3.1].

2.3 Finite elements and finite differences

Let [0,1] = U;-]:1 I;, J > 3, be a decomposition of [0, 1] into the intervals I; = [p;_1, p;], where
0=po <p1 <...<py=1andset G" = {p1,...,ps}. Due to the periodicity of R/Z we
identify pg = 0 with p; = 1 and for convenience set pyy1 = p1 and p_1 = pj_1. Let us define
hj = pj — pj—1, the grid size h = max;<j<h; and assume in what follows that

\hj —hj_1| <ch®, h<chj, j=1,...,J (2.4)

From now on we let (-,-) denote the L?-inner product on I. For two piecewise continuous
functions, with possible jumps at the nodes {p; }‘]-]:1, we define the mass lumped L?-inner product

J

(0" = 3 37 by [ o) (67) + (- 0) (011)]

j=1

where (u - fu)(p]i) = %i{r(l) (u-v)(p; £ 0). We define the finite element spaces

Vh:{XeCO(I):th is affine, j=1,...,J} and V"=[V"

and let Ij, : C°(I) — V" denote the standard interpolation operator at the nodes {Pj}}]:r We
use the same notation for the interpolation of vector-valued functions. It is well-known that for
ke {0,1}, £ € {1,2} and p € [2,00] it holds that

11
he ™ lmnlloy + Rlnnl1p < Clinwllop VeV relpod, (2.5a)
0 = Innlip < CR ™ nle, V€ WOP(I). (2.5b)
For later use we also note that for j =1,...,J
/ (u—Ihw)pnn,dp=0 YueHYI), Yn,eVh (2.6)
I



and, as a consequence of the error formula for the trapezium rule,

/ Xk dp — $hi [(mxn) (p5) + (xn) (pj-1)] = — h?/} Nh,p Xh,p dp

IJ J

Y . xn € VP (2.7)

Even though we will formulate our numerical method as a finite element scheme, it will be
convenient to carry out part of the error analysis in a finite difference setting. With a grid
function v : G, — R? we associate the values v; = v(p;) and introduce the finite difference
operators
B Bk WP YR Bk N CO A B

f = Ty + i)

For two grid functions v, w : G, — R? one has the following summation by parts formula:

hjt1

J J
Z ]’Lj (571)]' . (57’wj = — Z %(h] + hj+1) vj - 52wj. (28)
J=1 Jj=1

In order to discretize in time, let ¢,, = mAt, m = 0,..., M, with the uniform time step

At = % > 0, and similarly tm+% =(m+ %)At, m=20,...,M — 1, for later use.

Now the finite element approximation for (2.1) from [9] with mass lumping can be formulated
as follows. For m > 0, given z}' € vh , find x?“ € V" such that

oy - ap 2 " 1 h
A e )+ (2 m,) =0 e v (2.9)

Similarly, the scheme for (2.2) from [10] is given by: For m > 0, given (z}*,y;") € Vh x VI find
($T+la y;TH) € VP x V" such that

xZLH —xp 2 1 1
el ) = (v ) = 2 (i v o)
+ (i w s xnla o 1P) + (B vt it toxn) ¥ oxe € V7, (2.10a)

(™ mml=i,1?) + (xﬁjl,nh,p) =0 Von,eVh (2.10b)

3 A second order scheme for the curve shortening flow

As already outlined in the introduction, we aim to apply the idea from [24] of using a predictor—
corrector approach to the first order method (2.9) from [9]. This leads to the following finite

1
element scheme: Let x% = Ipxo € VM. Then, for m =0,...,M — 1, first find th+2 € V" such
that .

mt3 m
T -z 1
s TA; ol f ]+ <$::2777h:p> =0 Vg eVh (3.1a)
2

and then find :BZHI € V" such that

aptt — ap mt3 2 " 1 1 h
T’nh’xhw % +3 (th; + $hm7p,nh7p) =0 Vo, eV" (3.1b)



With a mild assumption on the discrete length elements, the scheme (3.1) has a unique solution
that is unconditionally stable.

1

THEOREM. 3.1. Assume that |:c2”p] > 0 4n I. Then there exist unique solutions x;nJrQ cVhto

3.1a) and ™ € V" to (3.1b). Moreover, any solution to (3.1b) satisfies the stability estimate
h

h
1
o+ 5 (It o lapty 2 P) = Blap . (32

Proof. The well-posedness of the linear system (3.1a) follows from the unique solvability of the
homogeneous system. Let X, € V" satisfy

D h
2 (A}zvnh|th,p|2> + (XnpMhp) =0 VeV (3.3)
Choosing 7, = X}, in (3.3) yields
m 2\
2 (IXnl? |27, 1%)" + At X4[; =0

Hence X = X € R? must be a constant satisfying 2| X |?(1, |3, |2) = 0. Therefore our assump-
tions imply that X = 0 and so (3.1a) has a unique solution. In order to show the well-posedness
of the linear system (3.1b) we proceed as before. In particular, we obtain that the solution Xp

1

of the corresponding homogeneous system is a constant X € R? with 2|X|?(1, |x2:2 %) = 0.
1 1

If X # 0, then xT:)FQ = 0 in I and hence th+2 = 2. € R? is a constant. Then choosing

Ny = x. — 2 in (3.1a) implies x}* = x., which would contradict our assumption on z}*. Thus,
X =0.
In order to prove (3.2), we choose 7, = "™ — 27" in (3.1b) to yield that

A (i e A e - e =0
which is our desired result (3.2). O
Our main result is the following optimal error estimate.
THEOREM. 3.2. Suppose that (2.1) has a smooth solution on the time interval [0, T+3) satisfying
co <z, <Co  in 1 x[0,T] (3.4)

for some constants 9, cy, Cog € R~g. Then there exist v > 0 and hg > 0 such that if 0 < h < hg

and At < ’yhi, then (3.1) has a unique solution (z}")m=o,.. .M, and the following error bounds
hold:

m . M < 2 2
Jmax [o(tn) = affllo+ b max [o(tn) —afl < c(h 4 (A02), (350)
M—1 Al ||
At Th  Thl < o(ht 4 (ADY). 5b
X0t [ty y) ~ g <clbta0)). (asb)




Proof. In what follows we abbreviate z* = x(-, t;) for k € {m,m + 3}, as well as

ef =af — Lk evh, dF =28 - 2", ke {m,m—}—%}. (3.6)
1
Furthermore, for m € {0,1,..., M} and yhj < § we introduce the following error measure

m+2 m+1 1
E™ = 3lepli+2 (xt e o -dm+2>

m+1 _ m

J
x m+l
j=1 J

It follows from the interpolation estimate (2.5b) and the smoothness of x that
Hems —ch* < E™ < 3jefi +cht, m=0,...,M. (3.8)

The specific form of E™ will allow us to obtain a superconvergence result for |ej*[;. More
precisely, we shall show by induction that ' € V" exists uniquely and satisfies

E™ < (WP + (At m=0,..., M, (3.9)

provided that 0 < h < hg, At < *yh% and v > 0,u > 0 are chosen appropriately. Clearly the
assertion holds for m = 0 since x% = Iyzp and so EY = 0. Suppose for some 0 < m < M — 1
that 2" € V" exists uniquely and (3.9) is satisfied. Then we deduce from (3.6), (3.4), (2.5b),
(2.5a), (3.8), (3.9) and the smoothness of = that

1
[hipl = || = 1dg'| = leh,| = co — ch — ch™2]ej’|y
> ¢y —ch —ch™1/? (Q(Em)% +ch?®) > ¢g —ch — ch*%e%“T(hQ + (At)?)
> co — choe%“T — ceré“T > %co,

provided that choe%"T < ¢ and 6’72€%uT < . Arguing in the same way in order to bound
" | from above, and using (2.5b) for similar bounds on |({px™),|, we obtain that
h.p p

500 < |(Ina™),| <2C; and  jeo < |zt <2C;  in I (3.10)

We shall choose i at the end of the proof and this choice then determines the smallness conditions

for hy and ~.

1
Theorem 3.1 together with (3.10) implies that :CZHQ € V" exists uniquely. The following lemma
provides an estimate for the discrete error €Zn+§
(3.1a) into a finite difference scheme to prove it.

arising from (3.1a). We use a reformulation of

LEMMA. 3.3. There exists ¢ > 0 such that
1
ey 23 < clep |3 + e(ht + (AD)Y). (3.11)

Proof. Let us begin by writing (3.1a) as a finite difference scheme. On defining

k k
xy . — Yy .
k _ys—k | _ |ThJ h,j—1
dpj = |6 xh,j\ =\ 0




for k € {m,m + %}, we see that (3.1a) can be written as

a:hm+% —xp ! 41
, , m+5 — m+tg .
5 (hi(ar)® + hj (1)) =22 A Lo (0t P =0T, %) =0, =1,
2
or equivalently
xfj? — 2 — Atal 52% =0, j=1,...,J (3.12)
where )
o = 3(hj +hj1) '
! hJ(QZ?])Q + hj+1(q}%+1)2
In order to write down the error relation we define the grid functions e* via
ef =ay;—af =ap ;— (Ina®)j=ef(p;), j=1,...,J, (3.13)
for k € {m,m + %}, and then combine (3.12) with (2.1) to obtain that
1 1
e;n+2 —ej' — Ataj 5272
mty  om
Z; -z At m+3
= 1At tm) — 2 2(pj
3 :L't(pja m) %At 2|33g”(p])|2( 144 (:0]) (IOJ))
Atfam — — 1 )2 A (52T
+00 (0 = ) O 4 Mt e (P = )
4
= f =1,
(=1

Let us multiply the above equation by — m (52 *3

Then

, sum over j = 1,...,J and use (2.8).

<

J 1 1 J 1
SThia(e] T~y 67el 2 A ALY L(hy + hypa)alt |82 2|
=1 j=1
! +1
m
== L(hj+ i) {7 %R (3.14)
(=1 j=1
Note that (3.10) implies that
%CO ngfj < 2007 ]: ]-a"'a‘]a (315)

and hence in particular
1 1

1

= > .

2 (qhmJ)Z + (Q}Tj+1)2 B 1603

Using this bound in (3.14), together with the relation (a — b) - a > $|a|*> — 3|b|?, we derive

m
J

Y

J J J
_ mtg -
NI ) NP Sl
j=1 j=1 1
4 J
<= SOS Ly by i 6260 (3.16)
= 2\ j+1)Jey 0 € - .

=1 j=1



In order to deal with the first term on the right hand side of (3.16) we use (2.8) and obtain

J J
m +l — rm _ m+
*Z%(hj+hj+1)f1,j'52€?l ? ZZhj5 fiy-07e; 2

j=1 j=1
A short calculation shows that

tm-‘r% 1

o
/ J xtp(a,tm)_xtp(U’T) dodr
tm hj Pi—1

< ¢(At)? o }tht,p(-,t)

07 f15] =

so that

N

J
— "Ly + hya) T - 0% +2<0At th em+2|2
j=1

J 1
< IS hylomel TP 4 e(An), (3.17)
j=1

Observing that

530 < 202 | max oupplsDloce+ max NeppCot)lose )
te[0,T+3] te[0,7+5]

the second term can be treated with the same argument, so that

J J
m m+3 — m+

= A (hy+ i) £ 0% T2 < 3> hjléTe; 2|2 + c(Ab)*, (3.18)
j=1 j=1

Next, let ¢* = [0 27| = |(Ih:cm)p|1j

Furthermore, Taylor expansions together with (2.4) imply

|, for which we have co < qj* < 2Cp in view of (3.10).

(@) + (q770)° = 2025 (o) P < eh?, G=1,....7, (3.192)
1 gl
](5%77%2 - mpp+2(pj)\ < ch?, j=1,...,J. (3.19b)

Then we use (2.4), (3.19a) and (3.15) to estimate

o™ 1 %(hj +hjt1) B 1
! Q‘x;n(pj)‘Q Ty (Q%)Z + hj+1(qhm7j+1)2 (Q}T:j)z + (Q}Tj+1)2
1 1 1 1

M@+ T @@ | @ G 2y (e)P

< ch™Hhj1 — hyl \(qhm,j)Q - ((J%H)Q‘ +c(layy — 4!l + a1 — @al)
+el(@) + (@h)? — 2 ()]

< chlgfiy — |+ c(|07 e[ + |67l ]) + ch?

<c(l6™ el + 107 e ql) + ch?.



Combining this bound with (3.15) and (2.4), we obtain

J
m mtg
EE: 3(hg + hje) f3 - 6% 2

1
2 J 2

J
<cAt( Zh]|5*em]2 + Zhj+1|5*eﬁ1]2 + h?
j=1

d 1 2 mt32
jzzg(h'4‘h7+1ﬂ5 e; |

J
3(hj + hj1)|6%e] |2—|—cAt > hilomer P+ ht . (3.20)
g=1 j=1

Finally, a similar argument together with (3.19b) yields
J

m m+
=D slhy b)) 1 6% <
=1

J 1
2 Z 5(hj + hj+l)|52€;~n+2 2 + chiAt. (3.21)
3203 &

If we insert (3.17), (3.18), (3.20) and (3.21) into (3.16) we derive
J 1 J
D ohilomel PP < e hilom el + ot + (ADY).
j=1 j=1
Combining this with the fact that
J
> hiloeP = llek I3 = lenl?,
j=1

recall (3.13) and (3.6), yields the desired result (3.11). O

With the help of Lemma 3.3 and (3.8) we can argue in a very similar way as for (3.10) to show
that

Leo < |(Ina™*2),[ <20 and  Leo < |z) }<20, inl, (3.22)

provided that choe%“T < ¢ and C’er%“T < % with a possibly larger constant ¢ compared to
(3.10). Hence we may infer from Theorem 3.1 that the solution z™*! € V" of (3.1b) exists
uniquely. As a second step in our error analysis we prove

LEMMA. 3.4. There exists ¢ > 0 such that

1
sm”emﬂ — P2+ BT — B < cAtley 22+ eAte T + cAt(ht + (ADY).  (3.23)

10



Proof. We deduce from (2.1) that

1
(xt +2,77h \athrQ |2> <le+2777h,p> =0 Vo, € Kh,

while (3.1b) along with (2.7) implies

x?“f% m+2 2

m+1 m

x .'Eh’ m+l
+ 5 th/ 775’) M |y, ° *dp+ 3 (lejl + xﬁp,nh’p) =0

for all 1, € V". Combining these equations with (2.6) yields the following error relation

m+1

m—+1 m m
e —e €,, —E€ 1
h h m+ 2 p h,p m+3 2
<At’nh \xh,p ) E h; / — As Ty ’xh,p " dp
1 m—+1 m
+ <6h o + €h.p nh,P>

dm+1_dm 5 m+% xm—&—l_:pm 5
= (Sl r) + (= _T’”h’xh i

41 41 41 41
+<x?‘ N 212—x2?f|2))+(x;" Pl g >nh,p)

m+1 m 5
_Zh2/ Lp

— T +1
e len, 2P dp =Y (Sem) Vo e VI (3.24)
=1

where we use the notation (Sg,nn) = Se¢(np) for the specified linear operators Sy : vh 5 R,
¢=1,...,5. Choosing n, = €' — e in (3.24) and noting (3.22) as well as (2.4), we obtain

h2

m+1
Ao+t — e+

5
A ‘em—l—l — ey |1 + m+1 2 % Z Sfa m+1 _ 621> (325)
/=1

Clearly, we have from (3.22), (2.5b) and the smoothness of = that

[(Step™ —em <e  sup |zl t) = Tael-, 1) olle ™ — €fllo
tm<t<t'm+1

< llep = el +ehtat  sup a3, (3.26)
tm <t<tm+1
In addition, by Taylor expansion
m+1 _ .m
2 i < ¢(A1)?, (3.27)
At 0.00

so that we obtain, again recalling (3.22), that

9
[(S2,ep ™ — e < c(At)?[lep ™ —eftllo < A llep ™ — et IF + ce(AL)°. (3.28)

11



1
Similarly, since apz 1 m+1 +zp) 0,00 < € At)?, it holds that
pp 2

[(Su, e ™ — €| =

1
m—+41 m||2 5
llep ™ —entlls + ce(At)°. (3.29)
Next, let us write
+1 +
(Suve ety = (" (@ = e a4, - )
1 1
(R e R () = Sk S,

Clearly, we have from (3.22) that

41 41
[Ss1] < ellep ™t = eilloleh 211 < et = et f + eoAtley 2

At

Let us remark that if we were to proceed in the same way for S35 using (2.5b), we would obtain
the suboptimal bound |S3| < =5 e+t — em||2 + c.h2At. To avoid this, we write instead

m+ m m+1 m+1 m m—i—l m+3
S372:<xt (h+1 ),|dp 2|2>+2($t 2 (h+176h>xl) 'dp 2>
1 2
= 553+ 55

and derive with the help of (2.5b)
|S53] < elldy 2 osclldy 2 olleg — el < Atlleerl —ep'll + cch*At.

Furthermore, integration by parts, on noting again (2.5b), yields that

(2) _ mts o om4l Mty metl
53,2 =-2(xz, 2o(ey™ —en) T ~d"Tz
m—&—f m—&—f 1

—2< e =€) ‘dm+2)

m+2 m—+1 m m—&—% m+1
-2 < (eh oo eh,p)’ Lp dTT
1 1
21 ,m+1 m m+3 m+1 m m+3 m+ %
< ch?|ley ™ —ept|lo — 2 (xt (en, —ehp) e P odTE
Mt mtl Mt il mty om s mtd
=2z, e, ,mp *dVT2 ) +2(m Peey,xp, PedTTR
1 1
m+l (M mdy Mt m+
-2 <6hp w2 d" )z 2 = (zp
m+3 m+3 3 m+L m+1 1
< 2< Z.e hmjl,a;p Q-dm+2>+2<xt Zeehxp C dm+2>

+ ch2Ate |y + ch2[l el — o,

L )+ 2| — el

12



In conclusion,

m+3 m+3 3 m+3 m+i 1
(S, et — ey < —2 (a:t 2 QT;I’% 2-dm+2>—i—2< Zeepxp dm+2>

+ —HemJr1 — eI + cht\eh |1 + ch* At + cAt|e] 3. (3.30)
Finally, we have
J m+1 m
x — X m_|_l
<S5, mtl —ep) = ézhi/l % (621:1 eﬁp)(mp 2’2_‘ hp | ) P
7j=1 J
J gt pm mal
A3 [t ) e = S
J=1 J

Using the smoothness of z and an interpolation estimate we have
2 _m+1 m m—i—% m-1
S5,1] < ch?ley™ —ep'li(ley, | +1d 2|1)

h2
<e |eerl —ep |1 + cht(h2|eh |% + h4).

Next, we have that

2 m—+1 .
P a— 3
_ 1 2 p p m+1 ., Mmt52
552——6§:ha'/ “Chyp |Tp 717 dp
I

1 m
g 1

1 2 I4 I4 m m+3 2
+6§:h]'/ At 'eh,p|xp 1 dp

j=1 1
m+2 _ ,.m+1 m+1 m
+ 1 h2 (‘Im+%|2 Zp Lp _ ’xm+2|2 — Ty ) emtl g
521 , At At ho P
j=1 1
m+2 _ ,.m+1
c_1NT2 [T Tp | gmtl |xm+%|2 d
=75 E : 3 At hp |Tp P
j=1 1
J m—+1 m
T —x 1
1 Z 2 P P om | mtg2 2 m+1
+ 6 hj / T . eh,p |$p ’ dp + Ch At|€h |1.
=1 I;

Combining the above bounds we deduce that

h2
(S5 eyt — i) < e e — e 4 et ("] 4+ ] 4 b

m—+2 m+1 3
1 Zh2 Yo —Tp | mt |xm+§|2 d
6 J 7. t h,p P P

1 o [ a2y m+3 2
—i-gZh] /I‘-e;:fp]:):p 2% dp. (3.31)

Choosing ¢ sufficiently small in (3.26), (3.28), (3.30), (3.29), and (3.31) and recalling (3.7), we
derive from (3.25) the bound (3.23). O
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We are now in position to complete the proof of Theorem 3.2. To do so, we use the bound (3.11)
n (3.23), and recall the first estimate in (3.8), so that

2

AT Ll —e|3 4+ BT < B™ 4 cAtle) T + cAtle|? + cAt(h* + (A

< eAtE™T 4 (14 cAHE™ 4 eAt(h* + (At)Y). (3.32)

1
If we choose hg so small that vh} < o, then cAt < %, and so (1 — cAt)~™" < 1+ 2cAt. Hence
we deduce from (3.32) and the induction hypothesis (3.9) that

E™T < (14 2eAt) [(1 + cAHE™ + cAt(h* + (A1)Y)]
<(1+ 4cAt)(h4 + (At)4)e“t’” + 2cAt(h4 + (At ) )
<(1+ 60At)(h4 + (At)4)e“t’” < (h4 (At)4)eGCAt Hm — (h4 + (At)4)e“t’"+1,

if we choose = 6¢. Thus (3.9) holds for m + 1 and hence for all 0 < m < M. In conclusion, it
follows from (3.9), (3.8) and the first line in (3.32) that

2

= eyt - € 4 4
oJnax, lem|3 + Z At || Al c(h* + (At)?).
m=0 0
Since 62 = 0, we obtain
< k: 1 = et —ep k+1 k
e 13 Z G = llells) < At hT (llez ™o + llexllo)
=0 k=0
1
ek+1 — ek ’
Z At||L——h max |efllo, 1<m<M,
1<k<M

which yields maxi<p<p [l€f"|lo < c(h? + (At)?). The estimate (3.5a) now follows with the help
of standard interpolation bounds. Finally, in order to derive (3.5b) we write

K A

1 1
xm+% I,ZL‘F l,’Z’L - xm+% xm-‘rl _ l,m N dm+1 o dm ZL+ 627,
t At t At At

and use the above error bound together with an interpolation estimate and (3.27). This concludes
the proof of Theorem 3.2. O

4 A second order scheme for curve diffusion

Similarly to the approach in Section 3, here we aim to apply the predictor—corrector idea from
[24] to the first order method (2.10) from [10]. Due to the presence of the curvature variable y;"
on the right hand side of (2.10a), special care must be taken in the preparation of the predictor
and corrector steps. Simply solving (2.10a) with At replaced by %At for the predictor, and
using the obtained solutions for the explicit terms in (2.10) for the corrector step may lead
to oscillations in the polygonal approximations. However, the following scheme works well in
practice.

14



1
m+3

1
For m > 0, given (", yhm 2) € VP x v first find (l’ZH_Q ) € V" x V" such that

T — 1 _1
h h m |2 m+y3 _ m+2 m m—y
lAt 7Xh‘$h7p‘ - (Zh,p 7Xh,p =2 ( hp xh,p)yh s Xh

1

m—%  m4+l. m-1 l m—3 m4+1
+<(yh 2 "2 Q)yh 27Xh’xzrfp’2>+<F2($prayh ayhp )zh 27Xh>7 (41&)

+1 +1 _1 +1
<Z}T 2 ’ 77h|$;3p2> +2 (((l’;:p ? = :Epr) : J"Z?p)y;ln 2777h) + (m;;r?p 2 ’ 77h7p> =0 (41b)

m+

for all x4,n, € V™. Then find (2", y," " 2) € V" x V" such that

m+1 m 1 1 1

x — X S 1 1

h h m+35 9 m+35 o m+2 m+2 m+3
1

m+1 m+1 m+ m+ m+3 m+ m—l—f
+ <(Zh ey, 2 )Zh 7Xh|xh P |2) <F (xh p %R %z, ) )yh 7Xh) ) (4.2a)
m+1 2 m—+1 _ 1 m 4 2b
Yn ’xh | 2\ Thyp Thp) = 72 (xh,p’nh,P) (4.2b)

for all xp,mn € V. Observe that the second term in (4.1b) is motivated by the linearization
1

m+i m
E hp 2? ~ ll‘Z",p|2 + Z(ZE?L?p’xh,p F - fL’Z?p)- Moreover, z,

+3 m+3
acts as a predictor for y, *, and
both approximate the true solution ym"'%. For the purposes of the predictor step it is sufficiently
1
accurate to make use of y;n 2, even though it is shifted by half a time step from %,,.

Regardless of how the predictor variables (z, s Z}T+2) € V" x V" are obtained, the following

theorem proves existence, uniqueness and unconditional stability of the corrector step (4.2).

1
THEOREM. 4.1. Assume that ]:CZZ,:Q | > 0in I. Then there exists a unique solution (z}"!, yzﬂ— ) €

VI x V" to (4.2), satisfying the stability estimate
m+3  mtg. mtg
a1+ e (i o+ G h o B ) = dlap, (43)
Proof. The well-posedness of the linear system (2.10) has been shown in [10, Theorem 5.1]. The

proof for (4.2) is nearly identical, and so we omit it here.

1
In order to prove (4.3), we choose y = yZHZ in (4.2a) and n = th+1 — )" in (4.2b) to yield that

1y,.m+1)2 1,m2 _ 1(, m+1 m m+l _ .m
slzy L = gl = 2 <xhp + Thps Thp “’h,p)
m+ m+3 m+i m+i
= —Atly, 2\1—2At<yhp xhp2 z, 2y 2)
m-i—2 m+2 2 312
] (GRS e

+3 +3 +3, m+
e (i e )

where we have used that F(a,b, c) is anti-symmetric, recall (2.3b). O
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REMARK. 4.2. An alternative predictor step, which also works well in practice, is given by the
m—l—%

1
following fully implicit scheme. Find (x ,zm+2 e V' x V" such that
h h

a2 g 1 1 ! 1 1
h h |$m+5|2 o Zm+§ —9 (Zm+5 . xm+§)zm+§
%At ' Xh h,p h.p ’Xh7p - h,p h,p h ' Xh
m+:  mti mtl m+3 9 m+i mt+l mil mtl
+ <(Zh 2 2z, »Xh’xh,p ")+ F2(13h,p 12 % )2 2iXn ) (4.4a)
m+% m+% 2 m+%
2 Samnley, t 17 )+ (@, e ) =0 (4.4b)

for all xn,mn € V. Compared to (4.1), the above is slightly more natural, more compact and
1

does not require knowledge of y;?_i. It also provides the motivation for the linearized step (4.1).
But as (4.4) requires the solution of a nonlinear system of equations at each time step, we prefer
the linear predictor step (4.1) for the numerical simulations in this paper.

5 Numerical results

We implemented all our schemes within the finite element toolbox Alberta, [30], using the sparse
factorization package UMFPACK, see [8], for the solution of the linear systems of equations
arising at each time level.

For all our numerical simulations we use a uniform partitioning of [0, 1], so that ¢; = jh,
7=0,....J,with h = % For the initial data we choose x% = Ipxp. In addition, for the schemes
for curve diffusion, we let y2 € V" be the solution of

(?ngh\ﬂfg,pﬂ + (ﬂfg,pmh,p) =0 Vo, € VP,

[SIE

compare with (2.10b), and set y; = yg. For some of our simulations we will monitor the ratio

o 0AXj=1,.g |7 (45) — @' (g1 (5.1)

minj—y .y |27 (q5) — 2} (qj-1)]

between the lengths of the longest and shortest element of I'" = x}*(I). Clearly v > 1, with
equality if and only if the curve is equidistributed.

5.1 Curve shortening flow

For a convergence experiment we use the well known solution of a family of shrinking circles
with radius 7(t) = (r2(0) — 2t)2. To this end, we choose the particular parameterization

z(p,t) =Z(p,t) = (1 — 2t)% (c?sg(p)>’ where ¢(p) = 27p + dsin(27wp), § = 0.1, (5.2)
sin g(p)
and define

Jesy = ‘§p|25t - @p
as an extra forcing for (2.1). In particular, we use it to add (fesf (-, tm+%), nn)" to the right hand
sides of (3.1a) and (3.1b), respectively. We also define the errors

o —anlo = mac folotm) —flo, o —eali = max o tm) = oflh (53)

=U,..., =U,...,

16



(2.9) (3.1)

J H:L‘—.ThHo EOC H.%'—.Q?hul EOC Hx—tho EOC Hx—:chHl EOC

32 | 1.7810e-02 | — | 3.6211e-01 | — | 3.2653e-03 | — | 3.6211e-01 | —
64 | 1.0145e-02 | 0.81 | 1.8113e-01 | 1.00 | 8.1694e-04 | 2.00 | 1.8113e-01 | 1.00
128 | 5.4018e-03 | 0.91 | 9.0578e-02 | 1.00 | 2.0427e-04 | 2.00 | 9.0578e-02 | 1.00
256 | 2.7861e-03 | 0.96 | 4.5290e-02 | 1.00 | 5.1070e-05 | 2.00 | 4.5290e-02 | 1.00
512 | 1.4147e-03 | 0.98 | 2.2645e-02 | 1.00 | 1.2768e-05 | 2.00 | 2.2645e-02 | 1.00
1024 | 7.1285e-04 | 0.99 | 1.1323e-02 | 1.00 | 3.1920e-06 | 2.00 | 1.1323e-02 | 1.00
2048 | 3.5780e-04 | 0.99 | 5.6613e-03 | 1.00 | 7.9799e-07 | 2.00 | 5.6613e-03 | 1.00
4096 | 1.7925e-04 | 1.00 | 2.8307e-03 | 1.00 | 1.9950e-07 | 2.00 | 2.8307e-03 | 1.00

Table 1: Errors for the convergence test for (5.2) over the time interval [0,0.25]. We also display
the experimental orders of convergence (EOC).

(2.9) (3.1)

—logy At | ||z — zpllo | CPU time [s] | ||z — zpllo | CPU time [s]
9 | 1.4235e-03 2 | 2.5407e-06 4
10 | 7.1493e-04 4 | 5.3356e-07 8
11 | 3.5822e-04 9 | 1.9950e-07 17
12 | 1.7925e-04 17 | 1.9950e-07 33
13 | 8.9605e-05 34 | 1.9950e-07 67
14 | 4.4746e-05 68 | 1.9950e-07 133
15 | 2.2307e-05 137 | 1.9950e-07 269
16 | 1.1085e-05 274 | 1.9950e-07 535
17 | 5.4732e-06 548 | 1.9950e-07 1072
18 | 2.6673e-06 1102 | 1.9950e-07 2159
19 | 1.2644e-06 2193 | 1.9950e-07 4283
20 | 5.6319e-07 4403 | 1.9950e-07 8567

Table 2: Errors and CPU times for the convergence test for (5.2) over the time interval [0,0.25].
Here J = 4096 is fixed.

See Table 1, where the optimal convergence rates from Theorem 3.2 are confirmed. Here we
partition the time interval [0,7], with 7' = 0.25, into uniform time steps of size At = h, for
h=J1=2% k=5..,12 In the same table we also report on the errors for the scheme
(2.9) from [9], which demonstrates only first order convergence. The fact that the H'-errors
for (2.9) and (3.1) are identical to the displayed digits suggests that the errors from the spatial
discretization are dominating for that norm. The dramatic computational superiority of the
second order scheme becomes apparent in Table 2. Here we compare our scheme (3.1) once again
with the first order scheme (2.9). This time the spatial discretization is fixed, with J = 4096,
while we choose At = 2% k =09,...,20. We note that already for k¥ = 11 the spatial error
dominates for the scheme (3.1), recall (3.5a). Moreover, to reach the same error as the second
order scheme (3.1) with At = 2710, the first order scheme (2.9) needs to employ a time step size
of At = 2720 which results in a CPU time that is 550 times larger.

We also present the evolution for an initially nonconvex planar curve under curve shortening
flow. To this end, we let

(0.0 = ( cos ulp) (5.4

% sinu(p) + sin (cos u(p)) + sinu(p) [£ + sinu(p) sin? u(3p)]>’

17
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Jr 1, ? dp ™ e

Figure 1: Curve shortening flow for the nonconvex curve (5.4). On top we show I'™ at times
t=0,0.05,...,7 = 0.35. Below we show the evolutions of [, |332”p|2 dp (left), |T'"™| (middle) and
t" (right) over time.

where u(p) = 27p, see also [29, Fig. 1]. The evolution of the curves I'"™ = x}"([I) for the solutions
of the scheme (3.1) is shown in Figure 1. Here we employ the discretization parameters J = 256
and At = 1073. We observe that the curve first becomes convex, and then shrinks to a point.
Both the Dirichlet energy of 2™ and the length of the curve I are monotonically decreasing,
while the ratio (5.1) at first increases slightly to about 3.8, before approaching unity towards
the end of the simulation.

5.2 Curve diffusion

We begin with a convergence experiment for the prescribed solution of a translated and dilated
circle parameterized by

_ 2 cos g(p)
t) =2(p,t) = 143 5.5
0.8) = 5(p0) = (1) + (14 ) (G000, (5.5)
recall the definition of g from (5.2), by constructing the right-hand side

~

~ ~ ~ N~ ~ X
fcd = |xp’21't + Ypp — ch(xp,y, yp)ya where y = |§p/|)27
P

for (2.2). Upon adding the correction term (feq(,%,, 1), nn)" to the right hand sides of (4.1a)
2

and (4.2a), we can perform a convergence experiment for the scheme (4.1), (4.2), comparing the

obtained discrete solutions with (5.5). In particular, we define the errors ||y —yp||o and ||y —yn 1

similarly to (5.3), upon defining yZH'l = 2y;7+§ —ypt form =0,..., M —1. The obtained errors

are displayed in Table 3, where we can see second order convergence. We compare the errors

18



J | llz —anlo | EOC | |l — znlly | EOC | lly —ynllo | EOC | |ly —ynllr | EOC
32 | 3.8513e-03 | — | 7.2497e-01 | — | 3.3870e-03 | — | 3.8417e-01 | —
64 | 9.4550e-04 | 2.03 | 3.6237e-01 | 1.00 | 8.4367e-04 | 2.01 | 1.9102e-01 | 1.01

128 | 2.3453e-04 | 2.01 | 1.8117e-01 | 1.00 | 2.1074e-04 | 2.00 | 9.5376e-02 | 1.00
256 | 5.8423e-05 | 2.01 | 9.0582¢-02 | 1.00 | 5.2673e-05 | 2.00 | 4.7671e-02 | 1.00
512 | 1.4581e-05 | 2.00 | 4.5291e-02 | 1.00 | 1.3167e-05 | 2.00 | 2.3834e-02 | 1.00
1024 | 3.6421e-06 | 2.00 | 2.2645e-02 | 1.00 | 3.2918e-06 | 2.00 | 1.1917e-02 | 1.00
2048 | 9.1015e-07 | 2.00 | 1.1323e-02 | 1.00 | 8.2295e-07 | 2.00 | 5.9582¢-03 | 1.00
4096 | 2.2749e-07 | 2.00 | 5.6613e-03 | 1.00 | 2.0574e-07 | 2.00 | 2.9791e-03 | 1.00

Table 3: ((4.1), (4.2)) Errors for the convergence test for (5.5) over the time interval [0,1]. We
also display the experimental orders of convergence (EOC).

J | lz—anlo | EOC | [l —xul1 | EOC | |ly —wnllo | EOC | |ly —ynlls | EOC
32 | 2.7927e-02 — 7.3353e-01 — 6.3618e-02 — 4.9977e-01 —
64 | 1.3609e-02 | 1.04 | 3.6833e-01 | 0.99 | 3.1180e-02 | 1.03 | 2.4354e-01 | 1.04

128 | 6.7142¢-03 | 1.02 | 1.8458e-01 | 1.00 | 1.5441e-02 | 1.01 | 1.2029¢-01 | 1.02
256 | 3.3342e-03 | 1.01 | 9.2399¢-02 | 1.00 | 7.6840e-03 | 1.01 | 5.9790e-02 | 1.01
512 | 1.6613e-03 | 1.01 | 4.6227e-02 | 1.00 | 3.8330e-03 | 1.00 | 2.9807e-02 | 1.00
1024 | 8.2922e-04 | 1.00 | 2.3120e-02 | 1.00 | 1.9143e-03 | 1.00 | 1.4882e-02 | 1.00
2048 | 4.1425e-04 | 1.00 | 1.1562e-02 | 1.00 | 9.5658e-04 | 1.00 | 7.4354e-03 | 1.00
4096 | 2.0703e-04 | 1.00 | 5.7814e-03 | 1.00 | 4.7815e-04 | 1.00 | 3.7163e-03 | 1.00

Table 4: ((2.10)) Errors for the convergence test for (5.5) over the time interval [0, 1]. We also
display the experimental orders of convergence (EOC).

with the ones from the scheme (2.10) in Table 4, showing only first order convergence. In both
cases we partition the time interval [0, 7], with 7" = 1, into uniform time steps of size At = h,
for h = J ' =27k k =5,...,12. Similarly to Table 2, we once again see the superiority of
the second order scheme when we keep J fixed in Table 5. In particular, to achieve an overall
L?-error of about 2 x 107%, the first order method (2.10) needs about 220 times longer than the
second order method (4.1), (4.2).

We also present a numerical experiment for d = 3. To this end, we consider the two interlocked
rings in R? from [10, Fig. 4]. In particular, the initial curve is given by

10(cos(2mp) + cos(67p)) + cos(4mp) + cos(8mp)
zo(p) = % 6 sin(27p) + 10sin(67p) pel (5.6)
4sin(67p) sin(5mp) + 4sin(8mp) — 2sin(127p)

The evolution of this curve under curve diffusion can be seen in Figure 2, showing perfect
agreement with [10, Fig. 4]. But here, for the scheme (4.1), (4.2), we employ the discretization
parameters J = 512 and At = 1072, i.e. a time step size that is 100 times larger than in [10].
As a consequence, the computation took only 9 seconds, compared to the 421 seconds for the
simulation for the first order scheme (2.10) in [10, Fig. 4]. We note once again that the ratio
(5.1) remains bounded during this simulation, approaching a value close to unity as the evolution
settles on the circular steady state solution.
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Figure 2: Curve diffusion for the two interlocked rings (5.6).

We show I'"™ at times t

0,1,3,3.5,3.7,4,5,6,T = 10. Below we show the evolutions of [; |fop]2 dp (left), |I'™| (middle)

and ™ (right) over time.
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(2.10) (4.1), (4.2)

—logy At | ||z — zpllo | CPU time [s] | ||z — zpllo | CPU time ]
7 | 6.6487e-03 3| 1.3428e-04 7
8 | 3.3177e-03 6 | 3.3432e-05 14
9 | 1.6572e-03 12 | 8.3974e-06 28

10 | 8.2824e-04 25 | 2.1616e-06 56
11 | 4.1405e-04 50 | 6.0845e-07 113
12 | 2.0703e-04 99 | 2.2749e-07 222
13 | 1.0354e-04 198 | 2.0075e-07 449
14 | 5.1803e-05 396 | 2.0049e-07 886
15 | 2.5934e-05 792 | 2.0043e-07 1813
16 | 1.3000e-05 1592 | 2.0041e-07 3503
17 | 6.5330e-06 3156 | 2.0041e-07 7135
18 | 3.3001e-06 6326 | 2.0041e-07 13932
19 | 1.6847e-06 12551 | 2.0041e-07 27294
20 | 8.7857e-07 25108 | 2.0041e-07 53700

Table 5: Errors and CPU times for the convergence test for (5.5) over the time interval [0, 1].
Here J = 4096 is fixed.
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