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Combining Parallel Linkage Construction and
Echelon-Ferrers Construction for Constant-Dimension

Codes

Xueyuan ZHANGT, Nonmember, Shaoyu'’, Xianmang HE'!, and Yujia LITT*,

SUMMARY In the constant dimension codes (CDCs) case,
to explore the largest possible value Aq(n, d, k) is one of the most
fundamental topics in subspace coding. Echelon-Ferrers is an ap-
proach proposed in 2009 for CDCs’ construction, and has received
extensive attentions. In this letter, in order to further improve
the constructions, we study the method which combines linkage
construction and echelon-Ferrers construction. This allows us to
produce some improvements to lower bounds for constant dimen-
sion codes, including Aq(13,4,4),44(17,4,4), A4(19,6,6) etc.
key words: network coding; subspace code; constant dimension
code; echelon-Ferrers Construction

1. Introduction

R. Koetter and F. R. Kschischang proposed random
linear network coding to encode information into a sub-
space of an ambient space [1]. This method improves
the network flow with unknown topology by allowing
any linear combination of packets at nodes, leading to
the development of subspace coding.

Formally, let Iy, be a finite field with ¢ elements.
The set of all subspaces of Fy is represented by Py (n),
and Py(n) = Up_o Gq(k,n), where G, (k,n) denotes the
set of all k-dimensional subspaces of Fy. With the fol-
lowing distance dg(Uy, Uz), all subspaces form a metric
space:

dS(Ul,UQ) = dim(U1+U2)—dim(U1ﬂU2),VUl, U, € Pq(n)

It is one of the most fundamental problems to de-
termine the maximum possible size A4(n, d, k) of CDCs
in subspace coding. A set C C G,(k,n) in Fy} is called
a (n,|C|,d, k), constant dimension code (abbreviated
with CDC), if its distance of C is lower bounded by d =
min{dg(Uy,Uz) | Uy,Us € C,U; # Us}. Often than
not, the maximum possible value of an (n,|C|,d, k),
CDC is usually denoted as Aq4(n,d, k).

In this letter, we consider to combine parallel link-
age construction and echelon-Ferrers to improve lower
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bounds for A4(n,d, k). Towards this, we introduce a
new concept called restricted echelon-Ferrers diagram,
deriving from the echelon-Ferrers diagram, which leads
to some improved constructions for CDCs. Our con-
struction generalizes and contains the sub-code con-
struction given in Corollary 4.5 [2] as a specific case.

2. Previous Results

The construction for constant dimension codes can be
achieved using a variety of approaches, and numer-
ous methods for CDCs were invented in the litera-
ture, see [2]-[7], etc. The upper and lower bounds
for A,(n,d, k) are summarized at the web site http:
//subspacecodes.uni-bayreuth.de and the corre-
sponding survey [8]. For the parameters cover 4 < n <
19, €{2,3,4,5,7,8,9},2 <4<k, 2 <k < 2.

One of the most prominent construction meth-
ods is to use maximum rank distance (MRD) codes,
which add an identity matrix I; as the prefix:
S(Ik, Q(n, k, £)). The codes obtained by this method
we refer to lifted MRD code [1]. The echelon-Ferrers
construction was later developed, which generalized the
MRD codes by introducing a new class code of Ferrers
diagram rank-metric codes [6]. Another powerful con-
struction are the linkage construction [9] and its gener-
alization [10]. Constructing new CDCs from two ver-
sions of lifted MRD codes were first proposed in [7].
This simple and effective construction produces a large
amount of follow-up improvements, see the papers [2],
[4],[11],[12] and [13], which finally led to the improve-
ment of linkage construction. [14] and [13] each inde-
pendently proposed a construction from two versions
of linkage construction. [2] studied several approaches
to combine subspace code. Shuangqing Liu, Lijun Ji
etc. [15],[16], and [17] generalized the multilevel con-
struction and inverse multilevel construction by intro-
ducing bilateral/double identifying vectors. The most
surprising work in recent years is the mixed dimension
construction [18] and its improvements [19].

3. Echelon-Ferrers Construction and its Vari-
ant

In this section, we will introduce a new concept called
restricted echelon-Ferrers diagram, which leads to im-
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proved construction for CDCs.
3.1 Ferrers Diagram

Throughout the letter, we will use the following nota-
tion, and refer to [6] for the details.

Any k-dimensional subspace X € G,(k,n), can be
uniquely expressed as its reduced row echelon (RRE)
form, denoted E(X). The identifying vector of X, de-
noted v(X), is a binary vector of length n and weight
k, where the k ones in v(X) are located at the pivots
of E(X). Each pivot in F(X) has a leading coefficient.
To construct the Ferrers diagram of X, first delete all
zeros in each row of F(X), which lies on the left side of
the pivot, then remove the columns having the pivots,
and shift all the remaining entries to the right. The
resulting structure is called the Ferrers tableaux form
of X, and is denoted by F(X). Finally, replacing the
entries in F(X) with dots yields the Ferrers diagram of
X.

Example 1. Let v(X) be 11001100, we have the fol-
lowing generator matriz in its RRE form:

1 0 « x 0 0 =x =

0 1 = *x 0 0 =% =

E(X) = 0 0 0 0 1 0 =*x =

0 0 0 0 0 1 =*x =

Evidently, its Ferrers diagram F is given by

[ ] °
[ ] [ ] [ ] °
L] o
L] o

For any two matrices A, B € IFZ””, dr(A,B) :=
rank(A — B) is the rank-metric between A and B
on ngxe, where IE‘;"XZ is the set of all m x £ ma-
trices over the field F,. A subset C C IFZI”XZ with
the rank-metric dg is called a rank-metric code. The
rank-distance of a rank-metric code C is defined as
dr(C) := min{dr(A,B) : A,B € C,A # B}. It is
well-known that the number of codewords in C is upper
bounded by gma@x{m.t}x(min{m.£}—d+1) = A code reaching
this upper bound is called a maximum rank-distance
(MRD) code (denoted by Qq(m, ¢, d)).

Suppose F is a Ferrers diagram with the shape
£ x m: £ dots in the top row and m dots in the right-
most column. A linear rank-metric code Cr C IF;”” is
called a Ferrers diagram rank-metric (FDRM) code if
VA € Cx, elements of A which are not in F are zeros.
A lifted FDRM codes can be obtained by substituting
each codeword A € Cz in the columns of E(X) which
correspond to the zeros of X. We can get an upper
bound from the size of dim(Cx) according to Theo-
rem 1.

Theorem 1. ([6]) Suppose F is the Ferrers diagram
with the shape £ xm and Cx C IE‘Z”Z is the correspond-
ing FDRM code that satisfies rank(A — B) > d for any

IEICE TRANS. FUNDAMENTALS, VOL.Exx—-??, NO.xx XXXX 200x

A, B € Cr with A # B. Then the dimension of code
CF has an upper bound dim(Cx) < min;{w;}. Here,
w; s the total number of dots in F, which are neither
included in the rightmost § —1—1 columns, nor included
in the first i rows for 0 <i<§—1.

Paper [6] proved that when d = 2 or 4, the up-
per bound of Theorem 1 can be reached, and in the
meanwhile, they conjectured that for all appropriate
parameters, the upper bounds can be attained.

3.2 Restricted Ferrers Diagram

Let F be a Ferrers diagram, if in addition the entities
in the upper right corner of F with the size (a x b) are
all zeros, we augment the notation to F,x; and refer
to it as restricted Ferrers diagram. Such a linear rank-
metric code Crr of FZI”XZ is called a restricted Ferrers
diagram rank-metric (RFDRM) code, if all entries of
M not in F,«p are zeros. A lifted RFDRM codes is
obtained by substituting each codeword A € Crx in
the columns of E(X) which correspond to the zeros of
X.

Example 2. Continue the above example, let (axb) be
(2 x 2), then we have the generator matriz in its RRE
form is

1 0 «x = 0 0 0 O
0O 1 = = 0 0 0 O
BX)=10 0001 0 « =
0O 0 0 0 0 1 = =%

Clearly, its restricted Ferrers diagram is given as follow:

Now the problem is to determine the upper bound
on the size of dim(Crx). When Cgr is divided into
two parts, the upper bound is at least the product of
the two parts.

3.3 Delsarte Theorem

The rank distribution of a linear MRD code
Qq(m,n,d) (m > n) is defined as A, (Q4(m,n,d)) =
{M € Q,rank(M) = i}|, where n < r < m (see [20],
[21]). The rank distribution of MRD codes is entirely
determined by its own parameters: (g,r, m,n,d).

Theorem 2. (/21] and [20]) W.L.O.G, let m > n,

gwen o linear MRD code Qq4(m,n,d) with distance d,

then its rank distribution is determined by A,(Q) =
r—d i (i m(n—d+1)

(1) iz (=) ¢t (5 (meﬁ - 1) » where A-(Q)

represents the size of elements in Qq(m,n,d) with rank

r _ 7Tk—1¢" 771
r, and n < r < m. Here, (i)q =I[i=o T
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3.4 Parallel Linkage Construction

Let us review some common symbols in [9]. For any
set U C F’;X" is an SC-representation set, if 1) YU €
U, rank(U) = k, and 2) YU,Uy € U, if Uy # Uy,
then S(Up) # S(Uz). Given any matrix M € Fi*¢, we
denote (M) as the row space spanned by M.

Proposition 1. ([9]) Suppose that U is an SC-
representation set, and is an (ny,N1,d1,k), constant
dimension code, and M C IF’;X"? is a linear rank-
metric code with distance do and contains No elements.
Then C; = {SU|M) : U € U,M € M} is an
(n1 + ne2, NyNg, min{dy, 2d2}, k), constant dimension
code. Here, (U|M) is a k x (n1 +ng) matriz formed by
concatenating U and M.

Let Co = {3(Q21|U22) : Q21 € Q,Uz € U},
where Q C Qq(n1,k,dz) is a linear rank-metric code
with rank distance dy and the size N3, and U is
an SC-representation set of an (ng, N4, di, k), con-
stant dimension code. Similarly, Cy is another (ng +
ni, NsNy, min{dy, 2d2}, k), constant dimension code
because of the symmetry.

To calculate the cardinality of C; UCy, we refer to
the following theorem (Theorem 3 in [22]).

Theorem 3. ([22]) Let k > d, ny > k, ny >
k, 0 <t < ng —k, we have Ay(n1 + no,k,d) >
|Qq(n1,k, D) x Ag(ng, k,d) + Ag(ni — t,k,d) x

Y

(1500 A (Qulna + 1.k 9))

4. Our Construction

In this section, our main results, i.e the improved con-
struction for CDCs are established, which generalizes
the sub-code construction given in Corollary 4.5 [2].

4.1 General Construction

More precisely, our construction is based on the above
parallel linkage construction by modifying the echelon-
Ferrers construction. In order to preserve the distance,
we propose a new notion of restricted Ferrers diagram
code, that the codes constructed in Corollary 4.5 [2] is
a part of it.

To briefly describe the construction, we demon-
strate our construction as the following theorem.

Theorem 4. Let U; C F’;X"i be SC-representing sets
with cardinality N;, ds(U;) = d, and n; > k, k > d.
Assume that Cg, C F’;X’“ are linear rank-metric codes
with |Cg,| = Ng, and dgr(Cg,) = . Here, 1 <i < 2.
In addition, the rank of each element in Cg, is at most
k—4.

2

Let the identifying vectors v; with length n 1= n; +
ny and weight k satisfy the following properties for j =
1,2,---.

(a) For each vector vj, the count of 1’s in the first

ny positions and the last ny positions are both greater
than or equal to g,

(b) For any two distinct vectors v;, and vj,, the
Hamming distance H(vj,,v;,) > d.

Let (CR]-'j - ng(nfk) be a restricted FDRM code

and dr(Crr;) = %, where RF; is a restricted Ferrers
diagram corresponding to the identifying vector v; with
the size (a x b)=(na x £).

Denote by C the constant dimension code of length
n=mny+ne as C=Cy UCyUC3, where

C, = {%(U‘M) | Uelh,M e (CRl};

Co ={S(M|U) | U € U, M € Cp,};

C3 = U,;Crr;, Crr, is the lifted REDRM code of
Crr;-
Thus, C is an (n,N,d, k), CDC with N = Ny -
Ngr, + Na - Np, +Zj |(C73]:7‘

Proof. The proof consists of two parts:

1) Note that the pivots of Cq, Cs, C3 are in the first
ny positions, the last noy position, parts in the first nq
positions and parts in the last no positions, respectively.
Therefore, C; NCs =0,Co NC3 = 0,and C; N Cy = 0.
Hence, the size of the code C is N = Nj - Np, + Ny -
NR2 + Zj |(C'R.7:7 |

2) It has been proved in [22] Theorem 3 that
the distance dg(Wi,Ws) > d for any subspace W; €
Cy,Wa € Cy. According to the definition, Crr, is a
CDC with ds(Crx,;) > d. Herein, we need to prove
that for any subspace Wy € C1, Wy € Co, W3 € Cg3, we
always have dg(Wy, Ws) > d, dg(W2, W3) > d.

For any identifying vector v; (j = 1,2,---), we
note that this vector has % ones in the last no positions,
and can be illustrated in reduced row echelon form as

follows:
Zi1 Zi2
Z1 = ,
! < Z21 Z22 >k><n

where Z1; with the size of (k— g) X n1, Z12 and Zyy are
zero matrices with the size of (k — ) x ny and £ x ny,
respectively, Zoo with the size of 2 x no.

It is clear that Wy = (Up|My), Uy € Uy, My €
My, Wy = %(]\42|U2)7 Us € Uy, My € Mo then

Uy M,
Mo Us
ZQ = le O(k—%)xng
0, Z22 3kxn

Notice that the elements in matrix Zs; are all 0,
and the rank of U; is k, hence, the rank of the matrix Z»
is at least k + g, therefore, dg(Wi,W3) > d. Consider
that Z15 are zero matrix, by the same way, the distance
ds(Ws,W3) > d can be also proved.

O

Example 3. We apply the above theorem to construc-
tion A2(10,4,5), it is clear that n = 10,d = 4,ny =



ny = 5,k = 5. Therefore, |C1| = 1048576 with the
identifying vector (111110000), |Cq| = 129736 with the
identifying vector (0000011111). To compute the size
of the lifted RFDRM code of all identifying vectors as
illustrated in Table 1, we have A3(10,4,5) > 1048576+
129736 + 64 + 2 x 24 + 6 x 23 + 2 x 22 + 5 = 1178469.

Table 1  Construction for A4(10,4,5)

l

[ Identifying Vector [ Dim H

[ Identifying Vector [ Dim ]

1 1110011000 6 9 1100101100 4
2 1101010100 4 10 1010110100 3
3 1110000110 3 11 0111010001 0
4 1001111000 3 12 1010101010 2
5 1101001010 3 13 0110101001 0
6 1011010010 2 14 0101100101 0
7 1100110010 3 15 0101100101 0
8 1011001100 3 16 0011100011 0

From the above example, we can adopt Corollary
4.5 in [2] to improve the size of the RFEDRM code. We
found that the RFDRM code with corresponding iden-
tifying vector (1110011000) happens to be the follow-
ing Corollary 1. Then A3(10,4,5) > 1178917, which
exceeds the current best bounds 1178824. This holds
for the cases A4(n,4,5) when n varies from 15 to 19,
q€{2,3,4,5,7,8,9}.

Corollary 1 (Corollary 4.5 [2]). Letn = 22:1 ng, 0; =
Z;Zl n;,1 <i<1l,00=0. Let E; denote the (n —n;)-
subspace of Fy consisting of all vector in ¥y that have
zeros for the coordinates between o;—1+1 and o; for all
1<i<l Y ai=kY_ bi=k—2 Let D be
an (n;,d,n; —a;)-CDC, and Df be an embedding of Df
in Iy such that the vectors contained in an element of
Df are in F;, 1 <1 <. Define the code D as follows:
D=U_ {U1 xUs x -+« x U : Uy € D, 1 <Vh <1}

On the basis of Theorem 3, we can achieve D with
the size of |D| > s - Hi:l (Qqlas,ni —a;, %)), where
ai = (Qqlai,ni — ai,a; — b)) / (Qqlai,ni — ai, §)),
and s = min{a; : 1 <4 <[}

Remark: It is interesting to discover that our con-
struction generalizes the sub-code construction pro-
posed in Corollary 4.5 [2]. Our approach improves upon
this by modifying the echelon-Ferrers structure to meet
the distance constraint, ultimately resulting in a larger
number of codewords.

4.2 Examples

Let n = 12,n; = 6,12 = 6,k = 6,d = 6, apply the
above theorem to construction 42(12,6,6). Therefore,
|C1| = ¢** with the vector (111111000000), |Ca| =1 +
Zi:g A (Qq(6,6,3)). We calculate the size of the lifted
RFDRM code of the remaining 20 identifying vectors,
and A, (12,6,6) > > +1+ 37, A, (Q,(6,6,3)) +¢° +
4xq*+3xq+12. Let ¢ = 2, we have A3(12,6,6) >
16865649, which exceeds the bounds in [2].

IEICE TRANS. FUNDAMENTALS, VOL.Exx—-??, NO.xx XXXX 200x

Similarly, we have A,(15,4,5) > ¢* +
Ag(10,4,5) x (14377, A (Qq(5,5,2))) +¢*° +3¢° +
3¢ +5q¢" +3¢° +8¢° +7q* +4¢3 +6¢> +q+3. Let ¢ = 2,
we have A5(15,4,5) > 1252448590381, which exceeds
the current best bounds 1252448586816.

We have A,(16,4,5) > ¢** + A,(11,4,5) x (1 +
Yo Ar(Qq(5,5,2))) + %2 + 3¢'° + 3¢° + 5¢° + 3¢7 +
8¢5 + 6¢° + 4¢* + 5¢° + 6¢> + 4qg + 2. Let ¢ = 2, then
A5(16,4,5) > 20021891632482, which improves upon
the corresponding results.

We have A,(18,6,6) > A,(12,6,6) x ¢** + (1 +
S A(Qq(12,6,3))) + ¢'® + ¢° + 5¢° + 5¢7 + 9¢° +
2¢° + 5q¢* + 4¢> + 7¢®> + Tq + 10.  A,(19,6,6) >
Aq(12,6,6) x g% + (1 + 305 A (Qq(13,6,3))) +¢** +
2¢'0 +3¢° +5¢° +6q7 +4q° +8¢° +10¢* +11¢> +8¢> +
7q 4+ 12, and A, (16,4,4) > A,(12,4,4) x ¢** + (1 +
> 5 An(Qq(12,4,2))) + " +3¢'0 +4¢° +5¢ +3¢° +
4¢° + 5¢* + 3¢* + 2q + 6.

These new bounds exceed the current theoretic
bounds in [21], [7],[4],[23], [13], even the latest improve-
ments in [2]. Limited by space, all these improvements
are omitted here. Some result are coincide with the
paper [24].

4.3 Improvements with t =1

The above section deals with the case t = 0, some cases
can be further improved by Theorem 3 with ¢t = 1.
More specifically, we embody Theorem 3 as follows:
Let k > d,ny > k,ny > k,t = 1, then Ag(n; +
’I’Lg,kf7d) > |Qq(n1,k‘, %)‘ X Aq(’ng,k‘,d) + Aq(nl -

k—4d
L) x (14 X078 Ay (Quna + 1,5, 9)) ).

With this, we have following bounds:

Let ny =8,np =5,d =4, k—4, then A,(13,4,4) >
Aq(& 4) 4) Xq15+(1+2i:1 A‘I“(Qq(gv 4a 2)))+q12+3q7+
5¢% +3¢° + q* 4+ 6¢> +8¢% + 7qg + 4. This bound exceeds
the current theoretic bounds in [4], [13],[25], even the
latest improvements in [2], [24].

By the same way, we have A,(17,4,4) >
Ag(12,4,4) x ¢ + (1+ 3571 Ar(Qq(13,4,2))) +4'° +
3¢" +5¢" +3¢° + ¢ + 7¢" + 9¢° + 7¢° + 5q* + 2¢° +
5¢% + 3¢* + 1, and A,(19,6,6) > A,(12,6,6) x ¢** +
(1430 A (Qy(14,6,3))) + ¢ + 24" + 3¢° + 5¢° +
6¢" +4¢° + 8¢° 4+ 10¢* + 11¢* + 8¢* + 7q + 12.

5. Conclusion

In this letter, we presented new constructions for con-
stant dimension codes. Several new lower bounds on
Aq(n,d, k) can be obtained from theses constructions,
which indicates these codes have better bounds than
in the tables of [8]. Moreover, the expression of these
bounds can be calculated by Theorem 4. From Corol-
lary 1, we may wonder the RFDRM codes can be fur-
ther improved, hence, it would be interesting to derive
bounds better than the ones in Theorem 4.



LETTER

References

(1]

2]

3]

(4]

(5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

19]

20]

R. Koetter and F. R. Kschischang, “Coding for errors and
erasures in random network coding,” IEEE Transactions on
Information Theory, vol. 54, no. 8, pp. 3579-3591, 2008.
A. Cossidente, S. Kurz, G. Marino, and F. Pavese, “Com-
bining subspace codes,” Advances in Mathematics of Com-
munications, vol. 17, no. 3, pp. 536-550, 2023.

A. Cossidente and F. Pavese, “Subspace codes in pg(2n -1,
q),” Combinatorica, vol. 60, no. 1, pp. 1-23, 2014.

H. Chen, X. He, J. Weng, and L. Xu, “New construc-
tions of subspace codes using subsets of MRD codes in sev-
eral blocks,” IEEE Transactions on Information Theory,
vol. 66, no. 9, pp. 5317-5321, 2020.

T. Etzion and N. Silberstein, “Codes and designs related
to lifted mrd codes,” IEEE Transactions on Information
Theory, vol. 59, no. 2, pp. 1004-1017, 2013.

T. Etzion and N. Silberstein, “Error-correcting codes in pro-
jective spaces via rank-metric codes and ferrers diagrams,”
IEEE Transactions on Information Theory, vol. 55, no. 7,
pp- 2909-2919, 2009.

L. Xu and H. Chen, “New constant-dimension subspace
codes from maximum rank-distance codes,” IEEE Transac-
tions on Information Theory, vol. 64, no. 9, pp. 63156319,
2018.

D. Heinlein, M. Kiermaier, S. Kurz, and A. Wassermann,
“Tables of subspace codes,” arziv.org, 2016.

H. Gluesing-Luerssen and C. Troha, “Construction of sub-
space codes through linkage,” Advances in Mathematics of
Communications, vol. 10(3), pp. 525-540, 2016.

D. Heinlein and S. Kurz, “Asymptotic bounds for the sizes
of constant dimension codes and an improved lower bound,”
in Coding Theory and Applications, vol. 10495, pp. 163—
191, 2017.

H. Lao, H. Chen, J. Weng, and X. Tan, “Parameter-
controlled inserting constructions of constant dimension
subspace codes,” ArXiv, vol. abs/2008.09944, 2020.

X. He, Y. Chen, and Z. Zhang, “Improving the linkage
construction with echelon-ferrers for constant-dimension
codes,” IEEE Communications Letters, vol. 24, no. 9,
pp. 1875-1879, 2020.

D. Heinlein, “Generalized linkage construction for constant-
dimension codes,” IFEE Transactions on Information The-
ory, 67(2):705-715, 2021.

X. He, “Construction of constant dimension codes from two
parallel versions of linkage construction,” IEEE Communi-
cations Letters, vol. 24, no. 11, pp. 2392-2395, 2020.

S. Liu and L. Ji, “Double multilevel constructions for con-
stant dimension codes,” IEEFE Transactions on Information
Theory, vol. 69, no. 1, pp. 157-168, 2023.

S. Liu, Y. Chang, and T. Feng, “Parallel multilevel con-
structions for constant dimension codes,” IFEE Transac-
tions on Information Theory, vol. 66, no. 11, pp. 6884—
6897, 2020.

S. Yu, L. Ji, and S. Liu, “Bilateral multilevel construction
of constant dimension codes,” Advances in Mathematics of
Communications, vol. 16, no. 4, pp. 1165-1183, 2022.

H. Lao, H. Chen, F. Li, and S. Lyu, “New constant dimen-
sion subspace codes from the mixed dimension construc-
tion,” IEEE Transactions on Information Theory, vol. 69,
pp- 4333-4344, 2023.

X. He, Z. Zhang, S. Tian, J. Wang, and Y. Chen, “Parallel
construction for constant dimension codes from mixed di-
mension construction,” Designs, Codes and Cryptography,
vol. 93, pp. 227-241, 2024.

P. Delsarte, “Bilinear forms over a finite field, with applica-

(21]

(22]

(23]

[24]

25]

tions to coding theory.,” Journal of Combinatorial Theory,
vol. 25, no. 3, pp. 226-241, 1978.

J. de la Cruz, E. Gorla, H. H. Lépez, and A. Ravagnani,
“Weight distribution of rank-metric codes,” Designs, Codes
and Cryptography, vol. 86, pp. 1 — 16, 2015.

X. He, “Construction of constant dimension code from
two parallel versions of linkage construction,” IEEE Com-
mucations Letters,doi: 10.1109/LCOMM.2020.3012488.,
vol. 24, no. 11, pp. 2392-2395, 2020.

F. Li, “Construction of constant dimension subspace codes
by modifying linkage construction,” IEEE Transactions on
Information Theory, vol. 66, no. 5, pp. 2760-2764, 2020.
H. Lao and H. Chen, “New constant dimension subspace
codes from multilevel linkage construction,” Advances in
Mathematics of Communications, vol. 18, no. 4, pp. 956—
966, 2024.

D. Heinlein and S. Kurz, “Asymptotic bounds for the sizes
of constant dimension codes and an improved lower bound,”
Coding Theory and Applications, ICMCTA 2017, 2017.



