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1. INTRODUCTION

Given a small category € and a C-diagram of spaces X, the colimit of the diagram

is a space colim X such that a map out of colim X corresponds to a collection of
maps, one from each space in the diagram, that “make all the triangles commute”.
The homotopy colimit hocolim X will be a space such that a map out of hocolim X
corresponds to a collection of maps, one from each space in the diagram, that
may not make any triangle commute, but which come along with homotopies be-
tween the maps which, if this were colim X, would actually commute, together with
“homotopies between the homotopies”, and “homotopies between the homotopies
between the homotopies”, etc.

Some simple examples of homotopy colimits:

If C is the category - — - with two objects and a single non-identity map
that goes from the first object to the second, then a C-diagram in Top is
just a map f: X — Y, and the homotopy colimit of that diagram will be
the mapping cylinder of f, built from X x I and Y by gluing one end of
X xItoY along f. If P is a space, then a map from that homotopy colimit
to P consists of a map ax: X — P, amap ay: Y — P, and a homotopy
from ax to the composition ay f.

If C is the category - < - — -, then a C-diagram in Top is just a pair of
maps with the same domain,

7% x Ty

and the homotopy colimit of that diagram will be the union along X of
the mapping cylinders of f and g, built from X x I Ux X x I (which is
homeomorphic to X x I), Y, and Z by gluing one end of X x TUx X x I to
Y along f and the other end to Z along g. If P is a space, then a map from
that homotopy colimit to P consists of maps ax: X — P, ay:Y — P,
and az: Z — P together with a homotopy from ax to the composition
ay f and a homotopy from ax to the composition azg.

It gets more interesting when your small category C has two composable
maps neither of which is an identity map. If C is the category pictured as
- — - — -, then there are three non-identity maps: the two pictured maps
plus their composition. A C-diagram in Top is a pair of composable maps

xt.v 2,7

and the homotopy colimit of this diagram will have “higher dimension”
than the homotopy colimit of the previous examples: to build the homotopy
colimit, we start by taking the mapping cylinder of each of the three non-
identity maps f: X =Y, ¢:Y — Z, and gf: X — Z, and then, because
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gf is the composition of f and g, we add in X x |A[2]|, with each of the
three faces identified with the three cylinders X x |A[1][, Y x |A[1]|, and
X x |A[1]| (where, for the second of those, we use the map f x 1jaqy to
identify that face of X x ’A[QH with Y x |A[1H) If P is a space, then a
map from that homotopy colimit to P consists of
—mapsax: X = P,ay:Y — P, and az: Z — P together with
a homotopy fBy: X x ‘A[IH — P from ax to the composition ay f,
a homotopy B4: Y x |A[1]| — P from ay to the composition azg,
a homotopy fy7: X x |A[1H — P from ax to the composition az(gf),
and
— a homotopy 7v: X x |A[2H — P between homotopies whose restrictions
to the three faces equal B¢, By 0 (f x 1japy)), and Byy.
The restriction of v to one face is a homotopy from ax to ay f, and the
restriction to the next face is a homotopy from ay f to (azg)f. The compo-
sition of those two homotopies is a homotopy from ax to (azg)f, and the
restriction of v to the third face is another homotopy from ax to az(gf);
the map = is a homotopy between those two homotopies.
e As your small category € has longer strings of composable non-identity
maps, the homotopy colimit will be built of “higher dimensional” parts.

For example, if your diagram is of the form W Lx4yh Z, then
there will be a copy of W x ’A[3]| built into the homotopy colimit, with
its four faces identified with the 2-dimensional parts associated with each

of XLy hzwhyrhzwhxz amdwl xSy,

If € is a small category and X is a C-diagram of spaces, then hocolim X will
built from

e the space X for every object a of G,

e the space X, X ‘A[IH for every non-identity map o — § in € with domain
Q,

e the space X, X ’A[QH for every pair of composable non-identity maps o —
B8 — 7 in € starting at «, and, for all n > 0,

e the space X, x |A[n]| for every string of n composable non-identity maps
in € starting at a.

We keep track of all of these strings of composable arrows using (o €)°", the
opposite of the category of objects of € under « (see Definition and its nerve
N(ad €)% (see Example [2.4)).

2. NERVES OF OVERCATEGORIES AND UNDERCATEGORIES

Definition 2.1. If € is a small category, then the nerve of € is the simplicial set
NC in which an n-simplex ¢ is a diagram in C of the form

On—1

g0 g1
g —> ) —> o —r Oy
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with the face and degeneracy maps defined by

o1 o2 On—1 or -
a; = ay = —— ay, ifi =0
Lok 0i—2 0i0;—1 Oi+1 On—1 . .
(22) dic=< oy 2> --- i1 Qi1 — - ——a, f0<i<n
oo o1 On—2 er -
ap 2% ap T 2 g ifi=n

a0 Ti—1 1o, T Tit+1 On—1
Si0=0Q)g —> " —— Qg —> O —> Qg ] — o — Qi .

If F: ¢ — D is a functor between small categories, then F induces a map of
simplicial sets NF': NC — ND defined by

Foq Fo,_1

Op— F
NF(ag 2% ay 25 - 225 ) = Fag =% Fay Fao, .

2.1. Undercategories and their nerves.

Definition 2.3. If C is a small category and « is an object of C, then the category
of of objects of € under a (o, @) is the category in which an object is a pair (3, 0)
where [ is an object of € and ¢ is a map @ — [ in €, and a morphism from the
object (8,0) to the object (8’,0") is a map 7: 8 — [’ that makes the triangle

«
f——mFr .
commute.

The category (a ] €)°" is the opposite of the category of objects of € under a. An
object of (o] C)°" is also a pair (3,0) as above, but a morphism in (« ] €)°" from
the object (8, 0) to the object (5’,0') is a map 7: 8’ — 3 that makes the triangle

/O‘\
Be—— 0 .

Example 2.4. Let C be a small category. If « is an object of €, then an n-simplex
of N(a | €) is a diagram of the form

comimute.

and an n-simplex of N(a | €)°? is a diagram of the form

We will often denote such a simplex by the ordered pair ((ao a4y €
Co:a— an), since that pair determines the entire diagram.

Definition 2.5. Let C be a small category.
Draft: November 23, 2014
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(1) (=1C)°" is the the €°P-diagram of categories that on an object a of €
takes the value (a ) €)°?, and that takes the map o: o — ' to the functor
o*: (@' L C)°P — () @)°P that takes the object 7: o/ — S of (/' L €) to
the object of (o] €)°P that is the composition a % o = 3.

(2) N(=1€)°" is the €°P-diagram of simplicial sets that on an object o of €
takes the value N(a | €)°P, and that takes the map o: a — o' to the map
of simplicial sets o*: N(o/ | €)°” — N(a] ).

Remark 2.6. Our definition of the homotopy colimit functor will use the C°P-
diagram of simplicial sets N(— | €)°?| rather than the C°P-diagram N(—]C). It
might have been simpler to define a homotopy colimit functor using the diagram
N(—] @), but there are technical advantages to using the nerve of the opposites of
undercategories (see Theorem .

Note also that both N(— | €) and N(— | €)°" are C°P-diagrams of simplicial sets,
and not C-diagrams. It’s not the fact that we're using N(— | C)°”, the nerve of the
opposites of the undercategories, that causes the diagram to be contravariant in C.

2.2. Undercategories of functors.

Definition 2.7. If F': € — D is a functor between small categories and ( is an
object of D, then the category (8] F) of objects of € under [ is the category in which
an object is a pair («, o) where « is an object of € and ¢ is a map o: § — Fa in
D, and a morphism from the object («, o) to the object (a’,0’) is a map 7: o —

in € that makes the triangle

Fa—>Fa

commute.

The category (8] F)" is the opposite of the category of objects of C under j.
An object of (8] F)°? is also a pair (a, o) as above, but a morphism in (8] F)°”
from the object (a, o) to the object (/,0’) is a map 7: o/ — « that makes the

triangle

Fa <— Fo
commute.

Example 2.8. Let F: € — D be a functor between small categories. If g is an
object of D, then an n-simplex of N(B] F)°” is determined by an ordered pair
((ao —ap - —ay) €Co: f— Fan), and we will often use that notation for
such a simplex.

Lemma 2.9. If F': € — D is a functor between small categories and « is an object
of C, then there is a map of simplicial sets Fy: N(a | €)°® — N(Fa | F)°? that takes
the simplex
(o & g <& -+ S el Tia— an)
Draft: November 23, 2014



6 PHILIP S. HIRSCHHORN

of N(a] €)°" to the simplex
((a0<—a1<— &an)EGFT Fa—>Fo¢n)
of N(Fa ] F)°P.
Proof. This follows directly from the definitions. O

Definition 2.10. Let F': € — D be a functor between small categories.
(1) (=4 F)°? is the the D°P-diagram of categories that on an object 3 of D
takes the value (8 F)°P, and that takes the map o: 3 — 3 to the functor
o*: (B L F)® — (B F)°® that takes the object 7: 8 — Fa of (8} F)®
to the object of (8] F)°P that is the composition 3 % 3’ = Fa.
(2) N(= ] F)°? is the D°P-diagram of simplicial sets that on an object 3 of D
takes the value N(3 ] F)°?, and that takes the map o: 8 — £’ to the map
of simplicial sets o*: N(8' | F)® = N(3] F)°".

Example 2.11. Let F': € — D be a functor between small categories. If § is an
object of D, then there is a functor Fy.: (81 F) — (84 D) that takes the object
(a,0: B — Fa) to the object (Fa,0: f — Fa). This induces a natural map of
simplicial sets Fi: N(8, F)°® — N(8] D)°? that takes the simplex

((ao&a1<2~-~<£an)€€,azﬁ—>Fan)

of N(B 1 F)°? (see Example to the simplex

Fop—
((FOéo Foq FOél Foy On—1

of N(84D)*"

Ezxample 2.12. If F': € — D is a functor between small categories, then the map of
simplicial sets F,: N(3, F)®® — N(B81D)°" of Example for each object 3 of
D defines a map of D°P-diagrams of simplicial sets F,: N(— | F)?” — N(— | D).

Fa,) € D,0: 38— Fay,)

2.3. Overcategories and their nerves.

Definition 2.13. If € is a small category and « is an object of C, then the category
of objects of C over a (€l ) is the category in which an object is a pair (3, 0)
where (8 is an object of € and o is a map § — « in €, and a morphism from the
object (8,0) to the object (8’,0') is a map 7: 8 — B’ that makes the triangle

f—f

N~

Ezxample 2.14. Let C be a small category. If « is an object of €, then an n-simplex
of N(Cl ) is a diagram of the form

commute.

(67 (651 (65 s (6%
«

We will often denote such a simplex by the ordered pair ((ao —ap ) €
C,o:ap — a), since that pair determines the entire diagram.
Draft: November 23, 2014
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Definition 2.15. Let C be a small category.

(1) (€} —) is the the C-diagram of categories that on an object « of € takes the
value (€| a), and that takes the map o: a@ — ' to the functor o,: (Cla) —
(€l ) that takes the object 7: 8 — «a of (€l «) to the object of (€| o)
that is the composition 8 = a = .

(2) N(CJ —) is the C-diagram of simplicial sets that on an object « of € takes the
value N(C | ), and that takes the map o: o — o’ to the map of simplicial
sets o.: N(Cla) = N(Cl o).

2.4. Overcategories of functors.

Definition 2.16. If C and D are categories, F': € — D is a functor, and 3 is an
object of D, then the category of objects of C over 8 (F | () is the category in which
an object is a pair («, ) where « is an object of € and o is a map Fa — § in D,
and a morphism from the object («, o) to the object (a/,0’) is a map 7: & — &' in
C such that the triangle

Fo— s Fpdf

N

Example 2.17. Let F': € — D be a functor between small categories. If 5 is an
object of D, then an n-simplex of N(F'] ) is determined by an ordered pair ((ao —
a;r == ay) €Co: Fa,, — 6), and we will often use that notation for such a
simplex.

commutes.

Example 2.18. Let F': € — D be a functor between small categories. If § is an
object of D, then there is a functor Fi: (F]3) — (D] ) that takes the object
(a,0: Fa — B) to the object (Fa,0: Fa — ). This induces a map of simplicial
sets Fi.: N(F ] 8) = N(D | B) that takes the simplex

((a0—>a1—> L o) €@ o Fa, — f)

of N(F' | ) to the simplex

((FO(O Foq Foy Foy Fo, 1

of N(D | B).

Fa,) € D,o: Fa, —>6)

Lemma 2.19. If F: ¢ — D is a functor between small categories and « is an object
of C, then there is a map of simplicial sets F,: N(Cla) — N(F | Fa) that takes
the simplex

(0 = ar = -+ Il o) €CT:a, =)
of N(C | ) to the simplex

((ao I g T Irot, ap) € C Fr: Fay, — Fa)
of N(F' | Fa).
Proof. This follows directly from the definitions. O

Definition 2.20. Let F': € — D be a functor between small categories.
Draft: November 23, 2014



8 PHILIP S. HIRSCHHORN

(1) (F ] —) is the the D-diagram of categories that on an object 8 of D takes the
value (F'| ), and that takes the map o: 8 — (' to the functor o.: (F'] 8) —
(F'] B') that takes the object 7: Fa — 3 of (F'] 3) to the object of (F | 5’)
that is the composition Fa = 8 = (.

(2) N(F|—) is the D-diagram of simplicial sets that on an object 8 of D
takes the value N(F' | (), and that takes the map o: 8 — 5’ to the map of
simplicial sets o,.: N(F' | 3) = N(FlJ).

Example 2.21. If F: € — D is a functor between small categories, then the map
of simplicial sets Fy: N(F ] 8) = N(D | ) of Example for each object 5 of D
defines a map of D-diagrams of simplicial sets F,.: N(F | —) = N(D | —).

2.5. Contractible nerves. The main results of this section are Corollary
and Corollary which assert that if € is a small category and « is an object
of €, then the simplicial sets N(a | €)°® and N(€ | a) are contractible. These are
important because

e the definition of the homotopy colimit functor (see Definition uses the
CoP_diagram of simplicial sets N(— | €)°? (see Definition and

e the definition of the homotopy limit functor (see Definition uses the
C-diagram of simplicial sets N(€ | —) (see Definition 2.15).

The effect of Corollary is that the map of C°P-diagrams from N(— ] €)°" to
the constant diagram at a single point is an objectwise weak equivalence, and so
it is a weak equivalence in the model category of C°P-diagrams of simplicial sets
(see Theorem . We will show in Proposition that the diagram N(—|@)°?
is also a free cell complex (see Definition , which implies that N(— @) is
a cofibrant object in the model category of C°P-diagrams of simplicial sets (see
Theorem . Thus, the diagram N(—|€)°" is a cofibrant approzimation (see
[7, Def. 8.1.2]) to the constant diagram at a single point. Since any two cofibrant
approximations to the same object are weakly equivalent (see [7, Prop. 8.1.9]),
this explains why there are alternative possible definitions of the homotopy colimit
functor (using different cofibrant approximations to the constant diagram at a single
point) that are naturally weakly equivalent for objectwise cofibrant diagrams in a
model category.

Similarly, the effect of Corollaryis that the map of C-diagrams from N(C | —)
to the constant diagram at a single point is an objectwise weak equivalence, and so
it is a weak equivalence in the model category of C-diagrams of simplicial sets (see
Theorem [5.1)). We will show in Proposition that the diagram N(C| —) is also
a free cell complex (see Definition [5.7), which implies that N(€ | —) is a cofibrant
object in the model category of C-diagrams of simplicial sets (see Theorem [5.1]).
Thus, the diagram N(CJ| —) is a cofibrant approzimation (see |7, Def. 8.1.2]) to the
constant diagram at a single point. Since any two cofibrant approximations to the
same object are weakly equivalent (see [7, Prop. 8.1.9]), this explains why there are
alternative possible definitions of the homotopy limit functor (using different cofi-
brant approximations to the constant diagram at a single point) that are naturally
weakly equivalent for objectwise fibrant diagrams in a model category.

Lemma 2.22. If € and D are small categories, then there is a natural isomorphism
of simplicial sets N(€ x D) ~ NC x ND.

Proof. This follows directly from the definitions. O
Draft: November 23, 2014
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Lemma 2.23. If [1] is the category 0 — 1, then for every small category C there is
a natural isomorphism of simplicial sets N(C x [1]) = NC x A[1].

Proof. Since N[1] ~ A[1], this follows from Lemma O

Proposition 2.24. Let C and D be small categories. If F,G: C — D are functors,
then there exists a natural transformation ¢: F' — G if and only if there is a functor
®: C x [1] — D such that the restriction of ® to € x {0} is F' and the restriction
of ® to € x {1} is G (where {0} is the category with one object 0 and its identity
map, and {1} is the category with one object 1 and its identity map).

Proof. If ¢: F — G is a natural transformation, then we can define a functor

®: € x [1] = D by letting
e &(a,0) = F(a) and ®(«, 1) = G(«) for every object « of €, and

e O(o,19) = F(o), ®(0,1;) = G(o), and ®(0,0 — 1) = ¢(0) for every
morphism ¢ of C.

Conversely, if ®: € x [1] = D is a functor whose restriction to € x {0} is F and

whose restriction to € x {1} is G, we can define a natural transformation ¢: F — G

by letting ¢(a) = ®(a,0 — 1) for every object « of C. O

Proposition 2.25. Let C and D be small categories, and let F,G: € — D be
functors from € to D. If there is a natural transformation from F to G, then the
induced maps of nerves NF,NG: NC — ND are homotopic.

Proof. Proposition implies that there is a functor ®: € x [1] — D whose
restrictions to Cx{0} and €x {1} are F and G. Lemma implies that N(Cx[1]) ~
NCxN[1] &= NCx I, and so N®: NC x I — ND is a homotopy from NF to NG. O

Theorem 2.26. Let C be a small category. If C has either an initial object or a
terminal object, then the nerve of C is a contractible simplicial set.

Proof. If C has an initial object «, then there is a natural transformation from the
constant functor at the object « to the identity functor of €, and so Proposition [2.25
implies that the identity map of NC is homotopic to a constant map. Similarly, if
C has a terminal object £, then there is a natural transformation from the identity
functor of € to the constant functor at the object 3, and so the identity map of NC
is homotopic to a constant map. (I

Corollary 2.27. If C is a small category, then for every object o of C the simplicial
sets N(a ] €) (see Definition[2.3]) and N(C | a) (see Definition are contractible.

Proof. The identity map 1,: o — « is an initial object of (o] €) and a terminal
object of (€l a), and so the result follows from Theorem [2.26] O
Lemma 2.28. If C is a small category, then there is a natural homeomorphism of
topological spaces |N€| ~ ‘NGOP‘.

Proof. The homeomorphism takes the realization of the simplex cg - a3 — -+ —

ay, of NC to the realization of the simplex a,, < ay,_1 -+ < ag of NC°P. [l

Corollary 2.29. If C is a small category, then for every object o of C the simplicial
set N(a ] €)°" (see Definition is contractible.
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10 PHILIP S. HIRSCHHORN

Proof. Corollary implies that N(a | @) is contractible, and Lemma implies
that the geometric realization of N(a] €) is homeomorphic to that of N(a] €)°".
]

3. DECOMPOSING SIMPLICIAL SETS

Definition 3.1 (The cosimplicial and simplicial indexing categories). If n is a
nonnegative integer, we let [n] denote the ordered set (0,1,2,...,n).

(1) The cosimplicial indexing category A is the category with objects the [n]
for n > 0 and with morphisms A([n], [k]) the weakly monotone functions
[n] — [K], i.e., the functions o: [n] — [k] such that (i) < o(j) for 0 < i <
Jj<n.

(2) A cosimplicial object in a category M is a functor from A to M.

(3) The simplicial indexing category is the category A°P.

(4) A simplicial object in a category M is a functor from A°P to M.

Definition 3.2. If n > 0, then the standard n-simplex A[n] is the simplicial set
that has as k-simplices the weakly monotone functions [k] — [n], i.e., (A[n])r =
A([K], [n]) = A%P([n], [K])-

Definition 3.3. The cosimplicial standard simplex is the cosimplicial simplicial set
A: A — SS that takes the object [n] of A to the standard n-simplex A[n]. This
can be viewed as either a A-diagram of simplicial sets (i.e., a covariant functor of
A) or as a (A°P)°P-diagram of simplicial sets (i.e., a contravariant functor of A°?).

Proposition 3.4. If K is a simplicial set and n > 0, there is a natural isomorphism
between the set of n-simplices of K and the set of maps of simplicial sets Aln] — K,
under which an n-simplex o of K corresponds to the map A[n] — K that takes the
nondegenerate n-simplex of A[n] to o.

Proof. A simplicial set is a functor A°® — Sets, and a map of simplicial sets is
a natural transformation of functors. Since (A[n]), = A([k], [n]) = A°P([n], [K]),
the simplicial set A[n] is the representable functor on A°® with representing object
[n], and the unique nondegenerate n-simplex of Aln| is the identity map of [n].
Thus, this is exactly the Yoneda lemma (see, e.g., [9, Lemma 4.2.1], [8, p. 61], or
[il Thm. 1.3.3]). O

Definition 3.5. If K is a simplicial set, then the category of simplices of K is the
category AK that is the overcategory (A | K), where A: A — SS is the cosimpli-
cial standard simplex (see Definition . That is, an object of AK is a map of
simplicial sets A[n] — K for some n > 0, and a morphism from o: A[n] - K to
7: Alk] = K is a commutative triangle

Aln] ———— A[K]
K
for some morphism 7: [n] — [k] in A.
Equivalently (see Proposition , if K is a simplicial set, then the category of
simplices of K is the category AK such that
e the objects of AK are the simplices of K and
Draft: November 23, 2014
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e if o and 7 are simplices of K, then a morphism from o to 7 in AK is a
simplicial operator that takes 7 to 0. (Note the reversal of direction; if
OrT = o, then 0y corresponds to a morphism from o to 7.)

Proposition 3.6. If K is a simplicial set and G: AK — SS is the AK-diagram
(see Definition of simplicial sets that takes the object o: Aln] — K to the
standard simplex A[n], then there is a natural isomorphism colimax G = K.

Proof. The objects o: A[n] — K of AK define natural maps G(o) — K that com-
mute with the structure maps of G, and these define a natural map colimax G — K.
Every n-simplex o: A[n] — K (for n > 0) is an object of AK for which the image
of the natural map G(o) = A[n] — K contains the simplex corresponding to o,
and so the natural map colima g G — K is surjective.

To see that the natural map colimax G — K is injective, assume that there are
objects o: Alm] — K and 7: A[n] — K of AK together with a k-simplex 7 of
A[m] and a k-simplex p of A[n] such that the image in K of n under G(o) — K
equals the image in K of p under G(7) — K. Proposition implies that there is
then a commutative diagram of simplicial sets

Alk] —2— A[n)

nl J
Alm] —— K

which we can regard as a diagram in AK. The relation that this diagram imposes
on colima g G implies that the image of 1 in colimax G equals the image of p in
colima i G, and so the natural map colimax G — K is injective. O

Proposition 3.7. If K is a simplicial set, then K is naturally isomorphic to the
coequalizer of the maps

[

(3.8) (]_[ A[n—l]) il (]_[ A[n+1]) — ]I am
n>0 n>0 4 n>0
0<i<n 0<i<n Aln]—>K
An]—K A=K

where, on the first summand,
e ¢ takes the summand Aln — 1] indexed by (n,i,0: A[n] — K) by the
identity map to the A[n — 1] indexed by (n—1) and the composition A[n —
1] LN Aln] 2 K, composed with the injection into the coproduct, and
e ¢ takes that same summand to the A[n] indexed by (n,c) by the map
d’: Aln — 1] — A[n], composed with the injection into the coproduct
and, on the second summand,
e ¢ takes the summand Aln + 1] indexed by (n,i,0: A[n] — K) by the
identity map to the A[n+ 1] indexed by (n+ 1) and the composition Aln+

1] LN Aln] % K, composed with the injection into the coproduct, and
e ¢ takes that same summand to the A[n] indexed by (n,c) by the map
s': Aln+ 1] = Aln], composed with the injection into the coproduct.

Proof. Proposition[3.6)implies that K is isomorphic to the quotient of the coproduct
of standard simplices, one for each simplex of K, in which the various standard
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simplices are identified according to the action of the simplicial operators on the
simplices of K. Since every simplicial operator is a finite composition of face and
degeneracy operators, it is sufficient to identify along the relations that come from
the face and degeneracy operators. Coequalizing ¢ and v on the first summand
applies the relations from the face operators, and coequalizing them on the second
summand applies the relations from the degeneracy operators. O

Remark 3.9. Proposition can also be obtained as a corollary of Proposition [7.24
(see Example [7.25]).

3.1. Degenerate simplices.

Lemma 3.10. If M is a category and X is a simplicial object in M, then every
iterated degeneracy operator X,, — X, in X has a unique expression in the
form s;, Siy - -+ S5, With i3 > i9 > -+ > i.

Proof. Such an iterated degeneracy operator corresponds to an epimorphism «: [n+
k] — [n] in A (see Definition [3.1]), and the set {i1,4s,...,ix} is the set of integers
i in [n + k] such that a(i + 1) = «a(3). O

Lemma 3.11. Let X be a simplicial set, let n > 0, and let o and T be n-simplices
of X for which there is an integer k and iterated degeneracy operators s;, Si, - - - Si,,
and sj,Sj, - - - 8j, such that s;,8;, - - - 4, (0) = 84,8, - - - 8, (7). If o Is nondegenerate,
then so is T.

Proof. If T is degenerate, then 7 = s,,,v for some 0 < m <n — 1, and so
g = dik R dizdilsilsiz c 84,0
= dik te di2di18j18j2 TS5 T

=d

i di‘zdil Sj15ja " S Sml

and this last expression for o has k face operators and (k + 1)-degeneracy opera-

tors. The simplicial identities would then imply that ¢ was degenerate, which was
assumed not to be the case. O

Proposition 3.12. If X is a simplicial set and p is a degenerate simplex of X, then
there is a unique nondegenerate simplex v of X and a unique iterated degeneracy
operator « such that a(v) = p.

Proof. For every degenerate simplex p we can choose a simplex v of lowest possible
degree of which it is a degeneracy; that simplex v will necessarily be nondegenerate.
Lemma [3.17] implies that there is no simplex of degree different from that of v of
which p is a degeneracy, and so it is sufficient to show that
(1) if n > 0 and o and 7 are nondegenerate n-simplices such that some degen-
eracy of o equals some (possibly different) degeneracy of 7, then o = 7,
and
(2) if o is a nondegenerate simplex and « and 8 are iterated degeneracy oper-
ators such that a(o) = S(7), then a = .

For assertion 1, let k be the smallest positive integer for which there are iterated
degeneracy operators s;, S;, - -+ 8;, with i3 > i3 > --- > 4 and sj, 8, - -+ 55, with
J1 > j2 > - > ji (see Lemma such that s;,8;, -+~ 85, (0) = 85,85, - - 85, (7).
If we apply the face operator d;, to both sides of this equation, we obtain

SiySig " Siy, (U) = dilsjl Sja " S (T) )
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and the simplicial identities imply that the right hand side is either a (k — 1)-fold
iterated degeneracy of 7 or a k-fold iterated degeneracy of a face of 7. Lemma|3.11
implies that it cannot be the latter, and so our assumption that k& was the smallest
positive integer of its type implies that £ = 1, i.e., s;,0 = s; 7. If i1 > 71, then
0 =d;, 415:,0 = d;; 115;T = sjd;, 7, which is impossible because ¢ is nondegenerate.
Similarly, we cannot have iy < j;. Thus, i1 = j1, and so o = 7 (because degeneracy
operators have left inverses).

For assertion 2, let k be the smallest positive integer for which there are iterated
degeneracy operators s;, S;, - - - 83, Wwith ¢; > i3 > --- > 4 and sj, 8, - -+ 85, with
j1> j2 > -+ > ji such that s; s;, - i, (0) = 85,85, - 85, (0) (see Lemma [3.10).
Because k is the smallest such integer and degeneracy operators have left inverses,
we must have i; # j1. If i1 > 71, then we can apply d;, +1 to obtain

Six8iz """ Siy, (0) = di1+1sj1 Sja 7 S, (U)
= 85552+ S din+1-1(0)
which contradicts Lemma [3.11] Similarly, we cannot have i1 < ji. Thus, i1 = j1,

and SO ;, 8, - - - Si, (0) = 84,8, - - - S5, (0), which implies that k = 1 (or else we have
contradicted our assumption that & is the smallest positive integer of its type). O

Definition 3.13. If K is a simplicial set and o is a simplex of K, then the non-
degenerate oot of o is the unique nondegenerate simplex 7 of K for which there
is an iterated degeneracy operator D (which will be the identity operator, if o is
nondegenerate) such that D(7) = o.

3.2. Nondegenerate simplices.

Corollary 3.14. If K is a simplicial set, then K is naturally isomorphic to the
coequalizer of the maps

¢
(3.15) I an-1 —= II aln
n>0 ¥ n>0
0<i<n o: Aln]—K
o: Aln]—»K o nondegenerate

o nondegenerate

where, on the summand A[n—1] indexed by (n,i,0: Aln] — K), for which the non-
degenerate root (see Definition of 0;0 is T of dimension k and sj, 8j, - -+ 8j,_,_,,(T) =
0o with j1 > ja > -+ > jin—1-k),

e ¢ is the map

gln—1-k) ... gl2 571, Aln — 1] — A[k]

composed with the injection into the coproduct of the Alk] indexed by
(k,T), where T is the composition

dI1 d72...g%(n—1—k)
-

Alk] An -1 %5 AR & K |

and
e ¢ is the map d': Aln — 1] — A[n] composed with the injection into the
coproduct of the summand indexed by (n, o).
Proof. Fixme: Fill this in! This follows from Proposition O
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4. SIMPLICIAL MODEL CATEGORIES

If M is a model category, i: A — B is a cofibration, p: X — Y is a fibration,
and at least one of ¢ and p is a weak equivalence, then one of the model category
axioms (the lifting extension axiom) requires that the dotted arrow exists in every
solid arrow diagram of the form

—

B——Y .
Such a solid arrow diagram is an element of the set
M(A7 X) XM(A,Y) M(B7 Y)

and that model category axiom is exactly the requirement that the natural map of
sets .

M(B, X) 2% M(A, X) xa(ayy) M(B,Y)
be a surjection. If M is a simplicial model category, then for every two objects X
and Y we have a simplicial set Map(X,Y’), and one of the axioms (the homotopy
lifting extension axiom) requires that if i: A — B is a cofibration and p: X — Y
is a fibration, then the natural map of simplicial sets

Map(B, X) 2% Map(A, X) Xytap(4.y) Map(B,Y)

be a fibration that is also a weak equivalence if at least one of 7 and p is a weak
equivalence.

Proposition 4.1. Let M be a simplicial model category.
(1) If X and Y are objects of M and K is a simplicial set, then there exist

e a simplicial set Map(X,Y), natural in X and Y, and a natural iso-
morphism (Map(X7Y))O ~ M(X,Y), and

e objects X @ K and XX of M, natural in X and K, together with
natural isomorphisms of simplicial sets
Map(X ® K,Y) ~ Map(K,Map(X,Y)) ~ Map(X,Y*)
and, thus, also natural isomorphisms of sets

M(X ® K,Y) ~ M(K,Map(X,Y)) ~ M(X,Y¥) .

(2) Ifi: A — B is a cofibration in M and p: X — Y is a fibration in M, then
the map of simplicial sets

Map(B, X) % Map(A, X) Xatap(4,v) Map(B,Y)
is a fibration that is a weak equivalence if either i or p is a weak equivalence.

Proof. This is part of the definition of a simplicial model category (see, e.g., |7}
Def. 9.1.6]). O

Lemma 4.2. Let M be a simplicial model category.
(1) If 0 is an initial object of M and K is a simplicial set, then § @ K is an
initial object of M.
(2) If % is an terminal object of M and K is a simplicial sets, then x
terminal object of M.

K jsa
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Proof. We will prove part 1; the proof of part 2 is similar.
If X is an object of M, then M()) ® K, X) ~ M((), X¥) (see Proposition ,
and M((), X¥) has exactly one element. O

Proposition 4.3. If M is a simplicial model category, X is an object of M, and
K is a simplicial set, then X ® K is naturally isomorphic to the coequalizer of the
maps

(HX@A[nfl]) il (]_[X@A[n+1]) # [1 x©An]

n>0 n>0 n>0

0<i<n 0<i<n Aln]—K
An]—K Aln]=K

where, on the first summand,

e ¢ takes the summand X ® A[n — 1] indexed by (n,i,0: A[n] — K) by the
identity map to the X ® A[n — 1] indexed by (n — 1) and the composition

Aln —1] LN Aln] % K, composed with the injection into the coproduct,
and

e ) takes that same summand to the X ® A[n] indexed by (n,o) by the map
1x ®@d": Aln—1] = Aln], composed with the injection into the coproduct

and, on the second summand,

e ¢ takes the summand X ® Aln + 1] indexed by (n,i,0: A[n] — K) by the
identity map to the X ® Aln + 1] indexed by (n + 1) and the composition

Aln +1] EiN Aln] & K, composed with the injection into the coproduct,
and

e ¢ takes that same summand to the X ® A[n] indexed by (n,o) by the map
1x ®s': Aln+1] — A[n], composed with the injection into the coproduct.

Proof. Since the functor that takes a simplicial set K to X ® K is a left adjoint (see
Proposition and thus preserves colimits, the result follows from Proposition
|

Proposition 4.4. If M is a simplicial model category, X is an object of M, and K
is a simplicial set, then X¥ is naturally isomorphic to the equalizer of the maps

H XA é (H XA[nq]) X(H XA[n+1]>
n>0 v n>0 n

Aln]—=K 0<i<n 0<i<n
Aln]—K Aln]—K

where
e the projection of ¢ onto the factor X211 indexed by (n,i,0: Aln] — K)

is the projection onto the X 2"~ indexed by the composition Aln—1] 4,
Aln] & K, and
e the projection of ¢ onto that same factor is the composition of the pro-

4t
jection onto the factor X[ indexed by o with the map X" %

XA[n—l]

and
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e the projection of ¢ onto the factor X2"*+1 indexed by (n,i,0: Aln] — K)

is the projection onto the X2+ indexed by the composition Aln+1] i
Aln] — K, and
e the projection of 1 onto that same factor is the composition of the projec-

tion onto the X2 indexed by o with the map X2 % XA+

Proof. The functor that takes the simplicial set K to the object X* of M°P is a
left adjoint (see Proposition [4.1]), and thus preserves colimits. Thus, as a functor to
M it converts colimits to limits, and so the result follows from Proposition [l

5. THE MODEL CATEGORY OF DIAGRAMS OF SIMPLICIAL SETS

If C is a small category, then there is a model category structure on the category
of C-diagrams of simplicial sets that is important for studying homotopy colimits
and homotopy limits of diagrams in any simplicial model category M, because if
f: X — Y is a map of C-diagrams in M and Z is an object of M, then

e the induced map f*: Map(Y,Z) — Map(X, Z) is a map of C°P-diagrams
of simplicial sets and

e the induced map f.: Map(Z, X) — Map(Z,Y) is a map of C-diagrams of
simplicial sets.

In addition, if X is a C-diagram in M, then

e the homotopy colimit hocolim X is defined to be the coend X ®eN(— | C)°?
(see Definition [8.1)), where N(— ] C)°” is a €°P-diagram of simplicial sets
(see Definition [2.5)), and the fact that the €°P-diagram N(— ] €)°" is a free
cell complex (see Proposition [5.13) (and, thus, a cofibrant C°P-diagram
of simplicial sets; see Theorem [5.1) will be used to prove the homotopy
invariance of the homotopy colimit functor (see Theorem , and

e the homotopy limit holim X is defined to be the end hom™(N(€| —), X)
(see Definition [I1.1)), where N(€ | —) is a C-diagram of simplicial sets (see
Deﬁnition, and the fact that the C-diagram N(C | —) is a free cell com-
plex (see Proposition (and, thus, a cofibrant C-diagram of simplicial
sets; see Theorem will be used to prove the homotopy invariance of the
homotopy limit functor (see Theorem [T1.4).

In fact, the above is true even for model categories M that may not be simplicial,
although to define the homotopy colimit and homotopy limit functors for diagrams
in such a model category we must first choose a framing (see [7, Def. 16.6.21]) of
the model category M, after which the model category of diagrams of simplicial
sets plays the same role that it plays here (see |7, Chap. 19]).

There is more than one model category structure on the category of C-diagrams
of simplicial sets. The one that is important here is the Bousfield-Kan structure
[3, p. 314], which is sometimes also called the projective model category structure.

Theorem 5.1. If C is a small category, then there is a model category structure
on the category of C-diagrams of simplicial sets in which

e the weak equivalences are the objectwise weak equivalences,
e the fibrations are the objectwise fibrations, and
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e the cofibrations are the relative free cell complexes (see Definition and
their retracts (and so the cofibrant objects are the free cell complexes and
their retracts).

Proof. See |7, Thm. 11.6.1]. O

5.1. Relative free cell complexes. In this section we describe relative free cell
complexes, which are maps of diagrams of simplicial sets that can be constructed by
repeatedly attaching free cells to a diagram of simplicial sets (see Definition .
Special cases of attaching a free cell to a diagram of simplicial sets are

e attaching a cell to a simplicial set and
e attaching a free cell to a simplicial set acted upon by a discrete group,

and we begin by describing these familiar special cases in a way that leads to the
description of the general case in Definition [5.5)

5.1.1. Attaching a cell to a simplicial set. If X is a simplicial set and n > 0, we
attach an n-cell to X by choosing an attaching map f: OA[n] — X and taking the
pushout Y of

Aln] +— 0A[n] - X .
The simplices of Y — X are the nondegenerate n-simplex of A[n] and its degeneracies.

5.1.2. Attaching a free cell to a simplicial set with G-action. Let G be a (discrete)
group and let X be a G-simplicial set, i.e., a simplicial set with an action of G. If
we view G as a category with a single object, then this is a G-diagram of simplicial
sets. If n > 0, we will attach a free n-cell to X to build a G-simplicial set Y,
containing X, such that G acts freely on the simplices of Y — X.

We begin by choosing an attaching map f: 9A[n] — X, and then attach one
n-cell to X for each element of G, as follows: for each element g of G, we attach an
n-cell to X using the attaching map ¢ - f, which is defined as the composition

OA[n) L x 2 x
(where that second map is the automorphism of X defined by the action of g).
Thus, we have a pushout of G-simplicial sets

[T oAk —

X
gGGl l
Y .

H Aln] ——

geG

The simplices of Y — X are the nondegenerate n-simplices of the A[n]’s in the lower
left corner and their degeneracies. The map X — Y is an example of a relative
free cell complex, and the set of simplices of Y — X that come from the summand
indexed by the identity element of G are the elements of a basis of the relative free
cell complex (see Definition . A basis has the following properties:

e A basis is closed under degeneracy operators.
e For every simplex o of Y — X there are
— a basis element 7 of Y — X and
— an element g of G such that g -7 = o,
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and the pair (7, g) is unique.

Note that there is only one nondegenerate element of the basis (the nondegenerate
n-simplex of the A[n| from the summand indexed by the identity element of G),
and by looking at its faces we can recover the attaching map of the free n-cell.

5.1.3. Attaching a free cell to a diagram of simplicial sets. If C is a small category,
X is a C-diagram of simplicial sets, n > 0, and « is an object of C, we will describe
how to attach a free n-cell to X at the object ae. A special case of this is when
the category C is obtained by choosing a (discrete) group G and viewing G as a
category with a single object, as in Section[5.1.2] In that special case, there was no
need to choose an object o because the category only had one object.

To attach a free n-cell at «, we choose an attaching map f: 0A[n] — X, and we
will attach one n-cell for each map in € whose domain is «, that cell being attached
to the simplicial set at the target of that map. (Note that in Example we
attached an n-cell for every map, because every map had the unique object as its
domain.) That is, for every map v: a — § in € we will attach an n-cell to Xpg
using the attaching map v, o f, i.e., the composition

OA[n] —L X0 L5 X4 .
If we call the newly created diagram Y, then the simplices of Y, — X, that were
simplices of the cell attached for the identity map of « are the elements of a basis of
the relative free cell complex X — Y (see Definition . A basis has the following
properties:

e The basis is closed under degeneracy operators.
e For every object 8 of € and every simplex o of Y 3 — X g there are
— an object a of C,
— a basis element 7 of Y, — X, and
— amap v: @ — 3 in € such that v.(7) = o,
and the triple (a,7,7) is unique.
Note that there is only one nondegenerate element of the basis (the nondegenerate
n-simplex of the Aln| attached for the identity map of «), and by looking at its
faces we can recover the attaching map of the free n-cell.

Ezample 5.2. Let € be the category b - a %, ¢ with three objects {a, b, c} and two
non-identity maps v: ¢ — b and : a — ¢. If X is a C-diagram of simplicial sets,
n > 0, and we want to attach a free n-cell at a, then we choose an attaching map
f: 0A[n] = X, and we will be attaching three cells, one for each map in € whose
domain is a:
(1) We attach an n-cell to X, for the map 1,, using the attaching map that is
1
the composition 0A[n] EN X, =% X,
(2) We attach an n-cell to X for the map v, using the attaching map that is
the composition 0A[n] EN X, 5 X,
(3) We attach an n-cell to X . for the map d, using the attaching map that is
the composition A[n] EN X, LN X..

We call the newly created diagram Y'; the map v.: Y, — Y takes the simplices
newly attached at X, to the corresponding ones attached at X, and the map
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0.: Y, — Y, takes the simplices newly attached at X, to the corresponding ones
attached at X ..

The map X — Y is a relative free cell complex. A basis consists of the nondegen-
erate n-simplex that was attached to X, and its degeneracies (see Definition .
There is only one nondegenerate simplex in the basis, and by looking at its faces
we can recover the attaching map of the free cell.

FEzxzample 5.3. If we start with € and Y as in Example and we want to attach a
k-cell to Y at the object b, then we must choose an attaching map g: OA[k] — Yy,
and we will be attaching only one k-cell, because there is only one map in € with
domain b: the identity map of b. After we do that, and call the resulting diagram
Z, the map Y — Z will be a relative free cell complex, and the map X — Z will
also be a relative free cell complex. A basis for X — Z will consist of

e the nondegenerate n-simplex of the n-cell attached to X,, and its degen-
eracies, and

e the nondegenerate k-simplex of the k-cell attached to Y, and its degen-
eracies

(see Definition [5.9). Note that there are only two nondegenerate simplices in the
basis, and by looking at their faces we can recover the attaching maps of the free
cells.

Example 5.4. Let D be the category

Y
_
o——b

with two objects {a, f} and two non-identity maps v: o — S and 6: « — . If X
is a D-diagram of simplicial sets, n > 0, and we want to attach a free n-cell to X
at «, then we choose an attaching map f: dA[n] — X, and we will be attaching
three n-cells, one for each of the maps whose domain is a:

e We attach an n-cell to X, for the map 1,, using the attaching map that

1
is the composition OA[n] Lo x, 2 X,
e We attach an n-cell to X g for the map ~, using the attaching map that is

the composition dA[n] 5x, X5.
e We attach a second n-cell to Xz for the map ¢, using the attaching map

that is the composition JA[n] ER X, LEN X3.

If we call the new diagram Y, then we have pushout diagrams

[Toamn — x. [Toan] — x5
1o v,0
l J and l J{
[[aR —— Y. [[AR —— Y5
1o v,6

where the map

[Toar] — X4

7,0
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on the summand indexed by = is the composition

OA[n| L>Xa L>X5

and on the summand indexed by ¢ is the composition

O
OA[n] %Xa — X3 .
A Dbasis for the relative free cell complex consists of the nondegenerate n-simplex
attached to X, and its degeneracies (see Definition [5.9). There is only one non-
degenerate simplex in the basis, and by looking at its faces we can recover the
attaching map of the free cell.

5.1.4. Attaching a free cell: general case.

Definition 5.5. Let € be a small category and let X be a C-diagram of simplicial
sets. If n > 0, v is an object of €, and f: 0A[n] — X, is a map, then the result of
attaching a free n-cell at o along f is the C-diagram of simplicial sets Y such that

o for an object 3 of € the simplicial set Y g is the pushout

I oaR— X

(o: a—pB)ec
T

H A[n] *}Yﬁ
(o: a—=pB)eC

where the upper horizontal map on the summand indexed by (o: o — ) €
€ is the composition
O0A[n] L>Xa T X4,
and
e for a map 7: § — v in € the map 7.: Y3 — Y, is defined by sending the
summands indexed by o: o« = [ in the pushout that defines Y'g to the
summands indexed by the composition

g T
o—— [ ——7
in the pushout that defines Y ..

A basis for the relative free cell complex constructed in Definition [5.5] consists of
the nondegenerate n-simplex of the A[n] attached for the identity map of o and its
degeneracies (see Definition . There is only one nondegenerate simplex in the
basis, and by looking at its faces we can recover the attaching map of the free cell.

Remark 5.6. The process of attaching a free cell to a C-diagram of simplicial sets
can also be described by defining free diagrams, and then taking a pushout in the
category of C-diagrams of simplicial sets (see |7, Section 11.5.29]). If « is an object
of C and K is a simplicial set, then the free C-diagram of simplicial sets on K at «
is the C-diagram F'g such that, for every object 8 of €, F&(5) = HC(@,B) K, with
the obvious structure maps. If X is a C-diagram of simplicial sets, then maps of
diagrams F'f — X correspond to maps of simplicial sets K — X, (i.e., there is a
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natural isomorphism SSG(FI‘}‘,X) ~ SS(K, X)), and we can attach a free n-cell
to X at a by forming the pushout in the category of C-diagrams of simplicial sets

Fgam — X

||

where the upper horizontal map corresponds to the chosen attaching map f: 0A[n] —
X,

Definition 5.7. If C is a small category, then
e a relative free cell complex is a map of C-diagrams of simplicial sets that can
be constructed by a (possibly transfinite) well ordered process of attaching
free cells of various dimensions (see Definition [5.5)), and
e a free cell complex is a C-diagram of simplicial sets for which the map from
the constant C-diagram at the empty simplicial set is a relative free cell
complex.

5.2. Basis of a relative free cell complex. In this section, we show how to
identify a relative free cell complex (see Theorem [5.10]).

Definition 5.8. If € is a category, then C4¢ will denote the discrete category
associated with C, i.e., the category with the same objects as € but containing only
the identity maps of €. Thus, a C¥5°-diagram of sets S consists of a set S, for each
object a of C.

Definition 5.9. If C is a small category and f: X — Y is an objectwise inclusion
of C-diagrams of simplicial sets, then a basis of the map f is a sequence S =
{8°, 81, 8% ..} of @disc_diagrams of sets (see Definition such that
(1) for each n > 0 and object a of €, the set Si, is a subset of the set of
n-simplices of Y, that are not in X,
(2) for 0 < i < n and object a of €, we have s;(S”) C S%*! (i.e., S is closed
under degeneracies), and
(3) if n > 0, B is an object of C, and 7 is an n-simplex of Y g that is not in
X 3, then there exist
e an object « of C,
e an element o of ST, and
e amap v: a — B in € such that Y, (o) =7,
and such a triple (o, 0,7) is unique.

Theorem 5.10. If C is a small category and f: X — Y is a map of C-diagrams of
simplicial sets that is an objectwise inclusion of simplicial sets, then f is a relative
free cell complex if and only if there exists a basis S of f (see Definition .

Proof. If f is a relative free cell complex, then Y is constructed, starting from X,
by a well ordered sequence of attaching free cells. As we saw in the examples in
Section [5.1] each time that we attach a new free cell we enlarge the basis to obtain
a basis of the enlarged relative free cell complex.

Conversely, suppose that we have an objectwise inclusion f: X — Y of C-
diagrams of simplicial sets and a basis S of the inclusion; we will show how to
construct Y from X by attaching free cells.
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FEach nondegenerate basis element corresponds to a free cell to be attached, but
we must ensure that the attaching map of each cell factors through the part of Y
that has been constructed so far. To ensure that this is the case, we will attach
the cells in order of their dimensions. Thus, for each n we choose a well ordering
of the nondegenerate elements of S”, and then we order the entire collection of
nondegenerate basis elements by ordering them first by dimension and second by
the chosen well orderings. If we now proceed to attach all of those cells, in order,
then each time that we want to attach an n-cell the entire (n — 1)-skeleton of Y’
will already exist, and so the attaching map will factor as needed. (Il

Corollary 5.11. Let C be a small category and let Y be a C-diagram of simplicial
sets. If § = {S°,8', 8% ...} is a sequence of CYs°-diagrams of sets, then Y is a
free cell complex with basis S if and only if:

(1) forn > 0 and « an object of C, the set S7, is a subset of the set of n-simplices
of Y o,
(2) for 0 <4 < n and o an object of €, we have s;(S") C SI*! (i.e., S is closed
under degeneracies), and
(3) if n >0, B is an object of €, and 7 is an n-simplex of Y g, then there exist
e an object o of C,
e an element o of ST, and
e amap y: o — f in C such that X,(0) =7,
and such a triple («, 0,) is unique.

Proof. This is the case of Theorem in which X is the diagram of empty sim-
plicial sets. ([

Proposition 5.12. Let C be a small category and let K: € — SS and L: C — SS
be C-diagrams of simplicial sets. If K is a free cell complex with basis S, L is a
free cell complex with basis S’, and f: K — L is a map of diagrams that is an
objectwise inclusion of simplicial sets and takes every element of S to an element
of §', then the map f is a relative free cell complex.

Proof. Let 8" be the elements of S’ that are not the image of an element of S.
For every object 8 of C and every simplex ¢ of Lg there is a unique triple (o, o, s)
where « is an object of €, o: o — 3 is a map in C, and s is a simplex in S/, such
that o.(s) = t, and such a simplex ¢ is in the image of f if and only if s € S,.
Thus, for every object 3 of € and every simplex ¢ of Lg that is not in the image of
f there is a unique triple (o, o, s) where « is an object of C, o: o — ( is a map in
€, and s is a simplex of S, such that o.(s) =t, and so f: K — L is a relative free
cell complex with basis S”. ]

Proposition 5.13. Let C be a small category.

(1) The C°P-diagram of simplicial sets N(—] €)°" is a free cell complex with
basis the set of simplices of the form ((ao —ap o —ap)€ECTay —
an).

(2) The C-diagram of simplicial sets N(C | —) is a free cell complex with basis
the set of simplices of the form ((ao —a; == ay) €C L a, — an).

Proof. This follows from Corollary For part 1, if 7 = ((ao —ap o
an) € Cy: B — ) is asimplex of N(8] €)°", then 0 = ((ag <~ g < -+ 4~ a,) €
€,1: ay — ay) is a basis element, N(y|C)*(0) = 7, and the triple (ay,0,7) is
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unique. For part 2, if 7 = ((ozo —ay == ap) €C v ap — ,6’) is a simplex of
N(€lB), then o = ((ag = g — -++ = ay) € €,1: @y, = ) is a basis element,
N(€{~v)(c) = 7, and the triple (o, 0,7) is unique. O

The following proposition will be used in Theorem [I0.8|to show that a homotopy
right cofinal functor (see Definition induces a weak equivalence of homotopy
colimits for objectwise cofibrant diagrams, and in Theorem [I3.7] to show that a
homotopy left cofinal functor (see Definition induces a weak equivalence of
homotopy limits for objectwise fibrant diagrams.

Proposition 5.14. Let F': € — D be a functor between small categories.
(1) The D°P-diagram of simplicial sets N(— | F)°? is a free cell complex with ba-
sis the set of simplices of the form ((ao —ap o —ap) €Cl: Fa, —
Fan).
(2) The D-diagram of simplicial sets N(F'| —) is a free cell complex with basis
the set of simplices of the form ((ao —a; = > ap) €C1: Fa, —
F an) .

Proof. This follows from Corollary For part 1, if 7 = ((ao —oap
an) € Cy: 8 — Fan) is a simplex of N(3| F)°", then o = ((ao oy e
o) € €,1: Fa, — Fay) is a basis element, N(v| F)®(0) = 7, and the triple
(Fay,o0,7) is unique. For part 2, if 7 = ((ao —ay == ay) €Cy: Fa, — ﬁ)
is a simplex of N(F | §), then o = ((ao —ay = —ay) €C1: Fay,, — Fozn) is
a basis element, N(F' | v)(c) = 7, and the triple (Fay,,0,7) is unique. |

The following proposition will be used in Proposition to show that certain
maps of homotopy colimits are cofibrations and in Proposition to show that
certain maps of homotopy limits are fibrations.

Proposition 5.15. Let € and D be small categories and let F': € — D be a functor.
If F' is the inclusion of a subcategory, then
(1) the map of D°P-diagrams of simplicial sets N(— ] F)°® — N(—=/D)? is a
relative free cell complex, and
(2) the map of D-diagrams of simplicial sets N(F'| —) — N(D | —) is a relative
free cell complex.

Proof. For part 1, the D°P-diagram N(— | F)°" is a free cell complex with basis
consisting of the simplices ((ao —ap o ap) €01 Fay, — Fozn) and the
DoP-diagram N(— | D)°? is a free cell complex with basis consisting of the simplices
((ﬁo — P+ Bn)eD1: 5, — ﬁn). The induced map of diagrams takes that
basis element of N(— | F)°” to the basis element ((Fag < Foy « -+ < Fay,) €
D,1: Foy, — Fay) of N(— 1 D), and so the result follows from Proposition

For part 2, the D-diagram N(F | —) is a free cell complex with basis consisting
of the simplices ((ao —a; = a,) €C 1 Fag — Fao) and the D-diagram
N(D | —) is a free cell complex with basis consisting of the simplices ((50 — B —
s = Bp) €D, By — BO). The induced map of diagrams takes that basis element
of N(F | —) to the basis elements ((Fag = Foy — --- — Fay,) € D,1: Fog —
Fag) of N(D | —), and so the result follows from Proposition O

6. FREE DIAGRAMS
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6.1. The free diagram on an object. Let C be a small category and let a be
an object of €. if M is a category and X is an object of M, we want to define F§,
the free C-diagram in M generated by X at o. This will be a C-diagram that starts
with a “generating copy” of X at «, and then adds, as freely as possible, what else
is needed in order to have a diagram. Thus, for every map o: a — £ in € with
domain «, we add in another copy of X at 3, and we let o, take the generating copy
of X, by the identity map, to this new copy. Since we will do this for every map
with domain «, we will let F%(8) be the coproduct, indexed by the set of maps
from « to (3, of copies of X. Each map o: a — ( in C from « to [ will take the
generating copy of X at a to the injection into the coproduct F(8) = H@(a,ﬁ) X
indexed by the element o of C(«, 3).

Note that F% («) will generally consists of more than just a single copy of X. It
will be a coproduct, indexed by C(«, @), of copies of X; the generating copy of X
is the summand of F% (a) = [[g(,,,) X indexed by the identity map of a.

Suppose, now, that there is a map 7: 8 — ~ in C; that must induce a map
7t F&(8) = FX (7). Since F%(B) = [le(a,5) X, we will describe what 7. does to
each summand. If o: @« — [ is an element of C(a, ), then 7, on the summand
indexed by o is the injection into the coproduct F (v) = [[¢(, ) X of the summand
indexed by the composition Too: o — 7.

Definition 6.1. Let C be a small category and let o be an object of €. If M is a
category and X is an object of M, the free C-diagram in M generated by X at « is
the diagram F$ such that for every object § of C

Fep)= [ x
€(a,B)
and such that if o: 8 — 7 is a map in C, then

Fi(o)=o:Fx(B) = [ X = Fx(= ] X
€(a,B) Clam)
is the map that, on the summand of F% () indexed by 7: a — 3, is the injection
into the coproduct F% () of the summand indexed by the composition oo7: a — 7.

Example 6.2. Let C be the category b & a2 ¢ with three objects {a, b, c} and two
non-identity maps v: a — b and d: a — ¢. If M is a category and X is an object

of M, then F% is the diagram X dx 6—“) X, in which both v, and ¢, are the
identity map. This is because there are three maps in € with domain a: ~, 4, and
1,, and so there are a total of three copies of X in the entire diagram.

Example 6.3. Let C be the category b & a % ¢ with three objects {a, b, c} and two
non-identity maps v: ¢ — b and §: a — ¢. If M is a category and X is an object

of M, then F% is the diagram X <= () %=, 0, where () is the initial object of M.
This is because there is only one map in € with domain b, namely 1;, and so there
is only one copy of X in the entire diagram.

Ezxample 6.4. Let G be a discrete group, which we view as a category with a single
object, which we will call a. If M is a category and X is an object of M, then F%
is the object [ ] X, the coproduct of one copy of X for each element of G, because
the maps in our indexing category are the elements of the group G, and they all
have the object « as their domain. The elements of G act by permuting the copies
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of X: the element g of G takes the summand indexed by an element h of G to the
injection into the coproduct of the summand indexed by gh.

Ezxample 6.5. Let D be the category

¥
a—9 B

with two objects {a, 8} and two non-identity maps v: o — S and 6: o — 8. f M

is a category and X is an object of M, then F$ is the diagram

Vi
XT3IXOX
[

in which ~, is the injection of the first summand and d, is the injection of the
second summand.

6.2. Free diagrams.

Definition 6.6. Let C be a small category. If M is a category, then a free C-diagram
in M is a diagram that is isomorphic to a coproduct of free diagrams generated by
an object (see Definition [6.1]).

Remark 6.7. A free C-diagram in M may be isomorphic to a coproduct of free
diagrams generated by an object in more then one way. For example, if A and
B are disjoint sets, € is a small category, and « is an object of €, then F4 5 is
isomorphic to F§ I Ff.

Example 6.8. The diagram of sets A — B is free if and only if the map A — B is
an inclusion.

Example 6.9. The diagram of sets A — C <+ B is free if and only if the maps
A — C and B — C are inclusions with disjoint images in C.

Ezample 6.10. The diagram of sets A; — Ay — Az — --- is free if and only if all
of the maps in the diagram are inclusions.

Ezxample 6.11. The diagram of sets Ay <+ Ay «+ A3z < --- is free if and only if all
of the maps are inclusions and the inverse limit of the diagram is empty.

Ezample 6.12. If G is a discrete group viewed as a category with a single object,
then a G-diagram of sets is free if and only if it is what is classically called a free
G-set.

FEzample 6.13. If C is a small category and P is the constant diagram of sets at a
single point, then P is free if and only if each connected component of € has an
initial object.

6.3. Mapping properties of free diagrams. Let C be a small category and let
« be an object of €. If M is a category and X is an object of M, then F%, the free
C-diagram generated by X at «, was constructed as “the freest diagram having a
copy of X at o” (see Definition ; in this section, we explain exactly what that
means.

Suppose that Y is another C-diagram in M, and suppose that we have a map
g: X — Y, We will show that this extends uniquely to a map of diagrams
g: Fx — Y. We will refer to the summand of F% = [[¢, )X indexed by the
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identity map 1, as the generating copy of X. Thus, we will be showing that every
map g: X — Y, determines a unique map of diagrams F§ — Y that on the
generating copy of X is the map g.

We begin by showing that there is at most one such extension §. For each object
B of € we have F§ (8) = [e(q, ) X Thus, each summand of F% (3) is indexed by
amap o: a — 3, and F§(0) = 0. F&(a) — F%(B) takes the generating copy of
X isomorphically to that summand; thus, since the square

F(a) -2y,

F%(B) T Yy

must commute, the map §: F%(8) — Y g on that summand must equal the com-
position X Ly, I Y;s.

To see that this definition does define § as a map of diagrams, let 7: 3 — v be
a map in C; we must show that the diagram

o g
Fr(B) = [ x—>v,
C(a,B)

T l T

Fk(v) = H X T’ Y,
C(a,)

commutes. If o: @ — £ is a map in €, then on the summand of F% (3) indexed by
0-’
e 7, is the injection into F () of the summand indexed by the composition
70, and g, on that summand is the composition X Ly, % Y, while
e §g on that summand is the composition X Ly, 2 Y 3, and the compo-
sition of that with 7, is the composition X £ Y, 2= Y5 BAN Y,.
Since Y is a functor, (70), = w041 Y4 = Y, and so the square commutes.
Thus, we have proved the following theorem:

Theorem 6.14. Let C be a small category and let a be an object of C. If M is
a category and X is an object of M, then for every C-diagram Y in M there is a
natural isomorphism
¢: ME(F%,Y) — M(X,Y,)
that takes a map of diagrams §: F — Y to the map g: X — Y, that is the
composition
X Py = [ x 2>y,
€(a,a)
(where i(y) is the injection into the coproduct of the summand indexed by the
identity map 1,,).

Proof. The map ¢ is the inverse of the map ¢: M(X,Y,) — M®(F%,Y) that
takes a map g: X — Y, to the map §: F§ — Y such that, for each object 8 of €,
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95 Fx(B) = [le(a,p) X — Y is the map that on the summand of F (8) indexed
by o: a — [ is the composition X Ly, I Y;s. O

6.4. Generating cofibrations and free cell complexes. Part of the structure of
a cofibrantly generated model category M is a set I of maps called the generating
cofibrations. These maps are cofibrations in M, and every cofibration in M is a
retract of a map constructed by using the generating cofibrations to “enlarge” a
given object by creating a “relative cell complex”.

If M is a cofibrantly generated model category and C is a small category, then
there is a cofibrantly generated model category structure on M®, the category
of C-diagrams in M, and the generating cofibrations for M€ are the maps of free
diagrams constructed from the generating cofibrations of M. These are cofibrations
in M€, and every cofibration in M is a retract of a map constructed by using these
to “enlarge” a given diagram by creating a “relative free cell complex”. Note that,
strictly speaking, since M is itself a cofibrantly generated model category, the
maps of free diagrams constructed using the generating cofibrations of M are the
generating cofibrations of M®, and so we could call these maps plain old “relative
cell complexes”, but we use the phrase “relative free cell complexes” to emphasize
that we’ve just passed from a cofibrantly generated model category M to some
category of diagrams M® over M.

Definition 6.15. If M is a cofibrantly generated model category with generating
cofibrations I, then attaching a cell to an object X is defined as

e choosing an element i: A — B of I,
e choosing a map f: A — X, and
e constructing the pushout

f
—

A X
[
B Y .
The object Y is then said to be obtained from X by attaching a cell. The ter-
minology comes from the category of topological spaces, in which the generating

cofibrations are the inclusions S~ — D™ for n > 0; in this case, “attaching a cell”
has exactly the classical meaning of that phrase.

—

FEzample 6.16. The usual model category structure on Top, the category of topo-
logical spaces, has as generating cofibrations the maps {S"~! — D"},,>¢. Thus,
“attaching a cell” as defined above is exactly what is classically meant by attaching
a cell. Note that a relative cell complex in our case is not exactly what is classically
called a relative CW-complex, because when we attach multiple cells, there is no
restriction that the attaching map of a cell factor through lower dimensional cells.

FEzample 6.17. The usual model category structure on SS, the category of simplicial
sets, has as generating cofibrations the maps {0A[n] — A[n]},>0. Thus, “attaching
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a cell” to a simplicial set X consists of constructing a pushout diagram

0A[n] — X

|

Aln] —— Y
and the simplicial set Y is then said to be obtained from X by attaching a cell.

Definition 6.18. If M is a cofibrantly generated model category with generating
cofibrations I, then a relative cell compler in M is a map X — Y that can be
constructed by a well ordered process of attaching cells. A cell complex is an object
for which the map from the initial object is a relative cell complex.

Ezample 6.19. In the category of topological spaces, a CW-complex is an example
of a cell complex, but not all cell complexes are CW-complexes. This is because in
a CW-complex the attaching map of a cell factors through the subcomplex of lower
dimensional cells, but this is not required for a cell complex.

Example 6.20. In the category of simplicial sets, every simplicial set is a cell com-
plex, since it can be built from the empty simplicial set by (a possibly infinite
process of) attaching nondegenerate simplices one at a time. Every inclusion of
simplicial sets is a relative cell complex, for a similar reason.

Fixme: Finish this section.

7. COENDS AND ENDS
Lemma 7.1. A coequalizer is an epimorphism and an equalizer is a monomorphism.

Proof. We will prove that a coequalizer is an epimorphism; the proof that an equal-
izer is a monomorphism is dual to that. Let

f
A—=B-LtsC
g
be a coequalizer diagram. If r: C — W and s: C — W are maps such that rp = sp,
then (since pf = pg) we have rpf = rpg, and so rp coequalizes f and g. Thus,
both r and s are factorizations through C of the map sp, and the uniqueness part
of the definition of a coequalizer implies that r = s. O

Definition 7.2. Let M be a simplicial model category and let € be a small category.
If X is a C-diagram in M and K is a C°P-diagram of simplicial sets, then the coend
X ®e K is defined to be the object of M that is the coequalizer of the maps

¢
(7.3) [ xe0ke — J] X.9K.
(o: a—a’)eC ¥ aeOb(@)

where
e the map ¢ on the summand X, ® K, indexed by (0: a = o) € € is the
composition of the map
0«1k, Xa @Ky — Xo @ Ky

(where 0,: X, — X ) with the natural injection into the coproduct, and
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e the map v on that same summand is the composition of the map
1x, Qo X, 9Ky — X0 K,

(where 0*: K, — K,) with the natural injection into the coproduct.
In the notation of [8, pages 222-223], X ®e K = [ X, ® K,.

Example 7.4. Let K be a simplicial set and let AK be the category of simplices
of K (see Definition [3.5)). If P: (AK)°P — SS is the (AK)°P-diagram of simplicial
sets that is a single point for every object of (AK)°P and G: AK — SS is the
functor of Proposition then the coend G @Ak P is naturally isomorphic to K.

Example 7.5. Let K be a simplicial set and let AK be the category of simplices of
K (see Definition . If F: AK — Top takes an n-simplex of K to |A[n]| and
P: (AK)°P — SS takes every object of (AK)°P to a point, then the coend F®ax P
is the geometric realization of K.

Lemma 7.6. Let M be a simplicial model category and let C be a small category.
If X is a C-diagram in M, K is a C°P-diagram of simplicial sets, and either

e X is the constant diagram at the initial object of M or
e K is the constant diagram at the empty simplicial set,

then the coend X ®¢ K is an initial object of M.
Proof. Definition and Lemma imply that, in either case, X ®e K is the

coequalizer of a pair of maps between initial objects of M, and so it is an initial
object of M. a

Definition 7.7. Let M be a simplicial model category and let € be a small category.
If X is a C-diagram in M and K is a C-diagram of simplicial sets, then the end
hom® (K, X) is defined to be the object of M that is the equalizer of the maps

[
(7.8) [ xo% —= [T Xa)¥e

where

e the projection of the map ¢ on the factor (X, )%« indexed by (0: a —
o) € C is the composition of a natural projection from the product with
the map

1
O_*K(x . (Xa)Ka N (Xa/)Ko‘
(where 0,: X, — X o) and

e the projection of the map ¥ on that same factor is the composition of a

natural projection from the product with the map

(Ix,)7 ¢ (X))o — (X o) Ko
(where 0,: Ko — K.
In the notation of |8, pp. 218-223] or [2, p. 329], hom® (K, X) = [ (Xa)Ke.
FEzample 7.9. Let C be a small category and let K and L be C-diagrams of simplicial
sets. If a is an object of C, then (L,)¥= is the set of maps of simplicial sets from

K, to L,, and so an element of Hanb(e)(La)Ka is a choice, for each object « of C,
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of a map of simplicial sets from K to L,. Such a choice equalizes the projections
of ¢ and 9 onto the factor (L,/)¥« indexed by o: a — o’ when the square

K,——L,

K(J)l lL(J)

Ka/ —_— La/

commutes, and so it equalizes ¢ and 1) when that collection of maps commutes with
all the morphisms of €. Thus, the end hom®(K, L) is SS®(K, L), the set of maps
of diagrams from K to L.

Lemma 7.10. Let M be a simplicial model category and let C be a small category.
If X is a C-diagram in M, K is a C-diagram of simplicial sets, and either
e X is the constant diagram at the terminal object of M or
e K is the constant diagram at the empty simplicial set,
then the end hom®(K, X) is a terminal object of M.
Proof. Definition and Lemma imply that, in either case, hom® (K, X) is the

equalizer of a pair of maps between terminal objects of M, and so it is a terminal
object of M. |

7.1. Adjointness.
Proposition 7.11. Let M be a simplicial model category and let C be a small
category.
(1) If X is a C-diagram in M, K is a C°P-diagram of simplicial sets, and Z is
an object of M, then there is a natural isomorphism of sets
M(X e K,7Z) ~SS®" (K,Map(X, 7))

(where X ®¢ K is as in Definition [7.2]).
(2) If X is a C-diagram in M, K is a C-diagram of simplicial sets, and W is an
object of M, then there is a natural isomorphism of sets

M(W, hom® (K, X)) ~ SS¢ (K, Map(W, X))
(where hom® (K, X) is as in Definition .

Proof. We will prove part 1; the proof of part 2 is similar.
The object X ®e K is defined as the colimit of ((7.3]), and so M(X ®e K, Z) is
naturally isomorphic to the limit of the diagram

o
[ MX.eoK.2) —2 [l MXe®Ka,2) .

aeOb(C) W (o: a—a’)ee

Proposition [4.1] implies that this limit is naturally isomorphic to the limit of the
diagram

@
II ss(Ka Map(X.,2) — II SS(Ko . Map(Xa,2)) ,
aeOb(C) v (o: a—a’)eC

which is the definition of SS¢ (I(7 Map(X, Z)) (see Example . |
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Lemma 7.12. Let M be a simplicial model category and let C be a small category.

(1) If A — B is a map of C-diagrams in M, K — L is a map of C°P-diagrams
of simplicial sets, and X — Y is a map of objects in M, then the dotted
arrow exists in every solid arrow diagram of the form

A®cLllag,x Boe K — X
(7.13) l e J
B&elL —— Y

if and only if the dotted arrow exists in every solid arrow diagram of the
form

K Map(B, X)
Y
(7.14) J e J
L Map(A, X) Xpap(ay) Map(B,Y) .

(2) If X = Y is a map of C-diagrams in M, K — L is a map of C-diagrams
of simplicial sets, and A — B is a map of objects in M, then the dotted
arrow exists in every solid arrow diagram of the form

fj—> (x)*
B s (X)X iy (YV)F

if and only if the dotted arrow exists in every solid arrow diagram of the
form

K Map(B, X)

L~ Map(4, X) Xptap(a,y) Map(B,Y) .

Proof. We will prove part 1; the proof of part 2 is similar.
Proposition[7.1T]gives a one-to-one correspondence between solid arrow diagrams
as in Diagram [7.13| and solid arrow diagrams as in Diagram [7.14] under which a
dotted arrow as in Diagram [7.13|corresponds to a dotted arrow as in Diagram
|

Theorem 7.15. Let M be a simplicial model category and let C be a small category.

(1) Ifj: A — B is an objectwise cofibration of C-diagrams in M and i: K — L
is a cofibration of C°P-diagrams of simplicial sets, then the pushout corner
map

A®e Lllpgg,xk B®c K — B®c L

is a cofibration in M that is also a weak equivalence (and, thus, a trivial
cofibration) if either j is an objectwise weak equivalence or i is a weak
equivalence.
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(2) If p: X — Y is an objectwise fibration of C-diagrams in M and i: K — L
is a cofibration of C-diagrams of simplicial sets, then the pullback corner
map

hom®(L, X) — hom®(K, X) Xjome x.y) hom®(L,Y)

is a fibration in M that is also a weak equivalence (and, thus, a trivial fibra-
tion) if either p is an objectwise weak equivalence or i is a weak equivalence.

Proof. We will prove part 1; the proof of part 2 is similar.

Note first that we are not assuming that there is any model category structure
on the category of C-diagrams in M, and the map j: A — B is just assumed
to be an objectwise cofibration. We do, however, use the Bousfield-Kan model
category structure on the category of C°P-diagrams of simplicial sets (in which
the weak equivalences are the objectwise weak equivalences and the fibrations are
the objectwise fibrations; see Theorem , and we are assuming that the map
i: K — L is a cofibration in this model category; this is a much stronger assumption
than just assuming that ¢ is an objectwise cofibration.

To show that the pushout corner map is a cofibration we will show that it has
the left lifting property with respect to all trivial fibrations in M. Let p: X = Y
be a trivial fibration in M and assume that we have the solid arrow diagram in
Diagram Lemma [7.12) implies that the dotted arrow exists in Diagram if
and only if the dotted arrow exists in Diagram [7.14]

Proposition implies that, for every object a of €, the map

Map(Bou X) — Map(Aow X) ><Map(AO”Y) Map(Bou Y)
is a trivial fibration in M, and so the map
Map(Bv X) — Map(Aa X) ><Map(A,Y) Map(Bv Y)

is an objectwise trivial fibration of C°P-diagrams of simplicial sets. Thus, this map
is a trivial fibration of C°P-diagrams of simplicial sets (see Theorem and the
map i: K — L is a cofibration of C°P-diagrams of simplicial sets, and so the dotted
arrow exists in Diagram and so the pushout corner map is a cofibration.

Suppose now that j: A — B is also an objectwise weak equivalence, so that
it is an objectwise trivial cofibration. To show that the pushout corner map is a
trivial cofibration, we will show that it has the left lifting property with respect
to all fibrations. Let p: X — Y be a fibration in M and assume that we have the
solid arrow Diagram[7.13} Lemmal[7.12]again implies that the dotted arrow exists in
Diagram[7.13]if and only if the dotted arrow exists in Diagram[7.14] Proposition[d.]]
implies that, for every object a of €, the map

Map(Bom X) — Map(Aow X) XMap(Aa,Y) Map(Bom Y)
is a trivial fibration in M, and so the map
Map(Bv X) — Map(Aa X) ><Map(A,Y) Map(Bv Y)

is an objectwise trivial fibration of C°P-diagrams of simplicial sets. Thus, this map
is a trivial fibration of C°P-diagrams of simplicial sets (see Theorem and the
map i: K — L is a cofibration of C°P-diagrams of simplicial sets, and so the dotted
arrow exists in Diagram[7.14] and so the pushout corner map is a trivial cofibration.

Finally, assume that the map ¢: K — L is a weak equivalence, so that it is
a trivial cofibration of C°P-diagrams of simplicial sets. To show that the pushout
Draft: November 23, 2014



NOTES ON HOMOTOPY COLIMITS AND HOMOTOPY LIMITS 33

corner map is a trivial cofibration we will show that it has the left lifting property
with respect to all fibrations. Let p: X — Y be a fibration in M and assume
that we have the solid arrow Diagram Lemma implies that the dotted
arrow exists in Diagram [7.13]if and only if the dotted arrow exists in Diagram [7.14}
Proposition implies that, for every object « of €, the map

Map(Ba, X) — Map(Aaa X) XMap(Aq,Y) Ma’p(Baa Y)
is a fibration in M, and so the map
Map(B, X) — Map(A, X) XMap(A,Y) Map(B,Y)

is an objectwise fibration of C°P-diagrams of simplicial sets. Thus, this map is a
fibration of C°P-diagrams of simplicial sets (see Theorem and the map i: K —
L is a trivial cofibration of C°P-diagrams of simplicial sets, and so the dotted arrow
exists in Diagram [7.14] and so the pushout corner map is a trivial cofibration. [

Corollary 7.16. Let M be a simplicial model category and let C be a small cate-
gory.
(1) If F: K — L is a cofibration of C°P-diagrams of simplicial sets and X is
a C-diagram in M that is objectwise cofibrant, then the induced map of
coends 1x ®e F: X ®c K — X ®¢ L is a cofibration.
(2) If F: K — L is a cofibration of C-diagrams of simplicial sets and X is a
C-diagram in M that is objectwise fibrant, then the induced map of ends
hom®(F,1): hom®(L, X) — hom®(K, X) is a fibration.

Proof. We will prove part 1; the proof of part 2 is similar.

Let A be the constant diagram at the initial object of M and let B = X;
the unique map A — B is then an objectwise cofibration, and so Theorem [7.15]
implies that the pushout corner map is a cofibration. Since A is the constant
diagram at the initial object, both A ®e K and A ®e L are the initial object
of M (see Lemma , and so the pushout corner map is isomorphic to the map
1x @ F: X ®c K - X ®c L. [l

Corollary 7.17. Let M be a simplicial model category and let € be a small cate-
gory.

(1) If L is a cofibrant €°P-diagram of simplicial sets and j: A — B is an
objectwise cofibration of C-diagrams in M, then the map AQe L — B®¢e L
is a cofibration in M that is a weak equivalence if j is an objectwise weak
equivalence.

(2) If L is a cofibrant C-diagram of simplicial sets and p: X — Y is an
objectwise fibration of C-diagrams in M, then the map home(L,X) —
hom®(L,Y) is a fibration in M that is a weak equivalence if p is an object-
wise weak equivalence.

Proof. We will prove part 1; the proof of part 2 is similar.

Let K be the C°P-diagram of simplicial sets that is the constant diagram at the
empty simplicial set. The unique map K — L is then a cofibration of C°P-diagrams
of simplicial sets, and so Theorem [7.15] implies that the pushout corner map is a
cofibration. Since K is the constant diagram at the empty simplicial set, both
A ®e K and B ®¢ K are the initial object of M (see Lemma , and so the
pushout corner map is isomorphic to the map A ®e L — B Q¢ L. (I
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Corollary 7.18. Let M be a simplicial model category and let € be a small cate-
gory.
(1) If L is a cofibrant C°P-diagram of simplicial sets and X is an objectwise
cofibrant diagram in M, then the coend X ®¢ L is a cofibrant object of M.
(2) If L is a cofibrant C-diagram of simplicial sets and X is an objectwise
fibrant diagram in M, then the end hom® (L, X) is a fibrant object of M.

Proof. We will prove part 1; the proof of part 2 is similar.

Let A be the C-diagram in M that is the constant diagram at the initial object
of M, let B = X, and let j: A — B be the unique map. Corollary implies
that the map A ®e L — B ®¢ L is a cofibration, and Lemma [7.6] implies that that
is the map from the initial object of M to X ®¢ L. ([

7.2. Homotopy invariance. Our homotopy invariance results will be consequences
of Theorem [7.15] That theorem, though, doesn’t directly discuss maps that are
merely objectwise weak equivalences; it discusses maps that are objectwise trivial
cofibrations or objectwise trivial fibrations. The tool that extends the applicabil-
ity of this is Kenny Brown’s lemma (Lemma , which implies that a functor
that takes objectwise trivial cofibrations between objectwise cofibrant objects to
weak equivalences also takes all objectwise weak equivalences between objectwise
cofibrant objects to weak equivalences, and a functor that takes objectwise trivial
fibrations between objectwise fibrant objects to weak equivalences also takes all ob-
jectwise weak equivalences between objectwise fibrant objects to weak equivalences

(see Corollary and Corollary [7.22)).
Lemma 7.19 (K. S. Brown, [4]). Let M be a model category.

(1) If g: X — Y is a weak equivalence between cofibrant objects in M then
there is a functorial factorization of g as g = ji where i is a trivial cofibration
and j is a trivial fibration that has a right inverse that is a trivial cofibration.

(2) If g: X — Y is a weak equivalence between fibrant objects in M then there
is a functorial factorization of g as g = ji where i is a trivial cofibration
that has a left inverse that is a trivial fibration and j is a trivial fibration.

Proof. We will prove part 1; the proof of part 2 is dual.
Because there is a pushout diagram

(2)40[
Y —XIIY

(where () is the initial object of M), the fact that X and Y are cofibrant implies
that both of the injections X — X IIY and Y — X II' Y are cofibrations. We can
then factor the map gIlI1y: XIIY — Y as

Xuny—‘*,z-92 .y

where k is a cofibration and j is a trivial fibration, and let i: X — Z be the
cofibration that is the composition of cofibrations

k
X— XY —— 7 .
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Since g and j are weak equivalences, the “two out of three” property of weak
equivalences implies that the cofibration i: X — Z is a weak equivalence, and so 4
is a trivial cofibration. The composition of cofibrations Y — X I1Y — Z is a right
inverse to the trivial fibration j, and (by the “two out of three” property) is thus
also a weak equivalence, and so j has a right inverse that is a trivial cofibration. [J

Corollary 7.20. Let M be a simplicial model category and let € be a small cate-
gory.

(1) If K is a cofibrant C°P-diagram of simplicial sets and f: X — Y is an
objectwise weak equivalence of objectwise cofibrant C-diagrams in M, then
the induced map f,: X ®c K — 'Y ®¢ K is a weak equivalence of cofibrant
objects.

(2) If K is a cofibrant C-diagram of simplicial sets and f: X — Y is an
objectwise weak equivalence of objectwise fibrant C-diagrams in M, then
the induced map f.: hom®(K, X) — hom®(K,Y) is a weak equivalence
of fibrant objects.

Proof. We will prove part 1; the proof of part 2 is similar.

We can use Lemma [7.19| to factor the map of diagrams f: X — Y as X AN

W L Y where i is an objectwise trivial cofibration and j has a right inverse that is
an objectwise trivial cofibration. Corollary implies that the map X ®e¢ K —
W ®¢c K is a weak equivalence, Corollary together with the “two out of three”
property of weak equivalences imply that the map W ®e¢ K — Y ®c K is a weak
equivalence, and Corollary [7.18|implies that X ®e K and Y ®¢ K are cofibrant. [

Corollary 7.21. Let M be a simplicial model category and let C be a small cate-
gory.

(1) If X is an objectwise cofibrant C-diagram in M and f: K — K’ is a
trivial cofibration of C°P-diagrams of simplicial sets, then the induced map
of coends f,: X ®c K — X ®¢ K’ is a trivial cofibration.

(2) If X is an objectwise fibrant C-diagram in M and f: K — K' is a trivial
cofibration of C-diagrams of simplicial sets, then the induced map of ends
f*: hom®(K’, X) — hom® (K, X) is a trivial fibration.

Proof. This follows from Theorem O

Corollary 7.22. Let M be a simplicial model category and let € be a small cate-
gory.

(1) If X is an objectwise cofibrant C-diagram in M and f: K — K’ is a weak
equivalence of cofibrant C°P-diagrams of simplicial sets, then the induced
map f.: X ®e¢ K — X ®¢ K' is a weak equivalence of cofibrant objects in
M.

(2) If X is an objectwise fibrant C-diagram in M and f: K — K' is a weak
equivalence of cofibrant C-diagrams of simplicial sets, then the induced map

*: hom®(K’, X) — hom® (K, X) is a weak equivalence of fibrant objects
in M.

Proof. We will prove part 1; the proof of part 2 is similar.
We can use Lemma [7.19| to factor the map of diagrams f: K — K’ as K -

K" < K’ where i is a trivial cofibration and j has a right inverse that is a trivial
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cofibration. Corollary implies that the map X ®c K — X ®@c K" is a weak
equivalence, Corollary[7.21]and the “two out of three” property of weak equivalences
imply that the map X ®¢ K" — X ®¢ K' is a weak equivalence, and Corollary
implies that X ®¢ K and X ®¢ K’ are cofibrant. O

7.3. Generating sets of maps. We show here that if S is a set of maps in a
small category C such that every map in € is a finite composition of elements of
S, then you can compute ends and coends over € using only the maps in S (see

Proposition [7.24]).

Lemma 7.23. Let C be a small category, let M be a simplicial model category, and
let X: C — M be a C-diagram in M.

(1) If K: C°P — SS is a C°P-diagram of simplicial sets, o: « — S and 7: f — ~

are maps in C, and HwEOb(G) X, ®K, — W is a map such that the squares

1X(y®0'* 1X5®7'*
Xo®@Kg—— X, ® K, Xg K, —— X3® Kg
U*®1KBJ( J and T*®1K7J( J{
XgR Kg ——m— W X, 0K, —W

commute, then the square

1x,®(to)"

X, 0K, 2" X, ®K,

(7‘0’)*®1K,¥l l

X, 0K, ——— W

also commutes.
(2) If K: € — SS is a C-diagram of simplicial sets, c: « —  and 7: § — +y are
maps in €, and W =[] con(e) (X)) ¥« is a map such that the squares

W (X )Ke W (X )%

I R B

(X )8 ——— (X )" (X)) —— (X))
(1x,) (1x,)7

commute, then the square

W (X )%

L e

(X)) ——— (X))
(1}(’Y )(TU‘)
also commutes.
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Proof. For part 1, we have the diagram

1®(1o)*

The two four-sided figures on the right commute by assumption, the four-sided
figure to their left commutes because this is a functor of two variables, and the two
three-sided figures on the upper and lower left commute because 7.0, = (70). and
o*1* = (r0)*. Thus, the outer four-sided figure commutes.

For part 2, we have the diagram

The two four-sided figures on the left commute by assumption, the four-sided figure
to their right commutes because this is a functor of two variables, and the two three-
sided figures on the upper and lower right commute because (70). = Txo.. Thus,
the outer four-sided figure commutes. O

Proposition 7.24. Let C be a small category and let S be a set of maps in C such
that every map in C is a finite composition of elements of S.

(1) If M is a simplicial model category, X : € — M is a C-diagram in M, and
K: C°P — SS is a C°P-diagram of simplicial sets, then the coend X ®¢ K
is naturally isomorphic to the coequalizer of the maps

¢
H X, 90Ky 23 H X,.2 K,
(o: a—a’)ES v aeOb(C)

where the maps ¢ and v are as in Definition
(2) If M is a simplicial model category, X : € — M is a C-diagram in M, and
K: @ —SS is a C-diagram of simplicial sets, then the end hom® (K,X) is
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naturally isomorphic to the equalizer of the maps

¢
H (Xa)Ka — H (Xa)K°/
aeOb(C) v (o: a—a’)eS

where the maps ¢ and v are as in Definition
Proof. This follows from Lemma [7.23] (I

Ezample 7.25. Example [7.4] shows how to reconstruct a simplicial set from the

diagram of its simplices, and Proposition provides an alternate proof of Prop-
osition B.7

8. HOMOTOPY COLIMITS

Definition 8.1. Let M be a simplicial model category and let C be a small category.
If X is a C-diagram in M, then the homotopy colimit of X (denoted hocolime X,
or hocolim X) is defined to be the coend X ®e N(—] €)°” (see Definition [2.5| and
Definition , that is, hocolim X is the coequalizer of the maps

¢
(8.2) I XeoNeie” —= ] Xao@Nale)™
(o: a—a’)eC acOb(C)

where
e the map ¢ on the summand X, ® N(o/ | €)°” indexed by (0: a — o/) € €
is the composition of the map

O« & 1N(Oz’¢€)°p: Xa X N(Oélie)op — Xa’ & N(O/\LG)OP

(where 0,: X, — X o) with the injection into the coproduct, and
e the map v on that same summand is the composition of the map

Ix, ®0*: Xqo®@N('|C)” — X, ®N(alC)®P
(where o*: N(a/ | C)°” — N(a ] €)°?) with the injection into the coproduct.

Proposition 8.3. Let M be a simplicial model category and let C be a small cate-
gory. If X is an objectwise cofibrant C-diagram in M, then hocolim X is cofibrant.

Proof. This follows from Corollary Proposition [5.13] and Theorem [

Theorem 8.4. Let M be a simplicial model category and let C be a small category.
If X andY are objectwise cofibrant C-diagrams in M and f: X — Y is an object-
wise weak equivalence, then the induced map of homotopy colimits f,: X — Y is
a weak equivalence of cofibrant objects.

Proof. This follows from Definition 8.1} Proposition [5.13] Theorem [5.1] and Corol-
lary O
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8.1. Decomposing homotopy colimits. In this section, we use Proposition [3.7]
to describe the simplicial sets N(a | €)" as colimits of diagrams of standard sim-
plices. This allows us to show that the homotopy colimit of a diagram can be
constructed as a coequalizer of maps between simpler objects than the ones in the
definition of the homotopy colimit (see Definition and Proposition . This
will be used in Section [9] to show that the homotopy colimit can be constructed as
the realization (see Definition of the simplicial replacement (see Definition
of the diagram.

Proposition 8.5. Let M be a simplicial model category and let € be a small
category. If X is a C-diagram in M, then hocolim X = X ®eN(— | C)°? is naturally
isomorphic to the coequalizer of the maps

(8.6)
( I1 Xm@A[n])H( 11 XmX)A[n—l])H( I1 XQ®A[TL+1])
(o: a—;a')e@ 0460>b(§(‘,’) ocEO>b(§(‘3)
qu4;§22u130P 0<i<n Ogggn
A[n]—=N(ale)°P A[n]—=N(al@)°P
_°
— Il x.oAR
¥ acOb(C)
n>0

Aln]—N(ale)°P

where, on the first summand,

e the map ¢ on the summand X, ® A[n] indexed by ((o: a — o) €
€n, ((a ¢ o1 « -+ < ay) € €,7: &/ = «a)) is the composition of
the map o, ® 1apn): Xo ® A[n] = X o ® Aln] with the injection into the
coproduct of the summand indexed by (a/,n, ((ag < a1 -+ < ap) €
C,1:d — an)), and

e the map 1 on that same summand is the injection into the coproduct of the
summand indexed by (oz,n, ((ao —ap o ap) €ECTO a0 — ozn))

and, on the second summand,

e the map ¢ on the summand X, ® Aln — 1] indexed by (o, n,i,0: Aln] —
N(al G)Op) is the injection into the coproduct of the summand indexed by
a, (n — 1), and the composition A[n — 1] LN Aln] % N(a ] @)°?, and

e the map % on that same summand is the composition of the map 1x, ®
d': X, ® Aln — 1] - X, ® A[n] composed with the injection into the
coproduct of the summand indexed by (a,n, o)

and, on the third summand,

e the map ¢ on the summand X, ® Aln + 1] indexed by (a,n, i,o: Aln] —
N(a ) €)) is the injection into the coproduct of the summand indexed by
a, (n — 1), and the composition Afn + 1] =5 A[n] < N(a | €)°P, and

e the map 1 on that same summand is the composition of the map 1x_ ®
st X, ® Aln+ 1] — X, ® Aln] composed with the injection into the
coproduct of the summand indexed by (a,n, o).
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Proof. If we let

G=( I Xeoan-1)u( ] X.eoanh+1])

(o: a—a’)ee (0: a—a’)ee
n>0 n>0
0<i<n 0<i<n
Aln]—=N(a'1€)°P Aln]—N(a/L€)°P

and

H:( I1 XQ®A[n71])H( 1 XQ®A[n+1])

aeOb(C) aeOb(C)
n>0 n>0
0<i<n 0<i<n
A[n]—=N(al )P A[n]—N(alC)°P

then in the diagram

G

H
[ Xean /= ][] X.2ApN

(o: a—a’)el acO0b(C)
n>0 n>0
Aln]—=N(a’|€)°P Aln]—=N(alC)?®

! |

Il x.oNe e ——= J] X.@N@le)®
(o: a—a’)eel aeOb(C)

both of the columns are coproducts of coequalizer diagrams (see Proposition
and are thus coequalizer diagrams, and each of the squares commutes if we use
either both upper horizontal arrows or both lower horizontal arrows and either
both left vertical arrows or both right vertical arrows.

Since the column on the right is a coequalizer diagram, for every object W of M
maps

H X, ®N(alC)® - W correspond to maps H Xo®An| W
aeOb(€) ae0b(€)
n>0
Aln]—N(ale)°P
that coequalize the pair of parallel downward arrows on the right. Since coequalizers
are epimorphisms (see Lemma and the left column is a coequalizer diagram,
a map [ cone) Xa @ N(alC)® — W coequalizes the bottom pair of paral-
lel horizontal arrows if and only if the corresponding map [[ scobe) Xa®
A[Tz]ﬁnl\fz(?xie)‘)p
Aln] — W coequalizes the middle pair of parallel horizontal arrows. Thus, maps
[ocone) Xa ®N(@]C)* — W that coequalize the bottom pair of parallel hori-
zontal arrows correspond to maps [[  qcobe)y Xa®A[n] — W that coequalize
A[n]:NZ(gw)OP

both the middle horizontal pair of parallel arrows and the right vertical pair of
parallel arrows, and so an initial object among the former corresponds to an initial
object among the latter. [
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8.1.1. Homotopy colimits and basic simplices. Proposition [8.5] decomposed the ob-
jects used in the definition of the homotopy colimit into simpler objects, so that the
homotopy colimit was presented as a quotient of a coproduct of objects X, ® Aln],
one for each n-simplex of the simplicial set N(a | C)°?, for each object o of €. The
following lemma shows that the map to the coequalizer is actually determined by
the map on those summands indexed by the “basic” simplices, where the “basic”
simplices are the ones of the form ((ao —ap ) €C L a, — an) (see
Example [2.4), i.e., the simplices of N(a ] €)°" for some a in which the map from
« to the final vertex of the simplex is the identity map. (The basic simplices are
in fact the elements of a basis for the free cell complex N(— | €)°?; see Proposi-
tion ) We will use this in Theorem to show that the homotopy colimit is
isomorphic to the realization (see Definition of the simplicial replacement (see
Definition of the diagram, which is built using only the summands indexed by
the basic simplices.

Lemma 8.7. Let M be a simplicial model category, let € be a small category, and
let X be a C-diagram in M. If

he JI Xa®AR]—W
a€0b(e)
n>0
Aln]—N(ale)°P
is a map that coequalizes the maps ¢ and v of (8.6), then for the summand X o ®
Aln] indexed by (a,n, ((ag < a1 < -+ 4 ay,) € C,7: @ — a,)) the diagram
T+ ®1a(n)

X, ® Aln] X, @ Aln|

W

commutes, where h, is the composition of h with the injection into the coproduct
of the summand indexed by (a,n, ((ao a4 ap) ECTIa— an)) and
h(,,,) is the composition of h with the injection into the coproduct of the summand
indexed by (an,n, ((ao g -+ ay) € €, 1: ay = ap)).

Proof. The composition of h with the map ¢ on the summand X, ® A[n] indexed

by ((T: a = a,) € Cn, ((ao — o — - —ay) € Clia, & an)) in the
first summand on the left of is the composition h(, o (7« ® 1), and the
composition of h with the map 1 on that same summand is h.. ([

9. THE REALIZATION OF THE SIMPLICIAL REPLACEMENT OF A DIAGRAM

The main result in this section is Theorem [9.5] which shows that the homotopy
colimit of a diagram can be constructed as the realization (see Definition of
the simplicial replacement (see Definition of the diagram. This constructs
the homotopy colimit starting with the coproduct of a much smaller collection of
objects than the collection used in Proposition [8.5

A “basic simplex” of N(a ] C)°” is one in which the map from the object a to
the final vertex of the simplex in N(a | €)°? is the identity map, i.e., the ones of
the form ((cg a1 -+ ay) € C,1: &y, — ) (see Example . (The basic
simplices are in fact the elements of a basis for the free cell complex N(— | C)°?; see
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Proposition ) For every object v of € and every simplex ((ag  ay < -+ +
an) € C, 7 o = ) of N(a | €)°P, there are

e an object o, of C,

e a basic simplex ((ag <= oy -+ < ) € C,1: ay, = ap) in N, 1 €)%,

and

e amap 7: a, — «in C
such that 7*: N(a [ €)”” — N(ay, | €)°" takes that basic simplex ((ag < a1
e ap) €C 1y — Oén) to our simplex ((ao oy ay) ECTIa—
), and such a triple is unique.

The realization of the simplicial replacement is constructed as a quotient of the
coproduct of a copy of X, ® Aln] for every basic simplex ((ao —oap e
an) €61 a, — an). Lemma implies that we can construct a map from the
homotopy colimit of a diagram X to the realization of the simplicial replacement
by mapping the summand X, ® A[n] indexed by ((ao —oap o o) €
C7:a— an) (see Proposition by the composition of 7, ® 1oy : X o ®@ Aln] —
X, ® Aln] and the injection into the coproduct of the summand indexed by
((ao —ap e ap) €C L, > an) (which, in the proof of Theorem is
denoted simply (ag ¢ ag -+ < ay,) € C).

Definition 9.1. Let M be a simplicial model category and let C be a small category.
If X is a C-diagram in M, then the simplicial replacement of X is the simplicial
object H X in M such that

(ILx),= O x.

(ap4—ag+<a,)€C
and such that
the f di:( X)—>( X) th d X, in-
e the face map H* . H* L on the summan . in

dexed by (ag <% ag <+ --~$an) €Cis

— the injection into the coproduct of the summand indexed by (a; &
ap 7 ay) €C,if i =0,

— the injection into the coproduct of the summand indexed by (ayg &

o1 Ti—2 0;i—10; Tit1 On—1 . .

ap <— - (e 78] Qg1 Ozn)E(‘},lf0<z<
n, and

— the map (op—1)+: Xa, = Xa, , composed with the injection into

the coproduct of the summand X, , indexed by (g <% o <-

On—2

e/ ay1) €Cifi=n

—1

and
e the degeneracy map s': (H X) — (H X) on the summand X,
* n * n+1

indexed by (g <% ay <~ .- <L a,) € @ is the injection into the
17— 1047’
coproduct of the summand indexed by (ag <<% ag <& - <8 @ -

o

On—1
Q- —— ay) € C.

Definition 9.2. Let M be a simplicial model category. If Y is a simplicial ob-
ject in M, then its realization |Y| is the coend Y ® acr A (see Definition and
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Definition [7.2), that is, | Y| is the coequalizer of the maps

¢
[T Y.eak —= J[Y.®An]
(o: [n]—[k])eA°P n>0

where

e the map ¢ on the summand Y,, ® A[k] indexed by (o: [n] — [k]) € AP is
the composition of the map

Ox X 1A[k]: Y, ® A[k] — Y ® A[k}]

with the injection into the coproduct, and
e the map v on that same summand is the composition of the map

ly, ®c*: Y, @ Alk] — Y, ® An]
(see Definition with the injection into the coproduct.

Proposition 9.3. Let M be a simplicial model category. If Y is a simplicial object
in M, then |Y‘ is naturally isomorphic to the coequalizer of the maps

(9.4) ( 1 Yn®A[n—1]> u( 11 Yn®A[n+1]) %%) [1Y.® AR
n>0 n>0 n>0
0<i<n 0<i<n -

where, on the first summand,

e the map ¢ on the summand Y, ® A[n — 1] indexed by (n,%) is the compo-
sition of the map d; @ 1a(p—1]: Y @ Aln—1] = Y, ® A[n — 1] with the
injection into the coproduct, and

e the map 1 on that same summand is the composition of the map ly, ®
d":Y, ®Aln—1] =Y, ® Aln] with the injection into the coproduct

and, on the second summand,

e the map ¢ on the summand Y, ® A[n + 1] indexed by (n,%) is the compo-
sition of the map s; @ 1a[n41): Yo @ Aln+1] = Y, 11 ® A[n+ 1] with the
injection into the coproduct, and

e the map v on that same summand is the composition of the map 1y, ®
s Y, ®Aln+1] =Y, ® Aln] with the injection into the coproduct.

Proof. Coequalizing ¢ and v on the first summand coequalizes the face operators
and coequalizing them on the second summand coequalizes the degeneracy opera-
tors. Since every morphism in A°P is a finite composition of face and degeneracy
operators, the result follows from Proposition [7.24] O

Theorem 9.5. Let M be a simplicial model category and let C be a small category.
If X is a C-diagram in M, then hocolim X, the homotopy colimit of X, is naturally

isomorphic to ’ H X |, the realization of the simplicial replacement of X.
*
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Proof. IfY = H X, then (9.4) is naturally isomorphic to

(9.6) ( 1 Xan®A[n—1]) il ( I1 Xan®A[n+1]>

n>0 n>0
0<i<n 0<i<n
(ap—ayé—<—ay,)eC (o1 «an)€eC
_°
o [T X ®AR]

n>0
(ap4—ay—+ay)eC

We will define a natural isomorphism from the coequalizer of to the coequalizer

of (8.6). We define

P J] Xa.®AR — [I X.oAm
n>0 ae0b(€)
(o4 +ay)eC n>0
Aln]—=N(ale)°P
by defining P on the summand X, ® A[n] indexed by (n, (ag <= a1 < -+ 4 ay,) €
G) to be the injection into the coproduct of the summand indexed by (an, n, ((ao —
Q1 ¢ - —ay) €CLay, — an)). To show that this induces a map from the

coequalizer of to the coequalizer of , let

fo I Xe®AR] — W
a€Ob(€)
n>0
Aln]—N(al€)°P
be a map that coequalizes the maps ¢ and ¢ of (8.6)); we will show that the
composition fP coequalizes the maps ¢ and ¢ of (9.6).
There are two summands on the left of .
e In the first summand, consider the summand X,, ® Aln — 1] indexed by
(n,4, (oo ooy I ) € €).
— If i < n, then
*x the composition P¢ on that summand is the injection into the
coproduct of the summand indexed by
. (an,(n—l),((al —ag - —ay) €C L, —>an)), if
1 =20, and
. (an,(n—l),(ao QO (ﬂOZH,l o
an) € C,1: an—>an)7if0<i<n, and
* the composition Py on that same summand is the composition
of the map 1x, ® d': X, @ Aln — 1] = X,, ® Aln] with
the injection into the coproduct of the summand indexed by
(an,n, ((ao —ap ) €C L — an)).
Those two maps from X,, @ Aln—1]to [  scobe) Xa ® Aln] are
A[n]ﬁ\rz(gw)w
exactly the maps ¢ and 1) of on the summand X, ® A[n — 1]
indexed by (ozn,n,i7 ((ao —ap ) €CLa, — an)) in
the second summand on the left of , and so they are coequalized
by f.
— If i = n, then
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x the composition P¢ on that summand is the composition of
(On-1)« @ Iapn-1): Xa, @A~ 1] = X4, , ® Aln — 1] with
the injection into the coproduct of the summand indexed by
(an,l,(n — 1)7((a0 — oy — o apq) € Cliap —
an,l)), and

* the composition P on that same summand is the composition
of the map 1x, ®d": X,, ® An — 1] — X,, ® A[n] with
the injection into the coproduct of the summand indexed by
(an,n, ((ao —ap ) €C Ly — an)).

On the summand X ,, ® Aln — 1] indexed by (a,,n,n, ((g < a1

) €C L a, — an)) of the second summand of , the

map ¢ is the injection into the coproduct of the summand indexed by

(an_l,(n - 1), ((ao — oy ap1) €ECon1 ay — an_l)),

and Lemma [8.7] implies that the composition f¢ on that summand is

the composition of (05,-1)« ® 1apm-1]: Xa, @ Aln - 1] — X4, , ®

A[n—1] with the injection into the coproduct of the summand indexed

by (an,l, (n—1), ((ao —ap o apa1) €C Lo — an,l))

composed with f. The map ¢ maps that same summand to the com-

position of 1x, ®@d": X,, ®A[n—1] = X,, ®Aln] with the injection

into the coproduct of the summand indexed by (an, n, ((ao — oy —

) €C 1, — an)), and so fP¢ = fPv on the first sum-
mand of (9.6).

e In the second summand of (9.6), consider the summand X,, ® Aln + 1]

indexed by (n,i, (ag + a1 + -+ + a,) € C).

— The composition P¢ is the injection into the coproduct of the sum-
mand indexed by (an, (n+1), ((ao —op & U = e
an) €C1: ap — an)), and

— the composition P is the composition of the map 1x, ® st X, ®
Aln+1] - X, ® Aln] with the injection into the coproduct of the
summand indexed by (ozn,n, ((ao —ap o ay) €61, —
o).

Those two maps are exactly the maps ¢ and v of on the summand
X, ®Aln+ 1] indexed by (an,n,i, ((ao —ap ) €C L a —
an)) in the third summand on the left of , and so they are coequalized
by f.
Thus, the map P induces a map P from the coequalizer of to the coequalizer
of . We will show that P is an isomorphism by constructing an inverse map

Q.
We define

Q: JI X.oApn — [ Xa, ®AnR]
acOb(C) n>0
n>0 (ap4—ar+ap)eC

A[n]—=N(al )P

by defining @ on the summand X, ® A[n] indexed by (oz,n, ((ao oy e
an) €EC T — ozn)) to be the composition of the map 7. ®@ 1ap): Xo ® Aln] —
X, ® Aln] with the injection into the coproduct of the summand indexed by
(n, (ap < a1 < -+ ay) € C).
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To show that this induces a map from the coequalizer of to the coequalizer

of,let
fo Il Xe.®A] — W

n>0
(ap—ay 4 4+ap)EC

be a map that coequalizes the maps ¢ and ¢ of (9.6); we will show that the
composition fQ coequalizes the maps ¢ and ) of (8.6).

There are three summands on the left of .
e Consider the summand X, ® A[n] indexed by ((0: o = &) € C,n, ((ev
ap 4 - —ap) €C T d — an)) in the first summand on the left of

— The composition Q¢ is the composition

0+ @LA[n T« ®lam
[n] ——= —

X, @A X ® Aln] L X, @ Aln]
composed with the injection into the coproduct of the summand in-
dexed by (n, (ag < g < -+ 4 ay,) € C).

— The composition Qv is the composition of the map (70) @11 Xo®
Aln] — X, ® A[n] with the injection into the coproduct of the sum-
mand indexed by (n7 (g a1 - ap) € 6).

Since X is a functor, 7.0, = (70)+, and so Q¢ = 1, and so fQ¢ = fQy
on the first summand on the left of (8.6)).
e Consider the summand X, ® A[n — 1] indexed by (a,n,i, ((ao — g —
) ECTIa— an)) in the second summand on the left of .
— If i < n, then
* the composition Q¢ is the composition of the map 7. ®@1app—1): Xa®
Aln—1] = X, ® A[n—1] with the injection into the coproduct
of the summand indexed by
c((n=1), (1 ¢ az ¢ < ay) €C€),if i =0, and
. ((’I’L—l),(ao SO ey Oy (—Oén) S
€),if0<i<n
and
* the composition Qi) is the composition (7. ®@ 1) e (1x, ®d') =
(I1x, ®@d)o(r @ 1apm_1)): Xa ® Aln — 1] = X,, ® Aln]
composed with the injection into the coproduct of the summand
indexed by (n7 (g~ 1 ¢ - ay) € (‘3).
Thus, the compositions Q¢ and Qv equal the composition of the map
T @ 1ap—1]: Xa @ Aln —1] = X4, ® A[n — 1] with the maps ¢ and
¥ of on the summand X,, ® Aln — 1] indexed by (n, i, (ag <
a4 4 ap) € G) in the first summand on the left of , and
are thus coequalized by f.
— If i = n, then
* the composition Q¢ is the composition of the map (o,-17) ®
a1 = ((0n-1)+ ®@1am-1]) 0 (T« ®1ap-1)): Xa®A[n—1] =
X, _, ® Aln — 1] with the injection into the coproduct of the
summand indexed by ((n — 1), (ag ¢ a1 4 -+ <+ 1) € €),
and
* the composition Qv is the composition of (7. ® 1ap,) o (1x, ®
&) = (1x., ®d)o(r.@1ap_1): Xa®@An—1] = X o, @ A1)
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with the injection into the coproduct of the summand indexed
by (n, (ap < g < -+ ay) € C).
Thus, the compositions Q¢ and Qv equal the composition of the map
Te @ 1apm-1]: Xa ®@ Aln —1] = X4, ® A[n — 1] with the maps ¢ and
¥ of on the summand X, ® Aln — 1] indexed by (n,n, (ag +
Q1 & o oap) € G) in the first summand of and are thus
coequalized by f.

e Consider the summand X, ® A[n + 1] indexed by (a,n,i, ((ao — ap
) ECTIa— ozn)) in the third summand on the left of . On
this summand

— the composition ()¢ is the composition of the map 7. ® Ianj—1): Xa ®
Aln+1] = X,, ® Aln + 1] with the injection into the coproduct of

Lo,
the summand indexed by ((n+ 1), (g < a1 -+ + a; —> a; +
<4 ap) €€), and

— the composition Qv is the composition of

(T @ 1am)) o (Ix, ®5") = (1x, ®s") o (1. @ 1ajns1))

composed with the injection into the coproduct of the summand in-
dexed by (n, (g a1 - ayp) € G).
Thus, the compositions Q¢ and Q1 equal the composition of the map
Te @ 1apm41]: Xa @ Aln+1] = X4, ® Aln + 1] with the maps ¢ and 1) of
on the summand X, ® A[n+ 1] indexed by (n, i, (ag = a1 < -+ 4
ay) € (‘3) in the second summand of , and are thus coequalized by f.

Thus, the map @ induces a map @ from the coequalizer of to the coequalizer
of . N N L

We will now show that P and @ are inverse isomorphisms. The composition QP
is the identity because the composition QP is the identity.

The composition PQ takes the summand X, ® A[n] indexed by (a,n, ((ag +
a4 ap) ECTIa— ozn)) to the composition of the map 7. @ Ip[p): Xo ®
Aln] — X4, ® Aln] with the injection into the coproduct of the summand indexed
by (ozn,n, ((ao —ap o ap) €601 a, — an)), and Lemma implies
that the map to the coequalizer of coequalizes that and the inclusion into the
coproduct of the original summand, and so ﬁ@ is the identity. (I

10. CHANGING THE INDEXING CATEGORY OF A HOMOTOPY COLIMIT

Let M be a simplicial category and let F': € — D be a functor between small
categories. If X is a D-diagram in M, then there is an induced C-diagram F*X in
M, defined as the composition F*X = X o F. In this section, we show that the
homotopy colimit hocolime F* X of the induced diagram can be constructed as the
coend X @9 N(— | F)°? over the category D (see Definition [2.10Jand Theorem|[10.4).

The reason this theorem is true is that, although hocolime F* X is constructed
as a quotient of the (rather large) coproduct of a copy of X g, ® A[n] for every
object a of € and every n-simplex of N(a| €)°" (see Proposition , it can also
be constructed from the much smaller coproduct of X g, ® A[n] for only certain
“basic simplices” of the simplicial sets N(— ] €)°". (The basic simplices are in fact
the elements of a basis for the free cell complex N(— | C)°?; see Corollary and
Proposition ) Similarly, although the coend X @5 N(— ] D)? is defined as a
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quotient of the (rather large) coproduct of a copy of X g ® A[n] for every object
B of D and every n-simplex of N(3| F)°" (see Proposition , it can also be
constructed from the much smaller coproduct of X g ® A[n] for only certain “basic
simplices” of the simplicial sets N(— | F)°" (again, the basic simplices are in fact
the elements of a basis for the free cell complex N(— | F)°?; see Corollary
and Proposition and the maps N(a ] C)°® — N(Fa ] F)°? (see Example [2.11))
take basic simplices to basic simplices. Theorem [I0.4] shows that the map F, of
Lemma defines an isomorphism hocolime F*X = F*X ®@¢ N(— | C) ~ X ®qp
N(— | F)°". (For a much shorter proof of this that uses the mapping properties of
a basis of a free cell complex, see [7, Prop. 19.6.6].)

We begin by showing that the coend X ®q N(— ] F)°” has a decomposition
similar to that of hocolime F*X = F*X ®¢ (— €)°" (see Proposition [8.5)).

Proposition 10.1. Let M be a simplicial model category and let F': € — D be a
functor between small categories. If X is a D-diagram in M, then the coend (see
Definition X ®p N(— | F)°? is naturally isomorphic to the coequalizer of the
maps

(10.2)
( 1 X5®A[n])ﬂ( 1 Xﬂ®A[n_1])u( 11 X,@®A[n+1])
(o: ﬁ—;ﬁ’)eﬂ) Beolo(()D) ﬂeO;o((JD)
A[n]—gﬁg’w)op 0<i<n ogfgn
Aln]=N(BLF)°P A[n]—N(BLF)°P
_*
_ I xseAR
v pEOD(D)
n>0

Aln]=N(BLF)°P
where, on the first summand,
e the map ¢ on the summand Xg ® A[n] indexed by ((o’: 8 — p) e
D,n, ((ag + ay + -+ < o) € €,7: 8 — Fay,)) is the composition
of the map 0. @ 1a[): X ®Aln] — X 3 ® Aln] with the injection into the
coproduct of the summand indexed by (8',n, ((ag < a1 = -+ < ap) €
C,r:8 — Fozn)), and
e the map 1 on that same summand is the injection into the coproduct of the
summand indexed by (B,n, ((ao —ap ) €CTo: f— Fan))
and, on the second summand,
e the map ¢ on the summand X g ® Aln — 1] indexed by (8,n,i,0: Aln] —
N(B | F)Op) is the injection into the coproduct of the summand indexed by
B, (n — 1), and the composition A[n — 1] LN Aln] Z N(B | F)°?, and
e the map 1 on that same summand is the composition of the map 1x, ®
d': X5 ® Aln — 1] — X3 ® An] with the injection into the coproduct of
the summand indexed by (8,n, o)
and, on the third summand,
e the map ¢ on the summand X g ® A[n + 1] indexed by (B,n,i,a: Aln] —
N(B1 F)°) is the injection into the coproduct of the summand indexed by
B, (n+1), and the composition Aln + 1] =+ Aln] < N(81 F)°P, and
Draft: November 23, 2014



NOTES ON HOMOTOPY COLIMITS AND HOMOTOPY LIMITS 49

e the map 1 on that same summand is the composition of the map 1x, ®
s't Xp @ Aln + 1] = X @ Aln| with the injection into the coproduct of
the summand indexed by (8,n,0).

Proof. This is identical to the proof of Proposition changing a € Ob(C) to
B € O0b(D), (c:a—a')€eCto(o:8— p) €D, NalC) to N(BLF), and
N(a/ [ )" to N(B' | F)°P. O

Lemma 10.3. Let M be a simplicial model category, let F': € — D be a functor
between small categories, and let X be a D-diagram in M. If

he ] XseAn —w

BEOb(D)
n>0

Aln]»N(BLF)°P

is a map that coequalizes the maps ¢ and v of (10.2), then for the summand
X5 ® Aln] indexed by (8,n, ((ag < o1 « -+ < an) € €,7: 3 = Fay)) the
diagram

T« QLA
X5 ® Aln) S X pa, ® Aln]
N A)
1%

commutes, where h, is the composition of h with the injection into the coproduct
of the summand indexed by (,B,n, ((ao —ap o ap) €GB — Fozn))
and hy,, y Is the composition of h with the injection into the coproduct of the
summand indexed by (Fozn,n, ((ao —ay - —ay) €C1: Fa, — Fan)).

Proof. The composition of h with the map ¢ on the summand X g ® A[n] indexed
by ((T: 8 — Fay) € D,n, ((ao —ap - ay) €61 Fa, — Fan)) in the
first summand on the left of is the composition hy,, ) o (T« ® 1), and
the composition of h with the map v on that same summand is h.. O

Theorem 10.4. If M is a simplicial model category, F': € — D is a functor between
small categories, X is a D-diagram in M, and F*X = X o F is the induced G-
diagram in M, then there is a natural isomorphism of coends

hocglimF*X = F'X®cNEe|-)? ~ XepNFL[-)?

and the natural map of homotopy colimits hocolime F* X — hocolimp X is natu-
rally isomorphic to the natural map of coends X @pN(— | F)® - X®@pN(— | D)
induced by the natural map of D°P-diagrams N(— | F)°® — N(—] D) (see Ex-
ample .
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Proof. Proposition [8.5 implies that hocolime F*X = F*X ®¢ N(— | €)°? is natu-
rally isomorphic to the coequalizer of the maps

(10.5)
(I xrewap)u( I Xeecan-10)0( [ Xro@An+1])
(o: a;)oo/)ee aeno>b(§(‘3) aEO>b(§@)
=) @yop 0<i<n i
Al=Nee) Aln]—=N(al€)°P AN )P
_*
— H X ra ® Aln]
v a€0b(e)
n>0

An]—N(al@)°P

We will define a natural isomorphism from the coequalizer of (10.5]) to the coequal-

izer of (10.2). We define

P H Xpa ®An] — H X5 ® An]
ae0b(e) BeOb(D)
n>0 n>0
Aln]—N(al€)°P Aln]—N(BLF)°P

by defining P on the summand X g, ® A[n] indexed by (a,n,0: Aln] — N(a | €)°?)
to be the injection into the coproduct of the summand indexed by (Fa,n, F.o)
(where F\ is as in Lemma [2.9)).
To show that P induces a map P from the coequalizer of to the coequalizer
of , let
f: H Xg® Aln] — W

BEOb(D)
n>0
A[n]=N(BLF)P

be a map that coequalizes the maps ¢ and v of (10.2); we will show that the
composition fP coequalizes the maps ¢ and 1 of (10.5).

There are three summands on the left of ([10.5]).

e Consider the summand X p,®A[n] indexed by ((0: a = o') € C,n, ((ag +
ap ¢ 4 ay) €EC T — an)) in the first summand on the left of
(10-5).

— The composition P¢ on that summand is the composition of the map
(Fo)e®1am: Xpa@A[n] = X por ® Aln] with the injection into the
coproduct of the summand indexed by (Fo/,n, ((ao o e
an) €ECFr: Fo' — Fan)), and

— the composition Py on that same summand is the injection into the
coproduct of the summand indexed by (Fa,n, ((ao — g e
an) € C F(10): Fa — Fay,)).

Those compositions P¢ and P exactly equal the maps ¢ and ¢ of
on the summand X po ® Aln] indexed by ((Fo: Fa — Fao') € D,n, ((ag +
a1 ¢ -4 ay) €CFr: Fo' — Fan)) in the first summand on the left
of , and so they are coequalized by f.

e Consider the summand X g, ® A[n — 1] indexed by (a,n,i,0: A[n] —
N(a | €)°?) in the second summand on the left of (10.5).
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— The composition P¢ on that summand is the injection into the co-
product of the summand indexed by (Fa, (n—1),Fi(oo di)), and
— the composition P on that same summand is the composition of the
map lx,, ®d': Xpo ® An — 1] = Xpq ® Aln] with the injection
into the coproduct of the summand indexed by (Fa,n, F.o).
Those compositions Pty and Pt exactly equal the maps ¢ and 9 of
on the summand X g, ® A[n — 1] indexed by (Fa,n,i, Fio), and so they
are coequalized by f.
e Consider the summand X g, ® A[n + 1] indexed by (a,n,i,0: Aln] —
N(a ) €)) in the third summand on the left of (10.5).
— The composition P¢ on that summand is the injection into the co-
product of the summand indexed by (Fa, (n + 1), Fi(0 0 %)), and
— the composition Py on that same summand is the composition of the
map lx,, ® s Xpo ®An+1] = Xpo ® Aln] with the injection
into the coproduct of the summand indexed by (Fa,n, F.o).
Those compositions P¢ and P exactly equal the maps ¢ and ¢ of
on the summand X g, ® Aln + 1] indexed by (Fa,n,i, Fyo), and so they
are coequalized by f.

Thus, the map P induces a map P from the coequalizer of (10.5)) to the coequalizer
of (10.2)). We will show that P is an isomorphism by constructing an inverse map

Q.
We define

Q: ] XseaAn — [ Xr.®AnR
BEOb(D) a€O0b(R)
n>0 n>0
Aln]—=N(BLF)P A[n]—N(alC)°P

by defining @ on the summand X g ® A[n] indexed by (ﬂ,n, ((ao —Qp e
an) €ECT: B — Fan)) to be the composition of the map 7, ® 1o,y Xp® Aln] —
X po, ® Aln] with the injection into the coproduct of the summand indexed by
(an,m ((ao —ap - —an) ECLa, = an)).

To show that @) induces a map @ from the coequalizer of to the coequalizer
of 7 let

g0 I Xre®AR] — W

aeOb(C)
n>0

Aln]—N(ale)°P
be a map that coequalizes the maps ¢ and ¢ of (10.5); we will show that the
10.2).

composition g@Q coequalizes the maps ¢ and ¥ of (
There are three summands on the left of ((10.2)).

o Consider the summand X 3® A[n| indexed by ((U: B —p')eDn, ((ao —
ap & - ap) €GB — Fozn)) in the first summand on the left of
(10.2).

— The composition Q¢ on that summand is the composition X s@A[n]

T« @1A[n
X5 ® Aln] 22220,

0+« ®1A[n]
_

L X pa, ® Aln] composed with the injection into
the coproduct of the summand indexed by (an, n, ((ao Qe
an) €C1: ap — an)), and
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— the composition Qv on that summand is the composition of the map
(70)x @ 1ap: Xp @ Aln] = X o, ® Aln] with the injection into the
coproduct of the summand indexed by (o, n, ((ag < a1 -+
an) €C,1: ap — an)).

Since 7.0, = (70)4, the compositions Q¢ and Qv are equal on that sum-
mand, and so gQ¢ = gQv on that summand.
Consider the summand X g ® A[n — 1] indexed by (ﬁ, n,1, ((ao IOy

st ap) € C71: f — Fan)) in the second summand on the left of
(110.2)).
— The composition Q¢ on that summand is

* the map 7.®@1ap—1): Xg®@AN—1] = X po, ®A[n—1] composed
with the injection into the coproduct of the summand indexed
by (an,(n— 1),((a1 —ag ) €C L a, = an)), if
i =0,

* the map 7. ®1apm—1): Xs®An—1] = X pa, ®A[n—1] composed
with the injection into the coproduct of the summand indexed
by (o, (n—1), ((ag <= o1 < -+ < i1 DA LR Sy
an) € C 1 ay, = ), if 0 <i < n, and

* themap (0,-17)«®@1ap—1]: Xg@An—1] = Xpq,_, @An—1]
composed with the injection into the coproduct of the sum-
mand indexed by (an,l, (n—1), ((ao —Qap 4 apoy) €
C1l:ap_1— an,l)) if i =n,

and
— the composition @ on that same summand is the composition X g ®

1X[3®dz T*®1A[n] .
Aln—1] —— Xg®A[n] ——— X pq,, ®A[n] composed with the

injection into the coproduct of the summand indexed by (Fozn, n, ((ao —
a4 ay) €C L ay —>an)).
Thus, the compositions Q¢ and Qv on that summand are the composition
of 7w @ Iap—1: X ® A[n — 1] = Xpa, ® Aln — 1] with the maps ¢ and
¥ of on the summand X po, ® Aln — 1] indexed by (o, 1,1, ((ag
o1 < -+ ¢ ap) € C1: ayy — ) in the second summand on the left of
, and are thus coequalized by g.
Consider the summand X g ® A[n + 1] indexed by (6,71,2'7 ((ao — ag —
e a) €ECTI B — Fan)) in the third summand on the left of ‘
— The composition ¢ on that summand is the map 7. ® 141y Xp®
Aln+ 1] - Xps, ® Aln + 1] composed with the injection into the
coproduct of the summand indexed by (o, (n + 1), (a0 + a1

L,

e ] Q4 Qg — o ap) €C L, — an)),
and

— the composition Q9 on that same summand is the composition X g ®

Ix,®s’ T« ®1A[n] .
Aln+1] —— X3®An| —— X pq,, ® A[n] composed with the

injection into the coproduct of the summand indexed by (Fan, n, ((ao —
a4 ay) €C L ay —>an)).
Thus, the compositions Q¢ and Qv on that summand are the composition
of 7w @ Iapy1]: Xp @ An + 1] = X pa, ® Aln + 1] with the maps ¢ and
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¥ of ([10.5) on the summand X pq, ® A[n+ 1] indexed by (o, n, 4, ((og
a1 —ap) €61 a, — an)) in the third summand on the right of
(10.5)), and are thus coequalized by g.

Thus, the map @ induces a map é from the coequalizer of (10.2)) to the coequalizer
of (103).

We will now show that P and @ are inverse isomorphisms. The composition

QP: ] Xra®Ap] — [1T Xro®AR
a€0b(€) a€0b(@)
n>0 n>0
Aln]—N(al€)°P Aln]—N(ale)°P
takes the summand X g, ® A[n] indexed by (am, ((ao —oap o) €

C,t:ax— an)) to the composition of the map 7, ® Iap): X ra ® Aln] = Xpa, ®
Al[n] with the injection into the coproduct of the summand indexed by (a1, (o =
a1 - —ap) €061 ay — an)). Lemma implies that the map to the co-
equalizer of coequalizes that map and the injection into the coproduct, and
so QP is the identity map.

The composition PQ takes the summand X g ® A[n] indexed by (8,7, ((ag
o1 ¢+ ¢ ay) € C,7: f— Fay)) to the composition of the map 7, @1 a1 X 3®
Aln] = X pa, @ A[n] with the injection into the coproduct of the summand indexed
by (Fozn,n, ((ozo —ap - —ay) €C1: Fa, — Fozn)). Lemmaimplies
that the map to the coequalizer of coequalizes that map and the injection
into the coproduct, and so ]3(5 is the identity map. Thus, P and C~2 are inverse
isomorphisms.

We will now show that the natural map hocolime F* X — hocolimp X equals
the composition

hocolim F*X = F*X ®¢ N(~1€)™ L X @p N(—|F)®

2XO P X @p N(— | D) = hocolim X

(where F, is as in Example On the summand X g, ® A[n] indexed by
(a,n, ((ao —ap s ay) €ECTIa — an)), the map P is the injection
into the coproduct of the summand indexed y (Fa, n, ((ao a4 ay) €
C,Fr: Fa — Fozn)), and 1y ®p F, takes that to the injection into the coproduct
of the summand indexed by (Fa),n, (Fag < Fay -+ < Fay) € D, Fr: Fa —
F an), which induces the natural map hocolime F* X — hocolimp X. ([

10.1. Weak equivalences and cofibrations.

Definition 10.6. A functor between small categories F': € — D is homotopy right
cofinal (or homotopy terminal) if for every object /3 of D the simplicial set N(8 ] F)
(see Definition is contractible. If € is a subcategory of D and F' is the inclu-
sion, then € is called a homotopy right cofinal subcategory (or a homotopy terminal
subcategory) of D.

Remark 10.7. Lemma implies that a functor F: € — D is homotopy right
cofinal if and only if for every object 3 of D the simplicial set N(3 ] F)°? is con-
tractible.
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Theorem 10.8. Let M be a simplicial model category and let F: € — D be a
functor between small categories. If F' is homotopy right cofinal, X is an objectwise
cofibrant D-diagram in M, and F*X = X o F is the induced C-diagram, then
the natural map of homotopy colimits hocolime F*X — hocolimp X is a weak
equivalence.

Proof. Theorem [10.4] implies that the natural map of homotopy colimits is iso-
morphic to the map of coends X ®p N(—| F)® — X @p N(—, D) induced
by the map of D°P-diagrams of simplicial sets Fy: N(— | F)?® — N(— ] D) (see
Example . Since both of those D°P-diagrams of simplicial sets are free cell
complexes (see Proposition and Proposition and F is homotopy right
cofinal, that map of diagrams is a weak equivalence of cofibrant D°P-diagrams (see
Theorem , and so the result follows from Corollary d

Proposition 10.9. Let M be a simplicial model category, let D be a small category,
and let F': € — D be the inclusion of a subcategory. If X is an objectwise cofibrant
D-diagram in M and F*X = X oF is the induced C-diagram, then the natural map
of homotopy colimits hocolime F*X — hocolimp X is a cofibration of cofibrant
objects.

Proof. Theorem [10.4] implies that the natural map of homotopy colimits is iso-
morphic to the map of coends X ®p N(—| F)®® — X @p N(—, D) induced
by the map of D°P-diagrams of simplicial sets Fy: N(— | F)?® — N(—= ] D) (see
Example [2.12)). Thus, the result follows from Proposition Corollary and
Corollary O

10.2. Homotopy colimits as colimits.

Proposition 10.10. Let M be a simplicial model category and let C be a small
category. If X is a objectwise cofibrant C-diagram in M, then there are

e a natural objectwise cofibrant C-diagram X in M,
e a natural isomorphism R: colim X = hocolim X, and
e a natural objectwise weak equivalence p: X — X

such that the induced map colimp: colim X — colim X equals the composition
colim X ~ hocolim X = X ®¢ N(— | €)® — X ®¢ P ~ colim X

(where P is the constant C°P-diagram at a single point).

Proof. For each object a of C we have the forgetful functor F,: (€l a) — € that
takes the object 8 — « of (Cla) to 8, and this induces a (CJ «)-diagram F:X =
X o F, in M; we let f)\f/a = hocolime ) F;; X. Proposition implies that each
Ea is cofibrant.

If % is the category with one object and no non-identity maps, we let i,: x —
(€l @) take that object to the terminal object 1,: o — o of (€ ). Since the func-
tor 4, is homotopy right cofinal (see Deﬁnition, the induced map of homotopy
colimits (iq)s: Xao — X, is a weak equivalence (see Theorem . We can also
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define a map pg : /X/a — X, as the composition
X, = h(()gi)h)mz X =it X @ea) (—4(CLa))™

— i X®(@¢Q)P~c(0£1ir)m X~ X,

(where P is the constant (€] a)°’-diagram at a point and that last isomorphism is
because 14: a — « is a terminal object of (€| a)). Since pq © (i)« is the identity
map of X, and (i, )« is a weak equivalence, p,,: X — X, is a weak equivalence.

If o: @« — o is a map in €, then o induces a functor (€l a) — (€l a’) that
commutes with F,, and F,, and so induces a map o,: fa — Xa/ that makes the
square

/Xa E— 350/

Xo— X
commute. Fixme: Add more explanation of why the square commutes!
Thus, we have an objectwise weak equivalence of objectwise cofibrant diagrams
X - X. . .
We now define R: colim X — hocolim X. If a is an object of €, then X, =
hocolim e q) Fi3 X . If B — o is an object of (€] ), then the forgetful functor

(BL(€La)" — (BLE)™

— ° o
(which takes the object P N 7 of (BL (Gia)) P to the object 8 — 7 of (31 €)°P)
«

induces a map
X5 @N(BL(Cla)” — X5 N(BLC)P
such that the composition

X3®N(BL(Cla))”™ — X5 ®N(8]€)°® — hocolim X

coequalizes the maps ¢ and ¢ of (8.2]). Thus, we have maps ’)?a — hocolim X such
that if 0: @ — o’ is a map in €, then

X,— - X

N

hocolim X

commutes, and so we have an induced map R: colim X — hocolim X.

To show that R is an isomorphism, we’ll construct an inverse map .S: hocolim X —
colim X . For this, we’ll use the decomposition of hocolim X in Proposition For
each object a of € and simplex ((ag ¢ a1 -+ an),0: = o) of N(a¢6)0p
(see Example , we map the summand X, ®A[ ] to Xa0 = hocolim ey Fou, X
by viewing that s1mplex as a simplex of N((a —ap)d(Cl ao))Op, and then compose
with the injection /)an — colim X. That defines a map from the right hand side
of to colim X that coequalizes the maps ¢ and ¢ of , and thus defines

our map S: hocolim X — colim X. Using the decomposition of Proposition
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on both hocolim X and each X, = hocolim F*X one can show that R and S are
inverse isomorphisms.

Finally, since each category (€| «) has the terminal object 1,: @ — «, and each
square

/)Za = hocolim F; X —— colim hocolim F); X = hocolim X
(Cla) (Cla)

J |

X, = colim F; X ——— colim colim F; X = colim X
Cla) (Cla)

commutes, the map colimp: colim X — colim X has the required factorization.
Fixme: This paragraph needs more explanation! (]

11. HOMOTOPY LIMITS

Definition 11.1. Let M be a simplicial model category and let € be a small
category. If X : € — M is a C-diagram in M, then the homotopy limit holim X of X
is defined to be the end hom®(N(€ | —), X) (see Deﬁnitionand Deﬁnition,
that is, holim X is the equalizer of the maps

(11.2) H (XQ)N(GM) i; H (Xa/)N(ew)

a€eOb(C) v (o: a—a’)eC

where

e the projection of the map ¢ on the factor (X o/ )N(€+®) indexed by o: o — o
is the composition of a natural projection from the product with the map

(g*)lwew); (XQ)N(Cla) N (Xa,)N(Gw)

and
e the projection of the map % on that same factor is the composition of a
natural projection from the product with the map

(1x,, )N (X o )N (X, )N

Proposition 11.3. Let M be a simplicial model category and let € be a small
category. If X is an objectwise fibrant C-diagram in M, then holim X is fibrant.

Proof. This follows from Corollary [7.18] Proposition [5.13] and Theorem O

Theorem 11.4. Let M be a simplicial model category and let € be a small category.
If X and Y are objectwise fibrant C-diagrams in M and f: X — Y is an object-
wise weak equivalence, then the induced map of homotopy limits f,: holim X —
holimY is a weak equivalence of fibrant objects.

Proof. This follows from Definition [TT.1} Proposition[5.13} Theorem[5.1] and Corol-
lary O
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11.1. The space of maps from a homotopy colimit.

Theorem 11.5. Let M be a simplicial model category and let € be a small category.
If X is a C-diagram in M and Y is an object of M, then Map(X,Y) is a C°P-
diagram of simplicial sets and there is a natural isomorphism of simplicial sets
Map(hocolime X, Y") & holimeer Map(X,Y).

Proof. Fixme: Fill this in. (I

11.2. Decomposing homotopy limits. In this section, we use Proposition 3.7 to
describe the simplicial sets N(CJ «) as colimits of diagrams of standard simplices.
This allows us to show that the homotopy limit of a diagram can be constructed
as an equalizer of maps between simpler objects than the ones in the definition of
the homotopy limit (see Definition and Proposition . This will be used in
Section [I2) to show that the homotopy limit can be constructed as the total object
(see Definition [12.2]) of the cosimplicial replacement (see Definition [12.1)) of the
diagram.

Proposition 11.6. Let M be a simplicial model category and let C be a small
category. If X is a C-diagram in M, then holim X is naturally isomorphic to the
equalizer of the maps

[
RN | (6 o0 —
ac0b(e) ¥
n>0
A[n]—-N(Cla)
(T ™) (TT X))
(o: a—a’)ee aeOb(C) aeOb(C)
n>0 n>0 n>0
An]—N(Cla) 0<i<n 0<i<n
Aln]—=N(Cla) Aln]=N(€la)

where the projections of the maps ¢ and v onto the first factor are such that

e the projection of ¢ onto the factor (X o)*" indexed by ((o: o — ') €

C,n, ((ao - = - = oay) € G, — a)) is the composition
of the projection from the product onto the factor (X o))" indexed by
(,n, ((g = a1 = -+ = a,) € C7:a, — «)) with the map

(U*)lA[n] : (XQ)A[TL] — (Xa,)A[n], and
e the projection of ¢ onto that same factor is the projection from the product
onto the factor (X o)A indexed by (o/,n, ((ag — a1 — -+ = ay,) €
C,om: ayy — o/)),
the projections onto the second factor are such that
e the projection of ¢ onto the (X o)2M~1 indexed by (a,n,i,a: Aln] —
N(Cla)) is the projection onto the (X ,)*"~1 indexed by a, (n—1), and
the composition Aln — 1] N Aln] % N(€), and
e the projection of ¢ onto that same factor is the composition of the projec-
tion onto the (X o) indexed by (o, n, o) with the map (1x )% : (X )M
(Xa)A[n—l],
and the projections onto the third factor are such that
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e the projection of ¢ onto the (Xo)2"*Y indexed by (a,n,i,o: Aln] —
N(Cla)) is the projection onto the (X ,)*"*1 indexed by a, (n+1), and
the composition Aln + 1] LN Aln] & N(€la), and

e the projection of 1) onto that same factor is the composition of the projec-
tion onto the (X )?™ indexed by o with the map (1x,)% : (X )2 —
(XQ)A[n-&-l] .

Proof. If we let
Gz( H (XQ)A[nfl]) ><< H (XQ)A[n+1]>

a€0b(@) a€0b(C)
n>0 n>0
0<i<n 0<i<n
Aln]SN(€la) Aln]SN(Cla)
and
H:( H (XQI)A[n—1]> x( H (Xa/)A[n+1]>
(o: a—a’)ee (0: a—a’)ee
n>0 n>0
0<i<n 0<i<n
INDESNCIS NGRS

then in the diagram

H (Xa)N(G,I,a) — H (X;)N(Gia)
a€eOb(C) (o: a—a’)eC

J l

H (Xa)A[n]—> H (Xo/)A[n]

acOb(C) (o0: a—a’)ee
n>0 n>0
A[n]—=N(Cla) A[n]—-N(Cla)

1 H
G H

both of the columns are products of equalizer diagrams (see Proposition and
are thus equalizer diagrams, and each of the squares commutes if you use either
both upper horizontal arrows or both lower horizontal arrows and either both left
vertical arrows or both right vertical arrows.

Since the column on the left is an equalizer diagram, for every object W of M
maps

W — H (X )N correspond to maps W — H (X o)AM
ac0b() a€0b(€)
n>0
A[n]—=N(Cla)
that equalize the pair of parallel downward arrows on the left. Since equalizers
are monomorphisms (see Lemma , such a map W — Hanb(e)(Xa)N(eia)
equalizes the upper pair of parallel horizontal arrows if and only if the corre-
sponding map equalizes the middle pair of parallel horizontal arrows. Thus, maps
W = [Tacon(e) (X a)N () that equalize the top pair of parallel horizontal arrows
correspond to maps W — [[ acob(e) (X )2 that equalize both the middle
>0
A[n]iﬂ(@ia)
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horizontal pair of parallel arrows the the left pair of vertical parallel arrows, and
so a terminal object among the former corresponds to a terminal object among the
latter. O

11.2.1. Homotopy limits and basic simplices. Proposition [[3.1] decomposed the ob-
jects used in the definition of the homotopy limit into simpler objects, so that the
homotopy limit was presented as a subobject of a product of objects X aA[n], one for
each n-simplex of the simplicial set N(C ] «), for each object o of €. The following
lemma shows that the map from the equalizer is actually determined by the map
to those factors indexed by the “basic” simplices, where the “basic” simplices are
the ones of the form ((ao —a; == ay) €601 a, = an) (see Example,
i.e., the simplices of N(C] «) for some « in which the map from the final vertex of
the simplex to « is the identity map. (The basic simplices are in fact the elements
of a basis for the free cell complex N(€ | —); see Proposition ) We will use this
in Theorem [I2.5] to show that the homotopy limit is isomorphic to the total object
(see Definition [12.2)) of the cosimplicial replacement (see Definition of the
diagram, which is built using only the summands indexed by the basic simplices.

Lemma 11.8. Let M be a simplicial model category, let C be a small category, and
let X: C — M be a C-diagram in M. If

hBE— [ (Xo)AM
a€0b(€)
n>0
Aln]=N(Cla)
is a map that equalizes the maps ¢ and 1) of (I1.7)), then for every factor (X o)*"
indexed by (a,n, ((ag =S o = — an) eC,1:a, — a)) the diagram

(X (o)) ]
(ocn) (e )<1A[n]
commutes, where h, is the composition of h with the projection onto that factor
and h(1<an)) is the composition of h with the projection onto the factor indexed by

(an,m ((a0—>a1 — o a,) €01 an—>an)).

Proof. The projection of ¢ onto the factor (X, )?[ indexed by ((7': oy = a) €
C,n, ((ao o = > ap) €61, — an)) in the first factor on the right
of is the composition (7,)am) o hq,,,,). and the projection of > onto that
same factor is h. O

12. THE TOTAL OBJECT OF THE COSIMPLICIAL REPLACEMENT OF A DIAGRAM

The main result in this section is Theorem [I12.5] which shows that the homotopy
limit of a diagram can be constructed as the total object (see Definition of the
cosimplicial replacement (see Definition of the diagram. This constructs the
homotopy limit starting with the product of a much smaller collection of objects
than the collection used in Proposition

A “basic simplex” of N(CJ «) is one in which the map from the final vertex of
the simplex in N(€C | «) to « is the identity map, i.e., the ones of the form ((ao —
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ap == ap) €C€,1t a, — ) (see Example . (The basic simplices are in
fact the elements of a basis for the free cell complex N(€ | —); see Proposition )
For every object « of € and every simplex ((ao —ay == a,) €C T A, — a)
of N(CJ ), there are

e an object ay, of C,
e a basic simplex ((ao —“ap == a,) €61, & an) in N(C| ap),

and
e a map 7: o, — « in C such that 7.: N(Cl«a,) — N(Cl«) takes that
basic simplex ((ao = o = 2 ay) €C 1 a, > an) to our simplex

((aoﬁal o ay) €C T an%a),
and such a triple is unique.

The total object of the cosimplicial replacement is constructed as a subobject
of the product of a copy of X ﬁn] for every basic simplex ((ao - Q= o —
an) € €,1: a, = ay). Lemma implies that we can construct a map from the
total object of the cosimplicial replacement of a diagram to the homotopy limit by
mapping to the factor (X4)2[M indexed by ((ao —Sa; == an) €C T —
a) (see Proposition by the composition of the map to the factor indexed by
((ao —ay == a,) €61 ay, — an) (which, in the proof of Theorem is
denoted simply (g — a1 — --- = ay,) € C) and (1) 'am: (X, )20 — (X ,)AM.

Definition 12.1. Let M be a simplicial model category and let € be a small
category. If X: C — M is a C-diagram in M, then the cosimplicial replacement of

X is the cosimplicial object H* X in M such that

n

(Irx)'- 1 x

(o= a1 —-—ay,)EC
and such that
. * n * n+1
e the projection of the coface map d*: (H X) — (H X) onto the

factor X, ., indexed by (g 2% 0y I - I% qy,41) € € s the composi-
tion of a projection from the product with
— the identity map from the factor X, , indexed by (o Ty g 2
o I ) €CIHFI =0,
— the identity map from the factor X

Ti—2 001 Oit1

i1 Qi1 ~~U.">ozn+1)€(‘31f0<i<n+1,

. g0 o1
ans, indexed by (g — oy —

and
— the map (0p)s: Xao, — Xa,,, from the factor X, indexed by

(a0ﬂ>a11>m—>"”” ap)€Cifi=n+1
and

. * n * n—1
e the projection of the codegeneracy map s’: (H X) — (H X)

On—2

onto the factor X,, , indexed by (ag 2% a; 2% -+ 2 1) € € is
the composition of a projection from the product with the identity map

Ti—1 1a [

from the factor X, _, indexed by (g 2% a3 25 -+ =5 oy —5 a; 25

On—2

i — 1) €Cfor0<i<n-—1
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Definition 12.2. Let M be a simplicial model category. If Y is a cosimplicial
object in M, then its total object (or corealization) TotY is defined to be the end
hornA(A7 Y) (see Deﬁnition and Definition , that is, Tot Y is the equalizer
of the maps

@
n>0 ¥ (o: [n]—[k)eA

where

e the projection of the map ¢ onto the factor (X *)2[" indexed by o: [n] — [k]
is the composition of a projection from the product with the map

(O'*)IA["]Z (Yn)A[n] N (Yk)A[n]

and
e the projection of the map v onto that same factor is the composition of a
projection from the product with the map

(lyk)U*I (Yk)A[k] N (Yk)A[n] )

Proposition 12.3. Let M be a simplicial model category. If Y is a cosimplicial
object in M, then TotY is naturally isomorphic to the equalizer of the maps

¢

za) L v == (I v =)< (I (va*s)

n>0 4 n>0 n>0

0<i<n 0<i<n

where the projections of ¢ and v onto the first factor are such that

e the projection of ¢ onto the (Y ,,)2"~! indexed by (n, i) is the composition

of a projection from the product with the map (d*)*am-1: (Y, )20~ =
(Y,) 2011, and
e the projection of ¢ onto that same factor is the composition of a projection
from the product with the map (1y, )% : (Y ,)2M = (Y, _1)AM—1]
and the projections onto the second factor are such that

e the projection of ¢ onto the (Y ,,)2"+! indexed by (n, ) is the composition
of a projection from the product with the map (s%)'am+1: (Y, )2+ -
(V)20 and

e the projection of 1 onto that same factor is the composition of a projection
from the product with the map (1y ) : (Y )2 — (v,,)Al+1,

Proof. Equalizing the projections of ¢ and v onto the first factor equalizes the
coface operators and equalizing the projections onto the second factor equalizes
the codegeneracy operators. Since every morphism in the cosimplicial indexing
category is a finite composition of coface and codegeneracy operators, the result
follows from Proposition O

Theorem 12.5. Let M be a simplicial model category and let C be a small category.
If X: € — M is a C-diagram in M, then holim X, the homotopy limit of X, is

*
naturally isomorphic to Tot H X, the total object of the cosimplicial replacement

of X.
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Proof. We will define a natural isomorphism from the equalizer of (12.4)) for Y =
H X to the equalizer of (11.7]). We define

Pl vttt — [ (XAl

n>0 @€0b(€)
n>0
A[n]—N(Cla)

by letting the projection of P onto the factor (X )2 indexed by (o, n, ((ag —

a1 = = ay) € Co: a, — a)) be the projection onto the (X, )M
by (ap — a1 — -+ — a,) € € composed with the map (o,)'am: (X, )20 —
(X )2, To show that this defines a map from the equalizer of to the
equalizer of we must show that if f: B — [[,>0(Y,)2M is a map that
equalizes the maps ¢ and v of (12.4), then the composition Pf equalizes the maps
¢ and v of .

Let f: E — [[,50(Y )2 be a map that equalizes the maps ¢ and v of (12:4).
The projection of ¢ onto the first factor on the right of , projected onto the
factor (X o)A indexed by ((0: @ = a') € €, ((ag = a1 = *++ = ), 71y —
a)), when composed with P, is the projection onto the (X, )2 indexed by
(g = a1 — -+ — ay,) € C composed with the map (7,)'am: (X, )20 —
(X )2 composed with the map (0,)*am: (X )20 — (X )27, The projec-
tion of ¥ onto that same factor, when composed with P, is the projection onto
the (X4, )2 indexed by (ag — ay — --- — a,) € € composed with the map
((O'T)*)lA["]Z (X o, )M — (X o)Al composed with the identity map. Since
04T« = (07T)s, the map P equalizes the projection onto the first factor of of
¢ and v, an so the composition Pf equalizes them as well.

Since f equalizes the maps ¢ and v of , Pf equalizes the projections of ¢
and 1 of onto the second and third factors of the right side of , and so
P defines a map P from the equalizer of (12.4) to the equalizer of (11.7] -

To show that P is an isomorphism, We’ll deﬁne an inverse map ). We begin by
defining

Q: JI XA — [T @02~ [ (Xa)A

indexed

aeOb(C) n>0 n>0
n>0 (vg—ar1—-—ay,)€C
Aln]—=N(Cla)

by letting the projection of Q onto the factor (X, )2 indexed by (n, (co = o1 —
- = ay) € €) be the projection onto the (X, ) indexed by (an, , (0 —
ar = - = ap) €61, — an)). To show that this defines a map from the

equalizer of (11.7) to the equalizer of (12.4), welet g: F' — [ acon(e) (X, )AM
n>0
Aln]—=N(Cla)
be a map that equalizes the maps ¢ and ¢ of (11.7). The fact that g equalizes the
projections of ¢ and ¥ onto the second and third factors of (L1.7)) implies that the

composition Qg equalizes (12.4]). Thus, @ defines a map @ from the equalizer of
to the equalizer of Qﬁ[}

We will now show that @ is a inverse for P. The composition @]3 is the identity
of the equalizer of because QP is the identity of [, -, (Y »)2[". To see that
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PQ is the identity, let g: F' — [ acob(e) (X o)A equalize the maps ¢ and ¥ of

n>0
A[n]—-N(Cla)
([I1.7). The composition PQ: [] acone) (Xa)2M =11 acobe) (Xa)AMis
n>0 n>0
Aln]-N(€la) Aln]—N(Cla)

such that its projection onto the factor (X )" indexed by (o, n, (a0 = a1 —
o+ = ap) € €,7: ap, — @)) is the composition of the projection onto the (X, )AN
indexed by (an,n, ((ao —a; = a,) €01 q, — an)) composed with the
map (7,)'a: (X, )20 = (X ,)2", and since g equalizes the maps ¢ and 9 of
(11.7), this is also true of the map PQg (see Lemma [11.8)). Thus, PQg = g, and
so PQ is the identity of the equalizer of (11.7). O

13. CHANGING THE INDEXING CATEGORY OF A HOMOTOPY LIMIT

Let M be a simplicial category and let F': € — D be a functor between small
categories. If X is a D-diagram in M, then there is an induced C-diagram F*X in
M, defined as the composition F*X = X o F. In this section, we show that the
homotopy limit holime F* X of the induced diagram can be constructed as the end
hom® (N(F | —), X) over the category D (see Definition and Theorem .

The reason this theorem is true is that, although holime F* X is constructed as a
subobject of the (rather large) product of a copy of (X Fa)A[”] for every object a of
€ and every n-simplex of N(€ | &) (see Proposition [11.6)), it can also be constructed
from the much smaller product of (X FQ)A[H] for only certain “basic simplices” of
the simplicial sets N(€| —). (The basic simplices are in fact the elements of a
basis for the free cell complex N(€ ] —); see Corollary and Proposition )
Similarly, although the end hom(D(N(Dif), X)) is defined as a subobject of the
(rather large) product of a copy of (X )2 for every object B of D and every
n-simplex of N(F | 8) (see Proposition [L3.1), it can also be constructed from the
much smaller product of (X 5)2l" for only certain “basic simplices” of the sim-
plicial sets N(F | —) (again, the basic simplices are in fact the elements of a basis
for the free cell complex N(F | —); see Corollary and Proposition and
the maps N(€la) — N(F | Fa) (see Example ake basic simplices to basic
simplices. Theorem [I3.4] shows that the map F, of Lemma defines an isomor-
phism holime F*X = hom®(N(€ | —), F*X) ~ hom® (N(F | —), X). (For a much
shorter proof of this that uses the mapping properties of a basis of a free cell com-
plex, see |7, Prop. 19.6.6].) We begin by showing that the end hom® (N(F | —), X)
has a decomposition similar to that of holime F*X = hom®((C|—), F*X) (see
Proposition .

Proposition 13.1. Let M be a simplicial model category and let F': € — D be

a functor between small categories. If X is a D-diagram in M, then the end
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hom®(N(F | —), X) is naturally isomorphic to the equalizer of the maps

[
132 ] xpA =
B€Ob(D) ¥
n>0
Aln]—>N(FB)
( H (Xg/)A[n])X< H (Xﬁ)A[n71]>><( H (Xﬁ)A[n+1])
(o: B—p")ED BEOb(D) BOb(D)
iy OZ’L><O71 0212<0n
Al =N A[n]=N(FL8) A[n)SN(FB)

where the projections of the maps ¢ and 1) onto the first factor are such that

e the projection of ¢ onto the factor (X )" indexed by ((c: B — B) €

D, n, ((ao - a = - = ap) € C7: Fay, — B)) is the composition
of the projection from the product onto the factor (X 5)I" indexed by
(,B,n7((a0 = a; = - = ap) € C7: Fa, — 5)) with the map

(02) 1300 (X )2 = (X )20, and

e the projection of v onto that same factor is the projection from the product
onto the factor (X )2 indexed by (8',n, ((ao = a1 = -+ = ay) €
C,or: Fa,, — B’)),

the projections onto the second factor are such that

e the projection of ¢ onto the (X )21 indexed by (ﬂ, n,i,0: Aln] —
N(F | B)) is the projection onto the (X 5)*"~1 indexed by f3, (n— 1), and
the composition A[n — 1] iR Aln] % N(F ] ), and

e the projection of ¢ onto that same factor is the composition of the projec-
tion onto the (X )" indexed by (B, n, o) with the map (1x,)* : (X )2 —
(X/B)A[n—l]’

and the projections onto the third factor are such that

e the projection of ¢ onto the (X )21 indexed by (B,n,i,0: Aln] —
N(F | B3)) is the projection onto the (X )2+ indexed by B3, (n+1), and

the composition Aln + 1] =, Aln] & N(F | ), and

e the projection of ¢ onto that same factor is the composition of the projec-
tion onto the (X )" indexed by (8,n, o) with the map (1x,)*" : (X )2l —
(X[g)A[n+1}.

Proof. This is identical to the proof of Proposition changing a € Ob(C) to
B € Ob(D), (0: a0 - &) € €to (0: 8 — F') € D, NCla) to N(F|j), and
N(Cl ') to N(F L. O

Lemma 13.3. Let M be a simplicial model category, let F': € — D be a functor
between small categories, and let X : D — M be a D-diagram in M. If

hE— [ (xa)2M

acO0b(D)
n>0
A[n]—=N(Fla)
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is a map that equalizes the maps ¢ and 1 of (13.2)), then for every factor (X o)
indexed by (a,n, ((ao —ay— = a,) €CT: Fay, — a)) the diagram

E
h(y% K

Al Aln]
(X(Fozn)) (T*)(IA[n]) (Xa)
commutes, where h, is the projection onto that factor and h, (Fan)) 15 the projection
onto the factor indexed by (Fozn,n7 ((ao —a; == a,) €C1: Fa, — Fan)).

Proof. The projection of ¢ onto the factor (X ,)2[") indexed by ((T: Fa, — «a) €
D,n, ((ao —a; > —a,) €C1: Fay,, — Fan)) in the first factor on the right
of is the composition (,)(1aim) o h(1 s, ) and the projection of ¢ onto that
same factor is h.. O

Theorem 13.4. If M is a simplicial model category, F': ¢ — D is a functor between
small categories, X is a D-diagram in M, and F*X = X oF': C — M is the induced
C-diagram in M, then there is a natural isomorphism of ends

hom®(N(F|—-),X) =~ home(N((‘,’i—),F*X):ho(lgimF*X

and the natural map of homotopy limits holimp X — holime F* X is isomorphic
to the map of ends induced by the map of D-diagrams N(F | —) — N(D | —) (see

Example .

Proof. Proposition applied to the C-diagram F* X implies that holime F* X =
hom® (N(€} =), F*X) is naturally isomorphic to the equalizer of the maps

[
135 ] (Xrod =
acob(e) v
n>0
A[n]—N(Cla)
(TT Xrar®) o (JT Xwa)2 ) 5 ((JT (Xpa)®Y)
(0: a—a’)ee a€ceOb(@) ac0b(e)
& 22
Alnl=N(ele) Aln]>N(€la) Aln] SN(Cla)

where the maps ¢ and @ are as described in Proposition [11.6f We will define a
natural isomorphism from the equalizer of ((13.2)) to the equalizer of ([13.5).
We begin by defining

R: [ X2 — ][ (Xpa)2M

aeOb(D) aceOb(C)
n>0 n>0
A[n]—=>N(Fla) A[n]—=N(Cla)

by letting the projection of R onto the factor (X rq )2 indexed by (e, m, (a0 —
o = =) €CTay, — a)) be the projection from the product onto the
factor (XFQ)A["] indexed by (Fa,n, ((ao = a; > - = ay) € CFr: Fay,, —
Fa)).
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To show that R induces a map from the equalizer of (13.2)) to the equalizer of
(13.5), let f: E =] acob(m) (X o)A be a map that equalizes the maps ¢ and
0

n>
Aln]—N(Fla)

) of . The projection of ¢ onto the first factor on the right of , projected
onto the factor (X pos)2" indexed by ((0: a = o/) € €,n, ((ag = a1 — -+ —
an) € C 7oy — a)), when composed with R, is the projection onto the factor
(XFQ)A[”] indexed by (Fa,n, ((ao - a; = - = ay) € CFr: Fa, — Fa))
composed with the map ((Fo),) 20 : (X po )2 — (X po )2, The projection of
1) onto that same factor, when composed with R, is the projection onto the factor
(XFO/)A["] indexed by (Fo/,n, ((ao = a; = - = ap) € CF(o7): Fa,, —
Fo/)). Since the map f equalizes the maps ¢ and v of , Rf equalizes the
projections of ¢ and 1 of onto the first factor on the right (see Lemma.

Similarly, since f equalizes the projections of ¢ and i of onto the second
and third factors on the right of , Rf equalizes the projections of ¢ and v of

(13.5)) onto the second and third factors of (13.5). Thus, R defines a map R from
the equalizer of 1' to the equalizer of (|13.5)).
To show that R is an isomorphism, we’ll define an inverse map S. We begin by

defining

S H (‘X‘Foz)A[n]—> H (Xa)A[n]

aeOb(C) a€Ob(D)
n>0 n>0
A[n]—=N(Cla) A[n]—>N(Fla)

by letting the projection of S onto the factor (X o) indexed by (a,n, ((ao —
ar == ap) €C7: Fay,, — a)) be the projection onto the factor (X g, )"
indexed by (an,n, ((ao —a; = a,) €01 q, — an)) composed with the
map (7:)"200: (X po, )2 = (X po)2. To show that this defines a map from the

equalizer of (I3.5) to the equalizer of (I3.2), welet g: E — [ acobe) (Xra)2M
n>0

An]—N(Cla)
be a map that equalizes the maps ¢ and ¢ of (13.5). The projection of ¢ onto

the first factor on the right of (13.2)), projected onto the factor (X o )2 in-

dexed by ((0: a0 = o) € D,n, ((ag = a1 = -+ = ay) € €,7: Fo, — a)),
when composed with S, is the projection onto the factor (X rq, )2 indexed by
(an,n, ((ao = a = = oay) € Cl:a, — an)) composed with the map

(1) '2: (X o, )2 = (X )27 composed with the map (o, )tal: (X, )2 —
(X o)2[". The projection of v onto that same factor is the projection onto the fac-
tor (X o, )2 indexed by (an,n, ((ao —“ay == a,) €61 a, — an)) com-
posed with the map ((UT)*)lA[n] D (X pa, )2 = (X po )2l Since (07), = 04T,
the map S equalizes the projections of ¢ and v onto the first factor on the right of
, and so the composition Sg also equalizes them.

Since g equalizes the projections onto the second and third factors on the right of
, Sg equalizes the projections onto the second and third factors on the right

of (13.2)), and so S defines a map S from the equalizer of (13.5)) to the equalizer of
(13.2).

We will now show that S is an inverse for R. To see that SR is the identity,

let f: E =] acob) (X ,)2" be a map that equalizes the maps ¢ and 1) of
n>0
A[n]—=N(Fla)
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(13.2)). The composition
SR: [ (Xo)2M — I (xa)2™

a€eOb(D) aeOb(D)
n>0 n>0
A[n]—=N(Fla) A[n]—=N(Fla)

is such that its projection onto the factor (X )2 indexed by (a,n, ((ag = a1 —

- = an) € C71: Fay, — a)) is the composition of the projection onto the
(Xpan)A["] indexed by (Fozn,n, ((ao —ay == ap) €61 Fa,, — Fozn))
with the map (7.)'201: (X pq, )27 — (X ,)2M. Since f equalizes the maps ¢
and v of , that composition equals the projection onto the factor (X, Aln]
indexed by (a,n, ((ao —a == ay) €C71: Fa, — a)) (see Lemma ,
and so SR is the identity.

To see that RS is the identity, let g: £ — [ acon(e) (X po )M equalize the
n>0
A[n]—=N(Cla)

maps ¢ and ¢ of (13.5)). The composition
RS: [[ (Xra)®M — [ (Xrpa)?

ac0b(R) acOb(C)
n>0 n>0
A[n]—-N(Cla) A[n]—-N(Cla)

is such that its projection onto the factor (X o)l indexed by (a,n, ((eg —
@y = - = ay) € €7 @, — «)) is the composition of the projection onto the
(XFQR)A[”] indexed by (an,n, ((ao —“a; == ap) €61, = an)) with
the map ((FT)*)lA["]: (X Fa, )2 — (X pq)2M. Since g equalizes the maps ¢
and 9 of (13.5), that composition equals the projection onto the factor (X FQ)AW
indexed b}wn, ((ao —a; == ay) €EC T, — a)) (see Lemrnau7 and
so RS is the identity. (Il

13.1. Weak equivalences and fibrations.

Definition 13.6. A functor between small categories F': € — D is homotopy left
cofinal (or homotopy initial) if for every object § of D the simplicial set N(F' | 3)
(see Definition is contractible. If € is a subcategory of D and F' is the in-
clusion, then € is called a homotopy left cofinal subcategory (or a homotopy initial
subcategory) of D.

Theorem 13.7. Let M be a simplicial model category and let F: ©¢ — D be a
functor between small categories. If F' is homotopy left cofinal, X is an objectwise
fibrant D-diagram in M, and F*X = X o F' is the induced C-diagram, then the
natural map of homotopy limits holimp X — holime F* X is a weak equivalence.

Proof. Theorem [13.4)implies that the natural map of homotopy limits is isomorphic
to the map of ends hom® (N(D|-),X) — hom® (N(F ] =), X) induced by the
map of D-diagrams Fi.: N(F|—) — N(DJ]—) (see Example [2.21). Since F is
homotopy left cofinal, that map of diagrams is a weak equivalence of cofibrant
D-diagrams, and so the result follows from Corollary O

Proposition 13.8. Let M be a simplicial model category, let D be a small category,
and let F': € — D be the inclusion of a subcategory. If X is an objectwise fibrant
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D-diagram in M and F*X = X o F is the induced C-diagram, then the natural
map of homotopy limits holimp X — holime F* X is a fibration of fibrant objects.

Proof. Theorem implies that the natural map of homotopy limits is naturally
isomorphic to the map of ends hom® (N(Dif),X) — hom? (N(Fif),X in-
duced by the map of D-diagrams F,: N(F'] —) — N(D ] —) (see Example [2.21]).
Thus, the result follows from Proposition Corollary and Corollary

([l

14. DIAGRAMS OF SPACES

14.1. The geometric realization and total singular complex functors. In
this section we show that the homotopy colimit and homotopy limit functors behave
well with respect to the total singular complex and geometric realization functors

(see Theorem and Theorem [14.3)).

Lemma 14.1. Let K be a simplicial set.

Q

(1) If X is a simplicial set, then there is a natural isomorphism |X QR K |
|X|® K.

(2) If X is a topological space, then there is a natural isomorphism Sing(X )
(Sing X )&

Q

Proof. For part 1, we have natural isomorphisms
I XoK|=|XxK|~|X|x|K|=|X|oK .

For part 2, for every n > 0 there are natural isomorphisms

(Sing(X*)) = Top(|A[n]|, X*)
= Top(|A[n]], X‘Kl)
~ Top(|A[n]| x |K| X)
NTop(|A[n] )

~ SS(A[n] x K, SlngX)
~ SS(A[n], (Sing X))
~ ((SingX)K)n

where XX is the topological space of continuous functions from ‘K ‘ to X. Thus,
we have a natural isomorphism Sing(X¥) ~ (Sing X)%. O

Theorem 14.2. Let € be a small category.

(1) If X is a C-diagram of simplicial sets, then there is a natural isomorphism
|hocolim X | & hocolim | X |

of topological spaces.
(2) If X is a C-diagram of topological spaces, then there is a natural isomor-
phism
Sing(holim X') ~ holim(Sing(X))
of simplicial sets.
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Proof. For part 1, the geometric realization functor is a left adjoint, and so it com-
mutes with colimits. Lemma thus implies that we have natural isomorphisms

|hocolim X | = | X ®e N(—1€)”|
_ ‘colim(H X, 0N 10" = [[Xaw N(aw)op)
~ colim (| Xo @ N(o' 1 €)| = [[| X0 @ N(a L €)|)
~ conm(]_[\xa\ ©N@ 10" = [[|Xa] @ N(aw)"P)

= |X| ®e N(—1C)
= hocolim| X | .

Part 2 is similar: the total singular complex functor is a right adjoint, and so it
commutes with limits. Lemmal[I4.1]thus implies that we have natural isomorphisms

Sing(holim X) = Sing(hom®(N(€ | —), X))
= Sing(lim(H(Xa)N(Cia) = H(XQI)N(CW)))
~ lim(H Sing((Xa)N<@¢a>) = H Sing((Xa/)N((ua)))
~ hm(H(smgXQ)N(ew = [[(Sine Xa,)N(ew))

= hom®(N(CJ —), Sing X))
= holim(Sing X) . O

Theorem 14.3. Let € be a small category.

(1) If X is an objectwise cofibrant C-diagram of topological spaces, then there
is a natural weak equivalence of simplicial sets

hocolim(Sing X) — Sing(hocolim X) .

(2) If X is an objectwise fibrant C-diagram of simplicial sets, then there is a
natural weak equivalence of topological spaces

|holim X | — holim|X | .

Proof. For part 1, the natural objectwise weak equivalence of objectwise cofibrant
C-diagrams of topological spaces ’SingX | — X induces a natural weak equiva-
lence hocolim‘Sing X ’ — hocolim X (see Theorem. Theorem implies that
this is naturally isomorphic to a natural weak equivalence ’hocolim(Sing X )| —
hocolim X, and this corresponds under the standard adjunction to a natural weak
equivalence hocolim(Sing X') — Sing(hocolim X').

Part 2 is similar: the natural objectwise weak equivalence of objectwise fibrant
C-diagrams of simplicial sets X — Sing|X induces a natural weak equivalence
holim X — holim(Sing| X |) (see Theorem [11.4). Theorem implies that this
is naturally isomorphic to a natural weak equivalence holim X — Sing(holim|X |)

and this corresponds under the standard adjunction to a natural weak equivalence
holim X | — holim| X |. 0
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14.2. Filtered diagrams of simplicial sets. The main result of this section is

Theorem [4.17

Lemma 14.4. Let C be a small filtered category and let X be a C-diagram of
simplicial sets. If K is a simplicial set with finitely many nondegenerate simplices,
then the natural map

colim SS(K, X ,) — SS(K, colim X )
is an isomorphism of sets.

Proof. We first show that the natural map is surjective. Let f: K — colim X be
a map. For each nondegenerate simplex o: A[n] — K of K there is an object a,

of € such that the composition A[n] % K I, colim X factors through X, ; since
there are only finitely many of those and C is filtered, there exists an object S of
€ such that all of those compositions factor through X . Corollary implies
that there are only finitely many relations to be imposed upon these factorizations
through X g in order for the map o to factor, and so there is a map § — v in €
such that the map X3 — X, imposes those relations, and so the map f factors
through X . Thus, the natural map is surjective.

To see that it is injective, let a and 8 be objects of € and let f: K — X,

and g: K — X3 be maps such that the compositions K ER X, — colim X and

K% X g — colim X are equal. Corollary implies that it is sufficient to
find an object v of € and maps s: a — v and ¢: 8 — v in € such that, for each
nondegenerate simplex o: A[n] — K of K, the compositions

Aln] 2K 13 x, s X,

and

g9 ty

Xz X,

are equal; these exist because there are only finitely many such nondegenerate
simplices and € is filtered. (]

Lemma 14.5. Let C be a small filtered category and let i: K — L be a map
between simplicial sets with finitely many nondegenerate simplices. If X and Y
are C-diagrams of simplicial sets and for every object o of C the map fo: X, = Y,
has the right lifting property with respect to i, then the induced map of colimits
colim f: colim X — colimY has the right lifting property with respect to i.

Proof. Given a solid arrow diagram

K —2 colim X

" |

L f} colimY
Lemma [I4:4] implies that there are objects o and 8 of € and factorizations
K 223X, —scolimX of sand

L t—ﬁ>Y5 —colimY  of ¢.
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We can then choose an object v of € for which there are maps a — v and g8 — ~
in €, and we will have the not necessarily commutative diagram

K—43X,—— X,
L——Ys——=Y,,
B

and since K has only finitely many nondegenerate simplices, there is a map v — ¢
in € such that the solid arrow diagram

Sa

K X, Xy ——= X5

tg

does commute. Since f5: X s — Y5 has the right lifting property with respect to 4,
there exists a dotted arrow making the diagram commute, and that dotted arrow
defines the required dotted arrow in Diagram [14.6 O

Proposition 14.7. Let C be a small filtered category, let X and' Y be C-diagrams
of simplicial sets, and let f: X —Y be a map of diagrams.
(1) If the map f is an objectwise fibration, then the induced map of colimits
colim f: colim X — colimY is a fibration.
(2) If the map f is an objectwise trivial fibration, then the induced map of
colimits colim f: colim X — colimY is a trivial fibration.

Proof. A map of simplicial sets is
e a fibration if it has the right lifting property with respect to the maps
Aln, k] = Aln] for all n > 0 and 0 < k < n and
e a trivial fibration if it has the right lifting property with respect to the
maps 0A[n] — Aln] for all n > 0,

and so the result follows from Lemma [T4.5] O

Corollary 14.8. If C is a small filtered category and X is a C-diagram of fibrant
simplicial sets, then colim X is fibrant.

Proof. This follows from Proposition letting Y be the constant diagram at a
point. (Il

Lemma 14.9. Let C be a small filtered category and let X be a C-diagram of
fibrant simplicial sets. If K is a simplicial set with finitely many nondegenerate
simplices, then the C-diagram of simplicial sets Map (K, X) (which on an object «
of € is Map(K, X)) is a C-diagram of fibrant simplicial sets and the natural map

colim Map(K, X,) — Map(K, colim X )
is an isomorphism of fibrant simplicial sets.

Proof. Since every simplicial set is cofibrant and each X, is fibrant, each simplicial
set Map(K, X ) is fibrant.
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The colimit of a diagram of simplicial sets is constructed dimensionwise, and so
it is sufficient to show that for every n > 0 the map of sets

colim Map,, (K, X ,) — Map,, (K, colim X )

is an isomorphism. Since
Map,, (K, X ) = SS(K x A[n], X,) ,
Map,, (K, colim X ) = SS(K x A[n],colim X ) ,
« «

and K x Aln] has only finitely many nondegenerate simplices, the isomorphism
follows from Lemma[I4.4] and Corollary[I4.8]implies that these are fibrant simplicial
sets. (]

Theorem 14.10. Let C be a small filtered category. If X andY are C-diagrams of
simplicial sets and f: X — Y is an objectwise weak equivalence, then the induced
map of colimits colim f: colim X — colimY is a weak equivalence.

Proof. Factor the map of diagrams f: X — Y as X > W 2y Y where i is a
trivial cofibration and p is a fibration (in the Bousfield-Kan model structure on C-
diagrams of simplicial sets). The map i is then also an objectwise trivial cofibration.
Since f is an objectwise weak equivalence, the two-out-of-three property implies
that the objectwise fibration p is actually an objectwise trivial fibration, and so
Proposition [I4.7] implies that colimp: colim W — colimY is a trivial fibration.
Since colimit is a left Quillen functor (because the constant diagram functor
(its right adjoint) preserves fibrations and trivial fibrations), colimé: colim X —
colim W is a trivial cofibration, and so the composition colim X — colim W —
colimY is a weak equivalence. ([l

Proposition 14.11. Let C be a small filtered category. If X is a C-diagram of
simplicial sets, then the natural map hocolim X — colim X is a weak equivalence.

Proof. Proposition implies that there is a C-diagram X and an objectwise
weak equivalence of diagrams X — X for which the induced map of colimits
colim X — colim X is isomorphic to the natural map hocolim X — colim X, and
Theorem implies that the induced map of colimits is a weak equivalence. []

Corollary 14.12. Let C be a small filtered category. If X is a C-diagram of
fibrant simplicial sets then the natural map hocolim X — colim X is a fibrant
approximation to hocolim X .

Proof. Proposition [I4.11] implies that the map is a weak equivalence and Corol-
lary implies that colim X is fibrant. ([l

14.3. Commuting hocolim and holim: simplicial sets.

Lemma 14.13. If € is a small filtered category, D is a finite category (i.e., D has
finitely many objects and finitely many morphisms), and X is a € x D-diagram of
sets, then the natural map

colimlim X — lim colim X
e D D€
is an isomorphism of sets.

Proof. See, e.g., [8, p. 211] or |1, Thm. 2.13.4] or |9, Thm. 9.5.2]. O
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Corollary 14.14. If C is a small filtered category, D is a finite category (i.e., D
has finitely many objects and finitely many morphisms), and X is a C x D-diagram
of simplicial sets, then the natural map
colimlim X — lim colim X
e D D e
is an isomorphism of simplicial sets.

Proof. Since limits and colimits of diagrams of simplicial sets are constructed di-
mensionwise, this follow from Lemma [14.13 [

Definition 14.15. A category D is finite and acyclic if

e D has finitely many objects,

e D has finitely many morphisms, and

e there is no composable sequence of non-identity maps that starts and ends
at the same object.

This is equivalent to saying that the nerve ND of D has only finitely many nonde-
generate simplices. This is also equivalent to what Dwyer and Spaliniski [5, 10.13]
have called a very small category.

Proposition 14.16. If D is a finite and acyclic category (see Definition|14.15|) and
« is an object of D, then N(D | «), the nerve of the overcategory of «, has only
finitely many nondegenerate simplices.

Proof. The conditions on D imply that there are only finitely many composable
strings of non-identity maps. O

Theorem 14.17. Let C be a small filtered category and let D be a finite and
acyclic category (see Definition|14.15|). If X is an objectwise fibrant € x D-diagram
of simplicial sets, then there is a natural isomorphism

hoilDim Fibp (hocglim X))~ Fib(hocglim hojl)im X)
where Fibgp (hocolime X)) is an objectwise fibrant approximation to the D-diagram

hocolime X and Fib(hocolime holimy X)) is a fibrant approximation to hocolime holimg, X .

¢
Proof. Let £ be the category a ——<b with two objects {a,b} and two non-
P

identity maps ¢,%: a — b. Let Y be the € x L-diagram of simplicial sets such
that

Y= Hanb@)(Xﬁ,a)N(Dw)v
Ygp= H(o‘: a%a’)ED(Xﬂya')N(Dia)a
the maps ¢ and @ are as in Definition and
ifr: 8 — B isamapin C, then themaps Yg, =Yg ,and Yz, — Y,
are induced by the maps Xg,a — Xﬂ/@ and X57a/ — XB/#X/'
Corollaryimplies that the natural map colime limg Y — limg colime Y is an
isomorphism, and so it remains only to identify these colimits and limits.

Since Y 5,, and Y g 4, are defined as finite products, X% = Map(K, X) for all sim-
plicial sets X and K, and each N(D | «) has finitely many nondegenerate simplices

(see Proposition [14.16]), Lemma implies that

i ~ i N(Dla)y ; N(Dla)
cogm Y5, H cogm((X/g,a) ) H (cogm X5.4)
a€Ob(D) a€O0b(D)
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and
. - . ANDL)Y o : NAN(Dla)
colim ¥, ~ 11 cogm((X@a ) ) 11 (cogm Xs,0/) .
(0: a—a’)ED (0: a—=a’)eD
Corollary thus implies that for every object § of C the limit of the diagram

@
cogm Ygo —2 coleim Yss
P

is the homotopy limit of an objectwise fibrant approximation to the D-diagram
hocolime X. That is, limg colime Y is holimp Fibp (hocolime X).

To identify colime lim; Y, note that for each object 5 of C' the limit limg Y g
is holimp X .. Proposition [T1.3] implies that these are all fibrant simplicial sets,
and so Corollary [[4.12) implies that colime limg Y = colime holimp X is a fibrant
approximation to hocolime holimp X. [

14.4. Commuting hocolim and holim: topological spaces. The main result
of this section is Theorem

The following theorem shows that, for diagrams in the category of topological
spaces, the homotopy colimit functor preserves objectwise weak equivalences even
if the objects are not assumed to be cofibrant.

Theorem 14.18. Let C be a small category. If X and Y are C-diagrams of topo-
logical spaces and f: X — Y is an objectwise weak equivalence, then the induced
map of homotopy colimits f,: X — Y is a weak equivalence.

Proof. See |6l Appendix A]. O

Theorem 14.19. Let C be a small filtered category and let D be a finite and acyclic
category (see Definition . If'Y is a € x D-diagram of topological spaces, then
there is a natural zig-zag of weak equivalences between holimq hocolime Y and
hocolime holimp Y.

Proof. Let X be the (objectwise) total singular complex of Y, so that X is a Cx D-
diagram of fibrant simplicial sets. Theorem [14.17| implies that there is a natural
isomorphism

holim Fibp (hocolim X') ~ Fib(hocolim holim X) |
D e e D
and so we have a natural isomorphism of topological spaces
(14.20) ‘hochim Fibgp (hocglim X)| ~ ‘Fib(hocglim ho%im X)| .

We will show that there is a natural zig-zag of weak equivalences between the
left hand side of (14.20) and holimp hocolime Y and a natural zig-zag of weak

equivalences between the right hand side of ([14.20) and hocolime holimp Y.
We first examine the left hand side of ([14.20)). Theorem implies that there

is a natural weak equivalence
|hojljim Fibp (hocglim X) ’ — hogl)im’FibD (hocglim X)| ,
Theorem implies that we have a natural weak equivalence
holim|hocolim X | —s holim |Fibxp (hocolim X)| ,
D e D e
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and Theorem [I4:2] gives us a natural isomorphism
holim‘hocolim X‘ ~ holim hocolim’X‘ .
D e D e
Since X = Sing Y, we have a natural objectwise weak equivalence |X | = ‘Sing Y| —
Y., and so Theorem [14.18 and Theorem [11.4] give us a natural weak equivalence
holim hocolim|X } — holim hocolimY .
D e D e
We next examine the right hand side of (14.20). We have a natural weak equiv-
alence
’hocolim holim X | — |Fib(hocolim holim X) ‘ ,
e D e D
Theorem [14.2] gives us a natural isomorphism
|hocolim holimX| R~ hocolim|holimX| ,
e D e D
Theorem [14.3] and Theorem [I4.18] give us a natural weak equivalence

hocolim‘holim X | — hocolim holim|X | ,
c D c D

and since we have a natural objectwise weak equivalence {X | = ’SingY| —Y,
Theorem [I4.18] and Theorem give us a natural weak equivalence
hocolim holim|X } — hocolimholimY . (]
e D e D
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