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Abstract

A subgraph H = (V, E’) of a graph G = (V, F) is non-separating if G\ F’, that is, the
graph obtained from G by deleting the edges in E’, is connected. Analogously we say that
a subdigraph X = (V, A’) of a digraph D = (V, A) is non-separating if D \ A’ is strongly
connected. We study non-separating spanning trees and out-branchings in digraphs of
independence number 2. Our main results are that every 2-arc-strong digraph D of
independence number a(D) = 2 and minimum in-degree at least 5 and every 2-arc-strong
oriented graph with (D) = 2 and minimum in-degree at least 3 has a non-separating
out-branching and minimum in-degree 2 is not enough. We also prove a number of other
results, including that every 2-arc-strong digraph D with o(D) < 2 and at least 14 vertices
has a non-separating spanning tree and that every graph G with §(G) > 4 and a(G) =2
has a non-separating hamiltonian path.

Keywords: non-separating branching; spanning trees; digraphs of independence number
2; strongly connected; hamiltonian path.

1 Introduction

An out-tree in a digraph D = (V, A) is a connected subdigraph Tt of D in which every
vertex of V(T;"), except one vertex s (called the root) has exactly one arc entering. This is
equivalent to saying that s can reach every other vertex of V(T,") by a directed path using
only arcs of T;". An out-branching in a digraph D = (V, A) is a spanning out-tree, that is,
every vertex of V is in the tree. We use the notation B for an out-branching rooted at the
vertex s. An in-branching, B, , rooted at the vertex ¢ is defined analogously. The following
classical result due to Edmonds and the algorithmic proof due to Lovasz [14] implies that
one can check the existence of k arc-disjoint out-branchings in polynomial time.

Theorem 1 (Edmonds). [12] Let D = (V, A) be a digraph and let s € V. Then D contains k
arc-disjoint out-branchings, all rooted at s, if and only if there are k arc-disjoint (s,v)-paths
i D for everyv € V.
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Deciding the existence of arc-disjoint in-and out-branchings is considerably more difficult
as shown by the following result due to Thomassen (the theorem and its proof can be found
in [1]).

Theorem 2. [t is NP-complete to decide whether a digraph contains arc-disjoint branchings
BF, By for given vertices s,t.

It was shown in [6] that the problem remains NP-complete even for 2-arc-strong 2-regular
digraphs.

Thomassen conjectured that sufficiently high arc-connectivity will guarantee the existence
of arc-disjoint in- and out-branchings with prescribed roots. As defined in Section 2, A\(D)
denotes is the arc-connectivity of the digraph D.

Conjecture 3. [16] There exists a natural number K such that every digraph D with \(D) >
K contains arc-disjoint branchings B, B, for every choice of s,t € V.

It was pointed out in [2] that Conjecture Blis equivalent to the following (the same value
of K would work for both conjectures).

Conjecture 4. There exists a natural number K such that every digraph D with \(D) > K
contains an out-branching which is arc-disjoint from some in-branching.

In this paper we study digraphs of independence number 2. The structure of digraphs
with independence number 2 is not well understood and there are numerous interesting open
problems. For instance it is an open problem whether the existence of vertex disjoint paths
Py, P; such that P; is an (s;,t;)-path for i = 1,2 can be checked in polynomial time (for a
partial result see [11]). In the case where we want arc-disjoint paths, a polynomial algorithm
was given in [13].

Very recently the following result which settles Conjectures Bl and Ml for digraphs of inde-
pendence number 2 was obtained. The result is best possible in terms of the arc-connectivity
as there are infinitely many strong digraphs with independence number 2 and arbitrarily high
minimum in-and out-degrees that have no out-branching which is arc-disjoint from some in-
branching [2].

Theorem 5. [2] Every digraph D = (V, A) with (D) = 2 and A\(D) > 2 contains arc-disjoint
branchings B, B, for some choice of s,t € V.

Conjecture 6. [2] Every 2-arc-strong digraph D = (V, A) with a(D) = 2 has a pair of
arc-disjoint branchings B}, B, for every choice of s € V.

Conjecture 7. [2] Every 3-arc-strong digraph D = (V,A) with a(D) = 2 has a pair of
arc-disjoint branchings B, B, for every choice of s,t € V.

In the present paper we are interested in the existence an out-branching B* in a strongly
connected digraph D of independence number 2 such that the digraph D\ A(B™) that we
obtain by deleting all arcs of BT is still strongly connected. Clearly if D has such an out-
branching, then it also has arc-disjoint in- and out-branchings B}, By from some vertex s

(namely the root of BT). The main result of the paper is the following which, besides being
of interest in connection with Conjecture [I1] below, also provides support for Conjecture [6l

Theorem 8. Let D be a 2-arc-strong digraph with (D) < 2. If either of the following
statements hold then there exists an out-branching, B, in D, such that D\ A(B™) is strongly
connected.



(i): 07 (D) > 5, or
(ii): 6= (D) > 3 and D is an oriented graph (no cycles of length 2).

Theorem [ (ii) is best possible in the sense that there exists a digraph D, with a(D) = 2
and A(D) > 2 (and therefore 6~ (D) > 2) which does not contain a non-separating out-
branching. See Figure [6] and Proposition

In Section 2l we provide some preliminary results. In particular, we show in Proposition
[[2 that there are infinitely many 2-arc-strong digraphs with independence number 2 and high
in- and out-degrees that do not have an arc-partition into two spanning strong subdigraphs,
implying that we cannot replace BT in Theorem [ by some spanning strong subdigraph.
We also describe some structural results on semicomplete digraphs that will be used in later
sections. Finally we prove a structural result on strong spanning subdigraphs with few arcs
in digraphs with a(D) =2 < A(D).

In Section Bl we characterize semicomplete digraphs with non-separating out-branchings
and prove a more general result which will be used in the proof of Theorem Bl

In Section @ we prove Theorem [8 and in Section [ we study non-separating spanning
trees in digraphs of independence number 2. The main result here is Theorem 23] which says
that every 2-arc-strong digraph D with a(D) = 2 and n > 14 vertices has a non-separating
spanning tree. We conjecture that already n > 9 is enough, which would be best possible, and
prove this in the case when D has a hamiltonian cycle and no cycle of length 2. In Section [6] we
construct an infinite family of 2-arc-strong digraphs with « = 2 for which every hamiltonian
path is separating and in Section [[l we show that for undirected graphs with independence
number 2 a non-separating hamiltonian path always exists, provided the minimum degree is
at least 4. Finally, in Section [§ we pose a number of open problems.

2 Terminology and Preliminaries

Terminology not defined here or above is consistent with [3]. Let D = (V, A) be a digraph.
The underlying graph of D is the graph UG(D) = (V, E) where uv € E if and only if
there is at least one arc between u and v in D. For a non-empty subset X C V we denote by
d5(X) (vesp. dp(X)) the number of arcs with tail (resp. head) in X and head (resp. tail)
in V\ X. We call dj(X) (resp. dp(X)) the out-degree (resp. in-degree) of the set X.
Note that X may be just a vertex. We will drop the subscript when the digraph is clear from
the context. We denote by 6(D) the minimum over all in- and out-degrees of vertices of D.
This is also called the minimum semi-degree of a vertex in D. The arc-connectivity of D,
denoted by A\(D), is the minimum out-degree of a proper subset of V. A digraph is strongly
connected (or just strong) if A(D) > 1. An arc a of a strong digraph D is a cut-arc if
D\ {a} is not strong.

When X is a subset of the vertices of a digraph D, we denote by D[X] the subdigraph
induced by X, that is, the vertex set of D[X] is X and the arc set consists of those arcs of
D which have both end vertices in X.

The independence number, denoted a(D), of a digraph D = (V, A) is the size of a
largest subset X C V such that the subdigraph of D induced by X has no arcs.

A strong component of a digraph D is a maximal (with respect to inclusion) subdigraph
D’ which is strongly connected. The strong components of D are vertex disjoint and their



vertex sets form a partition of V(D). If D has more than one strong component, then we
can order these as D1, ..., Dy such that there is no arc from a vertex in V(D;) to a vertex
in V(D;) when j > i. A strong component D; is initial (terminal) if there is no arc of D

which enters (leaves) V(D;).
The following result is well-known and easy to show.

Proposition 9. A digraph D has an out-branching if and only it it has precisely one initial
strong component. In that case every vertex of the initial strong component can be the root
of an out-branching in D.

A digraph is semicomplete if it has no pair of nonadjacent vertices. A tournament
is a semicomplete digraph with no directed cycle of length 2. A digraph D = (V, A) is co-
bipartite is it has a vertex-partition V;, Vs such that D[V;] is semicomplete for i € [2].

We shall make use of the following classical result due Camion. He formulated it only for
tournaments but it is easy to see that it holds for semicomplete digraphs also.

Theorem 10. [9] Every strongly connected semicomplete digraph is hamiltonian.

2.1 Non-separating strong spanning subdigraphs

The following conjecture, which would clearly imply Conjecture B, has been verified for
semicomplete digraphs (see Theorem [IH] below).

Conjecture 11. [7] There exists a natural number K such that every digraph D with A(D) >
K contains arc-disjoint spanning strong subdigraphs Dy, Ds.

The infinite family of digraphs described below shows that no condition on semi-degree is
enough to imply the conclusion of Conjecture [[1] for 2-arc-strong digraphs, even for digraphs
with independence number 2.

Proposition 12. For every natural number K there are infinitely many 2-arc-strong di-
graphs D with a(D) = 2 and 6°(D) > K that have no pair of arc-disjoint spanning strong
subdigraphs.

Figure 1: A 2-arc-strong digraph D with «(D) = 2 and no decomposition into 2 arc-disjoint
spanning subdigraphs.



Proof. Let T be a 2-arc-strong tournament with 6°(7") > K and let = be a vertex of T. Let
D = (V, A) be the digraph that we obtain from 4 disjoint copies T, i € [4], of T by adding
the arcs of the 4-cycle z1x3x91421, the arcs z1x9, x324, all possible arcs from V(T3) to V(T})
and from V(Ty) to V(T3). Here x; is the copy of x in T;. See Figure[ll Then D is co-bipartite
and 2-arc-strong and we claim that D’ does not contain a pair of arc-disjoint spanning strong
subdigraphs.

Indeed, suppose there is a partition A = A; U A such that D; = (V, 4;) is strong for
i = 1,2. There are exactly two arcs in D in both directions between V(T7) U V(T3) and
V(T3) U V(Ty). Without loss of generality we have z4x; € A; and zsxy € Ay. As there
are only two arcs entering V' (T5), this implies that the arc z1z9 must be in A; (in order to
reach the vertices in V(73)) and as there are only two arcs leaving V (7}) we have z1x3 € A,.
We must also have x3z4 € Aj, since the only other arc leaving V (73) is in Ag. This implies
that the arc xox4 must be in A now we see that there is no path from V(T1) U V(T5) to
V(T3) UV (Ty) in Dy, contradiction. O

2.2 Structure of semicomplete digraphs

Let D be a digraph. A decomposition of D is a partition (Si,...,5p), p > 1, of its vertex
set. The index of vertex v in the decomposition, denoted by ind(v), is the integer i such
that v € S;. An arc wv is forward if ind(u) < ind(v), backward if ind(u) > ind(v), and flat
if ind(u) = ind(v).

A decomposition (S, ...,Sy) is strong if D(S;) is strong for all 1 <4 < p. The following
proposition is well-known (just consider an acyclic ordering of the strong components of D).

Proposition 13. Every digraph has a strong decomposition with no backward arcs.

A nice decomposition of a strong digraph D is a strong decomposition such that the
set of cut-arcs of D is exactly the set of backward arcs. Note that if D has no cut-arc, that
is, A(D) > 2, then the strong decomposition with just one set Sy = V(D) is nice.

Proposition 14. [5] Every strong semicomplete digraph of order at least 4 admits a nice
decomposition.

Given a semicomplete digraph and a nice decomposition of it, the natural ordering of
its backward arcs is the ordering of these arcs in decreasing order according to the index of
their tail. Note that this ordering is unique [5].

Denote by S4 the semicomplete digraph on 4 vertices that we obtain from a directed
4-cycle vgv1v9v3v9 by adding the arcs vyve, vovg, v1vs, v3v1. The following result shows that
Conjecture [IT] holds for semicomplete digraphs.

Theorem 15. [7] Let D = (V, A) be a 2-arc-strong semicomplete digraph which is not iso-
morphic to Sg. Then D contains two arc disjoint strong spanning subdigraphs Dy, Ds.

Figure 2: The digraphs Sy 1, S42, Sa3



Recently Theorem [I5]was extended to strong decompositions of 2-arc-strong semicomplete
directed multigraphs (parallel arcs allowed).

Theorem 16. [J] Let D be a 2-arc-strong semicomplete directed multigraph. Then D has a
pair of arc-disjoint strong spanning subdigraphs if and only if D is not isomorphic to Sy or
one of three directed multigraphs shown in Figure [2 that can be obtained from Sy by adding
one or two extra arcs parallel to existing ones. Furthermore, if D is not one of those four
digraphs, then we can find a pair of arc-disjoint strong spanning subdigraphs in polynomial
time.

2.3 Strong spanning subdigraphs with few arcs in digraphs with a = 2.

Theorem 17 (Chen-Manalastras). [10] Let D be a strongly connected digraph with a(D) = 2.
Then either D has a hamiltonian cycle or it has two cycles Cy,Co that cover V(D) and whose
intersection is a (possibly empty) subpath of both cycles.

Corollary 18. Let D = (V, A) be a strong digraph with o(D) = 2. Then (A) or (B) below
holds.

(A): V(D) can be partitioned into Vi and Vs, such that D[V;] are strong semicomplete di-
graphs for i € [2] and there exists u; € V; that is not adjacent to any vertex in Vi_;.

(B): D has a strong spanning subdigraph S with one of the following properties.

(B1) S is a hamiltonian cycle of D.

(B2) There are two vertices x,y of S such that d§(z) = dg(y) = 1, dg(z) = d§(y) =2
and df (z) = dg(z) =1 for all z € V — {z,y}.
Furthermore Ng (z) and N¢ (y) are independent sets in D.

(B3) There ezists a vertex x € V such that d{(z) = dg(z) = 2 and d (v) = dg(v) =1
for all v # x.
Furthermore N (z) and Ng (x) are independent sets in D.

In particular when one of (B1)-(B3) holds, the sum of the degrees of any two distinct vertices
of S is at most 6.

Proof. Let D have a(D) = 2. By Theorem [I7] D has a hamiltonian cycle or it has two cycles
(4, Cy that cover V(D) and whose intersection is a (possibly empty) subpath of both cycles.
If D has a hamiltonian cycle we take S to be that cycle and we are done as (B1) holds. So now
assume that D contains no hamiltonian cycle, which by Theorem [I7] implies that D contains
two cycles Cy,Cy that cover V(D) and whose intersection is a (possibly empty) subpath of
both cycles. Let such C; and Cy be chosen such that [V (C1) NV(C2)| is maximum possible.

We now consider the case when [V (C1) NV (Ca)| > 0. If |V(Cy) NV (Cy)| =1, then let x
be the vertex in V(C1) NV (Cs) and let A(S) to be the union of A(Cy) and A(C3). Now the
first part of (B3) holds. If NJ () is not an independent set, then without loss of generality
assume that zu € A(Cy) and xv € A(Cs) and wv € A(D). Now remove the arc xv from Cy
and add the path zuv, in order to obtain a new cycle C%, with |V(Cy)NV(C))|=2>1=
|[V(Cy) N V(Cy)|, and thereby contradicting the maximality of |V(Ci) N V(Cy)|. Therefore
N ; (x) is an independent set. We can analogously show that Ng (z) is an independent set,
and therefore part (B3) holds. This completes the case when |V(C1) NV (C2)| = 1. We may
therefore assume that [V(C1) NV (Cy)| > 2. That is, there are vertices z,y € V(C1) NV (Cs)



such that the path common to C; and Cy is P and P = Cy[x,y] for i = 1,2. Now the first
part of (B2) holds. If NJ(y) is not an independent set then analogously to above we get a
contradiction to the maximality of |V(C1) N V(Cy)| (or to D not being hamiltonian). And,
again analogously to above, we can show that Ng (z) is also an independent set. Therefore
(B2) holds in this case. This completes the case when |V (C1) NV (Cs)| > 0.

Now assume that [V (Cy) N V(C3)| = 0 and therefore C; and Co are vertex disjoint.
As D is strongly connected there exists a (Cy,Cy)-arc, say z1z2 € A(D). Let ] be the
successor of z1 on Cj. If there is any (Cq,x])-arc, yoz;, in D, then considering the cycle
Ch [z}, 21])C2[xe, y2)z] instead of C7, would contradict the maximality of [V (C1) NV (Cy)|.
So there is no (Cy, 27 )-arc in D. If there is an (z],Ca)-arc in D, then consider zj instead
of z1. Continuing this process either gives us a vertex which is not adjacent to any vertex in
C5 or there is no arc from Cs to 1, xf, (xf)+, etc., a contradiction to D being strong. So
there must be a vertex u; € V(C1) which is not adjacent to any vertex in Co.

Analogously we can show that there must be a vertex us € V(Cy) which is not adjacent
to any vertex in C;. This implies that D[V (C;)] is semicomplete, as if two vertices, x;, y;,
in D[V(C;)] are non-adjacent then {z;,y;, us—;} is an independent set, a contradiction to
a(D) = 2.

3 Non-separating out-branchings in semicomplete digraphs

Figure 3: The semicomplete digraphs W7 and Ws.
Theorem 19. Let D be a strong semicomplete digraph. Then the following holds.

(a) If D has at least two vertices with in-degree one, then D contains no non-separating
branching. Furthermore if D contains exactly two wvertices with in-degree one and is not
isomorphic to Wy (see Figure [3), then there exists an out-tree T rooted at ry, such that
V(TT) =V(D) —ry and D\ A(T™") is strong, where dp,(r1) = dp(re) = 1.

(b) If D is isomorphic to Wy (see Figurel3), then D contains no non-separating branching.

(¢) If D is not isomorphic to Wy and contains exactly one vertex, r, of in-degree one,
then D contains a non-separating branching, rooted at r.

(d) If 6= (D) > 2 and |V(D)| < 3, then for every r € V(D) the digraph D contains a
non-separating branching, rooted at .

(e) If 6= (D) > 2 and |V (D)| > 4, then D admits a nice decomposition (S1,S2,...,Sp),
and for every r € Sy the digraph D contains a non-separating branching, rooted at r.



Proof. Recall that in an out-branching every vertex except the root has one arc entering it.
Hence if a vertex has in-degree one in D, it must be the root of any non-separating out-
branching. This shows that if D admits a non-separating out-branching, it has at most one
vertex with in-degree one. This proves the first part of (a).

Now assume that D contains exactly two vertices, 1 and 7y, with in-degree one and let
H be a hamiltonian cycle in D (H exists by Theorem [I0) and let D' = D\ A(H). If there is
only one initial strong component in D’ — ry, then letting 7" be an out-branching in D' — ro
gives us the desired out-tree. So assume that there are at least two initial strong components
in D' —ry, {r1} and Sy. If [V(S1)| > 2 then as 7 is non-adjacent to {ro} U V(Sy) in D’
and [{re} UV(S1)| > 3 we obtain a contradiction (as H was a hamiltonian cycle, meaning
that we removed only 2 arcs incident to 7 when we obtained D’ from D). So |S;| = 1 and
we let V(S1) = {t1}. As d;(t1) > 2, we have d,,(t1) = 1 and N, (t1) = {r2}. Analogously
considering D’ —ry instead of D’ —ry we obtain an initial strong component So in D’ —rq where
V(S2) = {t2} and N, (t2) = {r1}. Note that t; # to (as rito,rot; € A(D')). Furthermore t;
and ty are not adjacent in D', as if t1ty € A(D’) then rotity is a path in D' — ry and Ss is
not an initial strong component in D’ — r1. So in D', r; is non-adjacent to {ro,t1} and ¢, is
non-adjacent to {re,t;}. Therefore |V(D)| =4 and D is isomorphic to Wa. This proves the
second part of (a).

It is easy to check that if D is the semicomplete digraph Wj in Figure Bl then every
out-branching is separating (the vertex p; with in-degree one must be the root of all out-
branchings), which proves part (b).

Now suppose that D = (V, A) is different from W7 and has exactly one vertex of in-degree
one, which implies that n = |V(D)| > 3. Let H = pips...p,p1 be a hamiltonian cycle
in D and let D" = D\ A(H). Without loss of generality assume that d,(p1) = 1, which
implies that dj,, (p1) = 0. If D’ only has one initial strong component, then D’ contains an
out-branching, B;’l, rooted at pi, which implies that B;’l is a non-separating out-branching
in D. Therefore we may assume that D’ contains at least two initial strong components,
one of which is just the vertex p;. As d,(z) > 1 for all z € V/(D’) \ {p1} we note that any
other initial strong component, S, in D’ must contain at least two vertices. Furthermore
as there is no arc between p; and the vertices in S in D', we must have V(S) = {p2,pn}
and paopy, ppp2 € A(D'). Therefore n > 4, as otherwise pops € A(H) and pops € A(D'), a
contradiction.

If n = 4, then we note that D = W7, a contradiction (as H = py1pap3psp1 and A(D') =
{pap4,pap2, p1p3}). So assume that n > 5. Let T be obtained from H by deleting the arc
p1p2 and adding the arcs p,p2 and pip3. Note that T is a strongly connected spanning
subgraph of D. Let D* = D\ A(T), and note that p1p; € A(D*) for all i € [n]\ {n,3} and
P1D2, P2Dn, Pnps € A(D*) (as the vertex set of the initial component, S, in D’ was {p2,pn}).
Therefore the only initial component in D* is {p;} and there exists an out-branching, Bl‘fl in
D* rooted at p;, which is therefore a non-separating branching in D. This proves part (c).

We now consider the case when 6= (D) > 2. If n < 3, then D is the complete digraph on
three vertices and part (d) holds. So assume that n > 4. By Proposition [[4] D admits a nice
decomposition (57,52, ...,5p).

First consider the case when p = 1. That is D is 2-arc-strong. If D is isomorphic to Sy
(see Theorem [5]), then as can be seen in Figure [ S; has a non-separating branching B;"
for each r € V(Sy). So we may assume that D is not isomorphic to Sy, which by Theorem
implies that D contains two arc disjoint strong spanning subdigraphs D; and Dy. For every
r € V(D) we note that D; contains an out-branching rooted at r and therefore D contains a
non-separating branching, rooted at r. This proves part (e) when p = 1.



Figure 4: Decomposing Sy into an out-branching B in red and a strong spanning subdigraph
in blue.

We now consider the case when p > 2. Let r € S} be arbitrary. Let st be the (V(D) \
V(S1),V(S1))-arc in D. That is, st, is the cut-arc entering Sj.

Construct a new digraph H, from S; by adding a vertex x to S; and adding the two arcs
at and zr (if t = r we add two parallel arcs). We will first show that = has two arc-disjoint
paths to every other vertex in H,. As S is strong we note that x can reach all other vertices
in H, if we delete xt or xr. Furthermore if we delete any arc e € A(S7) then z can still reach
all other vertices in S7 by starting with the arc xt, as ¢ can reach all other vertices in S; even
after deleting one arc (by the definition of a nice decomposition). By Theorem [I] this implies
that there exists two arc-disjoint out-branchings both rooted in x in H,. Deleting x from
these gives us two arc-disjoint out-branchings B;", B in S1, rooted at t and r, respectively.

We will now show that we may assume that B, is not just an out-star rooted at t.
Assume that B;" is an out-star rooted at t. We first consider the case when |S;| > 4. Let
l1,l2,-..,lj5,|—1 be the leaves of B;" and note that {l,ls,... ;lj5;|=1} is not independent in
D\ A(B;) as the underlying graph of B;' is acyclic. So without loss of generality we may
assume that l1lo € D\ A(B;"). Now delete the arc tly from BtJr and add the arc l;l5 instead.
We have then obtained a B;" (arc disjoint from B;") that is not an out-star, as desired. So we
may now consider the case when |S;| < 3. Notice that |S;| = 1 is impossible as 67 (D) > 2,
so we have |Si| > 2. However if |Si| = 2, denoting Sy by {t,y}, we have d;(y) = 1, a
contradiction. So we must have |S1| = 3. Let S = {t,z,y}. As d(y),d,(z) > 2 we note
that zy,yx,tz,ty € A(D). As S is strong we note that zt € A(D) or yt € A(D) (or both).
Without loss of generality assume that 2t € A(D). We now obtain the desired B, and B;"
as follows.

o If r = ¢, then B, = {tz,xy} and B;" = {ty,yz}.
o If r =z, then B;" = {ty,yz} and B = {at,zy}.
o If r =y, then B = {tz, vy} and B} = {yx, xt}.

Now, as B;r is not just an out-star it contains a vertex g which is neither the root or leaf.
As D is a strong semicomplete digraph it contains a hamiltonian cycle, H = pipaps ... pnp1-
Without loss of generality assume that the cut-arc st is the arc p,pi. Then there must be
exactly one arc in H leaving Sy, say p;p;+1. Note that pips...p; is a hamiltonian path in Sy
and p;11Pi+2 - .. Pn is a hamiltonian path in D — V(S7). Let @ be the union of B;r and the
path p;11pite. .. pnp1 where we add an arc from every leaf of B;r to pi+1 (which exists by
the definition of the nice decomposition and the fact that ¢ is not a leaf of B;"). Note that Q
is a strong spanning subdigraph of D.

Now construct BT by starting with B;" and adding an arc from ¢ (the vertex that was not
the root or a leaf of B;") to every vertex in V(D) \ V(S;). Note that B* is an out-branching



in D rooted at r and D — A(B™) contains all arcs of Q and is therefore strongly connected.
This completes the proof of part (e) and therefore also of the theorem. O

As the digraph Sy has a non-separating out-branching B;" for each of its 4 vertices, the
same holds for any digraph obtained from S4 by adding arcs parallel to existing ones. Thus
we one can prove the following corollary of Theorem

Corollary 20. Every 2-arc-strong semicomplete directed multigraph D = (V, A) has a non-
separating out-branching B;S for every choice of v € V.

O

4 Proof of Theorem [

Before we prove Theorem [8 we need the following lemma.

Lemma 21. Let D have a(D) =2 < X(D) and assume that (D) > 3. If D satisfies (A)
in Corollary [I8, then D has a non-separating out-branching.

Proof. Let D be a digraph with a(D) = 2 < A(D) which consists of vertex disjoint strong
semicomplete digraphs Dj, Dy, such that there exists u; € V(D;) that is not adjacent to
any vertex in Ds_; for i = 1,2. As 67 (D) > 3 we note that dp (u;) > 3. Therefore
|[V(D1)|, |V (D2)| > 4 and neither Dy nor Dy is isomorphic with W; or Wy (see Figure[3]). We
will now construct in D an out-branching, BT, and a spanning strong subdigraph, @), which
are arc-disjoint, as follows. To start this construction, consider the following three cases for
i=1,2.

Case 1. There are at least two vertices of in-degree one in D;.

As |V(D;)| > 4 and D; is a strong semicomplete digraph, we note that there are exactly
two vertices, ¢ and 7%, of in-degree one (there can be at most 3 vertices of in-degree one in
a semicomplete digraph and if there were 3 such vertices in D;, then it would not be strong).
By Theorem and the fact that D; is not isomorphic to W5, there exists an out-tree T,ﬂ;
rooted at r} and spanning V' (D;) \ {r}} such that D;\ A(T;}) is strongly connected. Add the
arcs of T,F to BT and add the arcs of D; \ A(T;}) to Q. As (D) > 3 we note that there
exists at least two (D3—;,r%)-arcs and at least two (Ds_;,7%)-arcs in D.

Case 2. There is exactly one vertex, v, of in-degree one in D;.

As D; is not isomorphic to W7, Theorem implies that there is a non-separating out-
branching, B:Z, in D;, rooted at r*. In this case add the arcs of B:Z to BT and‘the remaining
arcs of D; to Q. As 6~ (D) > 3 we note that there exists at least two (Ds_;,")-arcs in D.

Case 3. 6~ (D;) > 2.

As |V(D;)| > 4, then Theorem M9 (e) implies that D; admits a nice decomposition
(83,55, .. "Sziu)’ and for every r’ € S the digraph D; contains a non-separating branch-
ing, rooted at . As A(D) > 2, there must be a (Ds_;, S})-arc, ur’, in D. Let B:g be a
non-separating branching, rooted at 7% in D;. Add the arcs of B:Z to B™ and the remaining
arcs of D; to Q.

This completes our three cases. Note that ) contains a strong spanning subdigraph of

D1 and of Dy. Furthermore in cases 2 and 3, BT contains an out-branching of D; rooted at a
vertex r', such that there exists a (D3_;,r")-arc in D. In Case 1, BT consists of an out-tree,
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rooted at 7%, containing all vertices of D; except r4, such that both ri and 7} have at least
two arcs into them from Dj3_;. We now consider the following possibilities.

We were in Case 2 or 3 for both D1 and Dy. Add an arc from D7 to the root of the out-
branching of Dy to B*. As A\(D) > 2, we can add a further (D;, Ds)-arc and a (Ds, D;)-arc
to @, in order for BT and @ to fulfill the desired properties.

We were in Case 2 or 3 for D7 and Case 1 for Dy. Add an arc from D; to r% and to 7‘%.
As there were at least two (D1, 73)-arcs in D we can add a further (Dy,73)-arc to @ and as
A(D) > 2, we can add a (Ds, Di)-arc to Q. Now BT and Q fulfill the desired properties.

We were in Case 2 or 3 for Dy and Case 1 for Dq. This case is analogous to the previous
case.

We were in Case 1 for both D; and Ds. Add an arc from V(D) \ {ri} to 7? and to r2
to BT (which is possible as 77 and 73 have at least two arcs into them from D;). Also add
an arc from V(Dz) \ {r2} to ri to BT. Now B7 is an out-branching rooted at ri in D. As
there are at least two arcs into ri and into ré from Ds_; we note that there are at least four
(D9, Dy)-arcs and at least four (D, Dg)-arcs in D. We can therefore add a (D, Dq)-arc and
a (Dy, Dy)-arc to @Q such that @ and BT are arc-disjoint. Now B and Q fulfill the desired
properties, completing the proof of the theorem. O

Let us recall Theorem &

Theorem [8. Let D be a 2-arc-strong digraph with (D) < 2. If either of the following
statements hold then there exists an out-branching, BY, in D, such that D\ A(B™) is strongly
connected.

(i): 07 (D) > 5, or
(ii): 0= (D) > 3 and D is oriented (has no 2-cycle).

Proof. Let D be a 2-arc-strong digraph with (D) < 2. By Theorem [I9 we may assume
that a(D) = 2. By Lemma 2] we may assume that D has a strong spanning subdigraph H
satisfying one of the conditions (B1)-(B3) in Case B of Corollary I8 Let D' = D\ A(H).

If D' has only one initial strong component, then, by Proposition @ there is an out-
branching in D’ and the theorem is proved. So we may assume that R, R}, ..., R, are the
initial strong components in D" and ¢t > 2. For all i € [t], let R; = D(V(R})). We will now
prove the following claims.

Claim A: ¢t = 2 and |V(Ry)|,|[V(R2)| > 5. Furthermore, all in-degrees in D' are at
least two, except possibly for one verter whose indegree is at least one. That is, there exists
r e V(D'), such that d,,(r) > 1 and dp,(xz) > 2 for all x € V(D') \ {r}.

In Case (i) we actually have 6~ (D') > 3.

Proof of Claim A: First consider Case (i) (when 6= (D) > 5). As A=(H) < 2 we
note that 6~ (D’) > 3, and therefore also d,,,(Ry) > 3. This further implies that [V (R;)| =
[V(R])| > 4, since Np,,[z] C V(RY), for all z € V(R,) and i € [t]. Now noting that there is at
most one vertex of H whose in-degree is more than 1, we see that R/ contains a vertex with
at least 4 in-neighbours inside R} so |V (R;)| = |V(R})| > 5 holds.

Now consider the Case (ii). In this case we note that all in-degrees in D’ are at least two,
except possibly for one vertex whose indegree is at least one. Let n; = |V(R;)| and note that
the number of arcs in R; is at least 2n; — 1 (as all arcs into a vertex in R; belong to R;). As
D is oriented this implies that () > |E(Vi)| > 2n; — 1. As (%5) < 2n; — 1 if n; € [4], we
must have n; > 5, which implies that [V (R;)| > 5 in all cases.
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For the sake of contradiction assume that ¢ > 3. Let x; € V(R;) be an arbitrary vertex
with dj;(z1) = di(x1) = 1 and let Ny be the set of the two neighbours of 1 in H. As
|[V(R2)| > 5 there are at least 3 vertices in V(R3y) that are not in N;. By part (B) in
Corollary [I8 we note that at most two vertices in H have degree more than two, so we can
can choose a vertex zo € V(Rp)\ N1 such that df;(z2) = dj(z2) = 1. Let Ny be the set of the
two neighbours of x2 in H. Now there exists a vertex x3 € V(R3) \ (N1 U N3) which implies
that {x1,x9,23} is an independent set in D, contradicting (D) < 2. Therefore t = 2, which
completes the proof of Claim A.

Claim B: R; and Ry are semicomplete digraphs. Furthermore, for all z € V(D) the
following holds,

[N (2) NV (R, ING (2) N V(Ra)l, [Ny (2) N V(R ING (2) NV (R2) < 1

Proof of Claim B: For the sake of contradiction assume that z1,y1 € V(Ry) and x;
and y; are non-adjacent in D. Let No = (N7 (21) U Ny (z1) U N (y1) U Ny (y1)) NV (Re).
If V(R2) € No, then let zo € V(R2) \ Ny and note that {z1,y1,22} is independent in D,
contradicting that a(D) < 2. So, V(R2) C N2, which implies that |Ny| > |V (R2)| > 5, by
Claim A. By Corollary I8 we note that dg(z1) + dg(y1) < 6, which implies the following,

6 > [Ny (z1) NV(R2)| + [Ny (z1) N V(R2)| + [N (y1) N V(R2)| + [N (y1) NV (Rg)| > [No| > 5

First consider the case when |N7,(z1) N V(Ry)| > 2. By the construction of H we note
that |N7 (z1) N V(Ry)| = 2, so let Nii(x1) NV (Rs) = {x2,y2}. By Corollary I8, o and y»
are non-adjacent in D. As «(D) = 2 we note that either z or y, has to be adjacent to y;.
Without loss of generality assume that ys is adjacent to y1. As ys is adjacent to both x1 and
y1 in D we note that we must have dg(x1) + du(y1) = 6, as H satisfies one of (B2), (B3) in
Corollary [I§ (and |N3| = [V (R2)| = 5).

If INg(z1) N V(Ra)| > 2 or |[Nf(y1) NV(R2)| > 2 or [Ny(y1) NV(Rs)| > 2 then we
analogously can show that dy(x1) + dg(y1) = 6 and there exists two non-adjacent vertices
x9 and yo in Rs.

If we had considered {2, y2} instead of {z1,y1} then we would analogously have obtain
di(x2) + di(y2) = 6. However, by part (B) in Corollary [I8 we note that it is not pos-
sible to have vertex-disjoint sets, {z1,y1} and {x2,y2}, such that dgy(z1) + dg(y1) = 6 =
drr(x2) + dp(y2). Therefore R; is semicomplete. Analogously we can show that Ry is also a
semicomplete digraphs.

Let z € V(D) be arbitrary. For the sake of contradiction assume that [ N7, (2)NV (Ry)| > 2.
By Corollary I8 we must have |N7(2) NV (R1)| = 2, so let N (2) N V(Ry) = {z1,y1}. By
Corollary [I8 z; and y; are non-adjacent in D. This contradicts the fact that R; is semicom-
plete. Therefore |N;7(2)NV (R;)| < 1. Analogously | N/ (2)NRal,| Ny (2)NR1|,| Ny (2)NRs| <
1, which completes the proof of Claim B.

Claim C: Lety € V(D)\ (V(R1)UV(R2)) be arbitrary. Ify has at most one arc entering
it from V(R1) in D, then y is adjacent to all vertices in V(Rg) and furthermore has at least
four arcs entering it from V(R3).

Analogously, if y has at most one arc entering it from V(Rz) in D, then y is adjacent to
all vertices in V(Ry) and furthermore has at least four arcs entering it from V(Ry).
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The above implies that every vertez in V(D) \ (V(R1) U V(R2)) has at least four arcs
entering it from V(Ry) UV (Rg2) in D.

Proof of Claim C: Assume that y € V(D) \ (V(R1) UV (R2)) and y has at most one arc
entering it from V' (R;) in D. For the sake of contradiction assume that there exists ro € V(R2)
which is non-adjacent to y (in D). By Claim B, we note that [N (r2) NV (R1)|, [Ny (r2) N
V(R1)|, IN#;(y) NV (R1)|,|Ng(y) N V(R1)| < 1. As R} and R}, are initial strong components
in D', and therefore all arcs between ry and Ry in D belong to H, we note that 7o is adjacent
to at most two vertices in R; (in D). As y has at most one arc entering it from V(R;) in D
and at most one arc from y to Ry in H (and therefore also in D, as R} is an initial strong
components in D’), we note that y is adjacent to at most two vertices in Ry (in D). As
|[V(R1)| > 5, by Claim A, this implies that there exists a r; € V(R;) which is not adjacent
to ro or y in D, contradicting a(D) = 2. Therefore y is adjacent to every vertex in Rj.

As R/, was an initial strong component in D’ and y ¢ V(R)) we note that every arc from
y to Ry in D belongs to H. By Claim A and Claim B, we note that [N (y) N V(R2)| < 1
and |V (R2)| > 5, which implies that there are at least four arcs from V(Rg) to y in D. This
completes the first part of the proof of Claim C. The second part is proven analogously (by
swapping the names of R; and Ry).

Let z € V(D) \ (V(R1) UV (R2)) be arbitrary. If z has less than two arcs entering it
from R; then it has four arcs entering it from R3_; (i € [2]). And if x has at least two arcs
entering it from both R; and from Ry, then it also has at least four arcs entering it from
V(R1) UV(Rg). This completes the proof of Claim C.

Construction of Rj. Initially let R} = R;. Now for every uw € V(D) \ (V(R]) UV (Rz2))
with at least one arc into R} in D and at most one arc from Ry to u, add u to R}. Continue
this process until no further vertex can be added.

«—— At most one arc from Ry to v; for each i

Ry

Figure 5: An illustration of the construction of R}, where R} is constructed from R; by adding
the vertices vy, ve, ..., v; in that order. Every v; has at least one arc into R1U{v1,va,...,v;—1}.
By Claim C there are at least four arcs from R; into v; for each i € [I].

Claim D: R} is a strong semicomplete digraph.

Proof of Claim D: Let Q = V(R}) \ V(R1). That is, ) denotes the set of vertices
added to R; in the construction of R}. By construction, when it was added to the current
R} each such vertex had at least one arc into the current set V(R]) and at most one arc
entering it from V' (Rg) in D. We will first show that R} is semicomplete. Assume for the
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sake of contradiction that ¢i,¢q2 € V(R]) are non-adjacent in D. By Claim B we note that
¢1 and g2 cannot both belong to V(R;). By part 2 of Claim C we note that we cannot
have ¢; € V(R;) and g2 € @ (or vice versa), which implies that we must have ¢1,¢2 € Q.
This implies that ¢; and g both have at most one arc into them from V(Rz). By Claim B,
N7 (@) NV (Ro)|,INF; (q2) 1V (Ro)| < 1, which implies that [N75(q1) NV (Ra)l, [N (g2) N
V(R2)| < 1. Therefore each of ¢; and g2 are adjacent to at most two vertices in Rgp. As
|[V(R2)| > 5, there is a vertex ro € V(R2) which is non-adjacent to both ¢; and g2 in D,
contradicting that a(D) < 2. Therefore R} is semicomplete.

As R, is strongly connected and every vertex we add in the process of building R} has
an arc into the current set R} and an arc (actually at least 4 arcs) entering it from R; (and
Ri C RY), by Claim C, we note that the current set Rj is strongly connected in every step of
the construction. Therefore the final R} is also strongly connected. This completes the proof
of Claim D.

Definitions. By Claim A and D and Proposition [I4] we note that R} has a nice decom-
position (Si,...,Sp). If p > 2 then there is only one arc entering S; in R} so let uv be an
arc entering S in D, which does not belong to R}. Such an arc exists as D is 2-arc-strong.
If p = 1 then R} is 2-arc-strong. In this case let uv be any arc entering R} in D. Let
D* = D' — wv (that is, delete the arc uv from D’).

Claim E: There exists an out-branching By in R} rooted at v, such that Rf — A(By) is
strongly connected.

Furthermore there exists an out-branching B; in Ra, such that Ro — A(B;) is strongly
connected.

Proof of Claim E: As R is strongly connected by Claim D, We can apply Theorem
to Rj. By Claim A we note that |V(R})| > 5 and therefore R} is not isomorphic to Wj.

Also, by Claim A we note that all vertices of R;, except possibly one, have in-degree at
least two in R;. As every vertex we add to R; in the construction of R} have in-degree at
least four (from R;, by Claim C), we note that all vertices of R}, except possibly one, have
in-degree at least two in R}. Therefore we are in case (c)-(e) of Theorem

Note that if there is a vertex of in-degree one in Rj, then v is that vertex. Furthermore
v € S; (where S; was defined just above Claim E, as part of the nice decomposition on R7).
Therefore by Theorem [19] we note that R} contains a non-separating out-branching rooted
at v, which completes the first part of the proof of Claim E.

The second part of Claim E, follows analogously, by Theorem

Completion of the proof. Let BT = B] U B, (defined in Claim E) and let Q =
(R} — A(B)) U (Ry — A(BY)) and let V* = V(R;) UV(Rs). Note that BT consists of
two vertex-disjoint out-trees (whose union span V*) and @ of two vertex-disjoint strong
components (whose union also span V*). Let Pjo be a path from V(R]) to V(Rz) in D*
and let Py be a path from V(R3) to V(R}) in D* Add the arcs of Pja and P to Q. For
every vertex p € (V(Pi2) UV (P21)) \ V* do the following. Add an arc, which is not in
A(Py3) U A(Pyy), from V(R}) UV(R2) to p to BT. This is possible by Claim C and the fact
that there are at most two arcs in A(P12) U A(Py) leaving V(R}) UV (R2) (at most one leaves
V(R7}) and at most one leaves V(Rz)). Furthermore if p = wu (recall that the arc uv was
defined above Claim E), then make sure the added arc leaves V(R2) (and not V(R7)), which
is possible as u was not added to R} and therefore has at least two arcs into it from V(R2)
(here we used that the arc uv enters R7). Finally add p to V*.

When this process is completed V* = V(R}) U V(Rz) UV (Pi2) UV (Pa1), Q induces a
strong subgraph on the vertex set V* and B™ still consist of two out-trees also spanning V*,
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one of which is rooted at v. Furthermore the arc uv is not used above and if w € V* then it
belongs to the out-tree not rooted at v. We now add the remaining vertices as follows. While
V* #£ V(D) let P’ be any (V*,V*)-path in D* with at least one internal vertex. We can
construct P’ by letting pop; be any arc out of V* in D* and then taking any path from p;
back to V* in D*. Now add A(P’) to Q and for every vertex p € V(P')\ V* do the following
(analogously to above). Add an arc, which is not in A(P’), from V(R;) UV (R2) to p to BT,
which is possible by Claim C and the fact that there is at most one arc in A(P’) leaving
V(R1) UV(Rg). Furthermore if p = u (recall that the arc uv was defined above Claim E),
then make sure the added arc leaves V(R3) (and not V(R7)), which is possible as u was not
added to R} and therefore has at least two arcs into it from V' (Rg) (here we used that the
arc uv enters R}). Finally add p to V*.

We continue the above process until V* = V(D). Now @ is a strong spanning subgraph
of D, which does not include any arcs from BT and also does not include the arc uv. BT
consists of two out-trees, one rooted at v and u belonging to the out-tree which was not
rooted at v. Therefore by adding the arc uv to B* we obtain a spanning out-branching of D
which is arc-disjoint to ), thereby completing the proof. O

5 Non separating spanning trees in digraphs with indepen-
dence number 2

Let us recall that for a subdigraph H of D, we denote by D — H the sudigraph of D obtained
from removing the vertices of H from D, that is D — H = D[V(D)\ V(H)]. Furthermore we
denote by D\ A(H) the sudigraph of D obtained from removing the arcs of H from D, that
isV(D—-H)=V(D)and A(D— H) = A(D)\ A(H).

A spanning tree T of a connected digraph D is safe if for every pair of distinct vertices x
and y of D, there exists an oriented path from x to y in D if and only if there exists also an
oriented path from x to y in D\ A(T). In particular, a safe spanning tree of a strong digraph
is a non separating spanning tree.

At several places, we use the following fact. Assume that H is an induced subdigraph of
D such that H admits a safe spanning tree T, and assume also that there exist u,v € H and
x € D\ H such that uz,vz € A(D) and that there exist a path from u to v in H. Then
D[V (H) U z] admits the safe spanning tree 7'+ uz. Indeed, there exists also a path from u
tov in H \ A(T) and thus a path from u to =z in D[V(H)Uz] \ (A(T) U {uzx}).

First, we derive some results on safe spanning trees of semicomplete digraphs.

Lemma 22. Every semicomplete digraph on at least five vertices admits a safe spanning tree.

Proof. Let D be a semicomplete digraph on at least five vertices. If D is strong, as D contains
at least five vertices, then we find a spanning tree in the complement of a Hamiltonian cycle
of D. This spanning tree is clearly safe.

So, assume that D is not strong and denote by Ci,Cs,...,C; the strongly connected
components of D such that there is no arc from C; to C; if i > j. We denote by K the
subdigraph of D containing the vertices V(D) and the set of arcs of D connecting its strong
components (that is the arcs wv with u € C;, v € C; and i # j). Moreover, for every
i=1,...,t let x; be a vertex of C; and P be the path z1...xz;. If there exists a spanning
tree T' of D all of whose arcs are in the subdigraph K’ = K\ A(P), then T is a safe spanning
tree of D. Thus we have to check that K’ is a connected subdigraph of D.

First, if there exist ¢ and j such that |C;| > 2 and |C}| > 2, then we pick a vertex y; in
C; different from x; and a vertex y; in C; different from ;. In K’, every vertex not in Cj is
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adjacent to y; and every vertex in C; is adjacent to y;. So, K’ is connected in this case.

Moreover, if ¢ > 4 then in K’ every vertex of D\ C; U Cy is adjacent to x1 and every
vertex of D\ C;_1 U Cy is adjacent to x;. So, K’ is connected.

Thus we may assume that ¢ < 3 and that there exists iy € {1,...,t} such that for every
1 # 19, the component C; has size 1 exactly. If ¢ = 3, then, as D contains at least 5 vertices,
we have |V (C;,)| > 3. If iy = 1, then K’ contains all the arcs from V(C1) — z1 to {z2,23}
and the arc z1x3. So K’ is connected. The case ig = 3 is symmetrical.

So we may assume that ip = 2. Let yo € V(Cq) \ {z2} be arbitrary and let K* =
K\ {z129,y2w3}. As every vertex in V(Cs) is adjacent to 1 or z3 in K* and z1z3 € A(K™)
we note that K™ is a spanning connected subgraph of D and we can therefore in K* find a
safe spanning tree of D.

Finally, if ¢ = 2, by symmetry again we can assume that io = 1. We have |V(C})| > 4
and so C] contains an arc xy such that Cy \ zy is strongly connected. In this case the arcs
from V(Cy) \ {z} to z2 plus the arc xzy form the arcs of a safe spanning tree of D. O

The following claim will be useful in the proof of the main theorem of the section.

Claim 22.1. Let D be a digraph with A(D) > 2. If D contains a tree T' such that D\ A(T)
is strongly connected and V(D) \ V(T) has size at most two and induces a semicomplete
digraph, then D admits a non-separating spanning tree.

Proof. Let D and T as stated, and let C' be a terminal strong component of D[V (T)]\ A(T).

Suppose first that V(D) \ V(T') = {z}. As A(D) > 2, there are at least two arcs from C
to . Let be u an in-neighbour of  in C. The digraph D \ (A(T") U {ux}) is still strong and
so T+ ux is a non-separating spanning tree of D.

Now, assume that V(D) \ V(T') = {z,y}. If there are two arcs uz and vz from C to
x, then 77 = T + ux is a tree on n — 1 vertices such that D\ A(T") is strongly connected
and we can conclude from the previous case that D admits a separating spanning tree. So,
as A(D) > 2, there are at least two arcs from C' to {z,y} and we can assume that one, say
ux, has head = and the other, say vy, has head y. Similarly, we can assume by the previous
case, that if C’ is an initial strong component of D[V (T)] \ A(T'), then there exist two arcs
v and yov' with «/,;v" € C'. As D[{z,y}] is semicomplete, we can assume without loss of
generality that zy is an arc of D. Now it is easy to check that D\ (A(T) U {vy,zu'}) is
strongly connected and that D admits the non-separating spanning tree T' + vy + zu/. O

Now we can prove the following.

Theorem 23. FEvery digraph D = (V, A) with a(D) < 2 < X(D) such that D contains a
semicomplete digraph on at least 5 vertices has a non separating spanning tree. In particular,
every digraph D = (V, A) with a(D) < 2 < A(D) such that |V| > 14 has a non-separating
spanning tree.

Proof. If D is semicomplete, then the result follows from Lemma So we may assume
that a(D) = 2. As the Ramsey number R(3,5) is 14 [15] and «(D) = 2, it follows that if
|V| > 14, then D contains a semicomplete subdigraph on five vertices. Hence we may assume
below that D; is a semicomplete digraphs of D on 5 vertices. By Lemma 22] D; contains a
safe spanning tree. So let R be a maximal induced subdigraph of D containing V(D7) and
admitting a safe spanning tree. We now show that R = D. Suppose for a contradiction that
this is not the case.

Let T be a safe spanning tree of R and consider a vertex x of S = D[V \ V(R)]. The
vertex x has at most one in-neighbour in D;. Indeed, otherwise, assume that y and z are two
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in-neighbours of = in Dy with yz being an arc of D; (recall that D; is semicomplete). But
then, T'+yx would be a safe spanning tree of D[V (R)Uz]|, a contradiction to the maximality
of R. Similarly, x has at most one out-neighbour in D;. So we can conclude that S is
a semicomplete subdigraph of D. Indeed, otherwise, S would contain an independent set
{u,v} of size two. But as u and v have each at most two neighbours in Dy, there would exist
in D a vertex not adjacent to any of u or v, contradicting a(D) = 2.

First, assume that S contains a safe spanning tree 77 and denote by C' a strong terminal
component of R. As A\(D) > 2, there exist at least two arcs zu and yv from C to S (with
xz,y € C and u,v € S). If u # v, then there is an arc between u and v as S is semicomplete.
Without loss of generality assume that uv is an arc of S and let e be the arc yv. If u = v
then we can choose arbitrarily e = zu or e = yv. In both cases T +T" + e is a safe spanning
tree of D, contradicting the maximality of R.

So, S has no safe spanning tree and as S is semicomplete, it follows from Lemma 22] that
[V(S)| < 4. We also have |V(S)| > 1, as a unique vertex always has a safe spanning tree.
Thus, to conclude the proof of the Lemma, we have three cases to handle: |V (S)| € {2,3,4}.

Assume first that S contains two vertices. Then, D \ A(T) is strong, D \ T has size two
and is semicomplete. So, by Claim 221 D has a separating spanning tree, a contradiction
again to the maximality of R.

Now assume that S contains three vertices, and denote by C' a strong terminal component
of R. As previously, as \(D) > 2, there exist at least two arcs zu and yv from C to S (with
z,y € C and u,v € S). If u # v, as S is semicomplete there is an arc between v and v.
Without loss of generality assume that uv is an arc of S and let e be the arc yv. If u = v then
we can choose arbitrarily e = zu or e = yv. To conclude, denote T'+ e by T” and notice that
D\ A(T’) is strongly connected. As D\ T” has size two and is semicomplete, by Claim 2211
D has a separating spanning tree, a contradiction again to the maximality of R.

Finally, assume that S contains four vertices. As in the previous case, we can find an arc
e = zw with z € R and w € S such that D\ (A(T)U{e}) is strongly connected. As S as four
vertices, w has in-degree or out-degree at least 2 in .S. Assume that w has out-degree at least
2 and denote by u and v two out-neighbours of w in S such that wv is an arc of D. So, if we
remove the arc wv from the digraph D\ (A(T) U{e}), the resulting digraph still contains the
path wuv from w to u and so is still strongly connected. That is, if we denote by T” the tree
T + e+ wv, the digraph D\ A(T") is strongly connected and D — 7" is semicomplete and has
size two. Thus by Claim 22.7], D has a separating spanning tree, a contradiction again to the
maximality of R. The case when w has in-degree at least 2 in S is analogous. U

NV 7

| ® ® ®

Figure 6: Two different drawings of the same 2-arc-strong co-bipartite digraph D in which
every spanning tree is separating.
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Proposition 24. The digraph D in Figure @ has no non-separating spanning tree.

Proof. Note that H has 12 arcs and 6 vertices so if H would have a pair of arc-disjoint sub-
digraphs T, S where T is a spanning tree and S a strong spanning digraph, then |A(S)| <7
must hold. This implies that S is either a hamiltonian cycle of H or it consist of a cycle C
and a (C,C)-path P which picks up the remaining vertices of V. Now note that the only
cycle lengths of D are 3 and 6. We now use that H has a number of automorphisms: there
are 4 pairs of 3-cycles joined by a hamiltonian cycle on their vertices, namely (abca, zyzzx),
(ayza, bexb), (abza,cryc), (ayca,bzxb). Hence up to automorphisms there is only one hamil-
tonian cycle, namely Cy = abcryza. It is easy to check that D\ A(Cy) is not connected.
Hence, if T, S exist then we must have |A(S)| = 7 and S must consist of a 3-cycle C' and
a (C,C)-path P which picks up the remaining 3 vertices of V. By the symmetries above,
we may assume that C = abca. Again, by permuting the vertices a, b, ¢ if necessary, we can
assume that P starts with the arc cx. This implies that P = czyza (as P picks up all the
vertices x,y, z). Now we see that S contains the hamiltonian cycle abcxyza and we saw above
that removing the arcs of this cycle we disconnect the graph. O

Figure 7: A 2-arc-strong digraph D with a(f)) = 2 in which every spanning tree is separating.

Proposition 25. The digraph D in Figure [7 has no non-separating spanning tree.

Proof. As every vertex of D has in- and out-degree 2 we see that if T, is a pair of arc-
disjoint spanning subdigraphs of D such that T is connected and S is strongly connected,
then T must be a hamiltonian path in D (as d§(z),dg(z) > 1 for every vertex x € V(D) and
therefore df.(z),dn(z) < 1). Let T = pips...ps. Let C denote the arcs on the hamiltonian

cycle, v1vs ... vgv; and let C = A(ﬁ) \ C. We first prove the following statement.

(1) pipi+1,Pi+1Pi+2 € C is not possible for any ¢ € [6].

For the sake of contradiction, assume the above is true and without loss of generality
that p; = v1. That is, vivevy is a subpath of T. Continuing along T out of v and
into v; we note that all arcs of T belong to C' (i.e. we cannot use the arc vsv; in T, so
the only possible arc out of vs is vgvy and the only possible arc into vy is vgvy, etc.).
However S would then contain two disjoint 4-cycles plus an extra arc, meaning it is not
strongly connected, a contradiction.

As T is a hamiltonian path we note that p;p;11 € C for some i € {2,3,4,5} (otherwise
T contains a 4-cycle). By (i) we must have p;_1p;, pir1pire € C. Without loss of generality
assume that p; = vy4, which implies that vgvsvsvs is a subpath of T. As T is a path (and
i < 5) we must have that vgvgvsvsvy is a subpath of T' (as vsvy & A(T)). This implies that
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the arcs vovs, v3vs, v4v2 € A(S) (as df(vs),dg (v3),d& (v4),dg (vg) > 1). As S has to contain
arcs into and out of {vy,v3,v4} we must have vive, vovg € A(S). But now all arcs incident
with vy are in S, a contradiction. O

By Proposition 28] the following Conjecture would be best possible in terms of the number
of vertices.

Conjecture 26. Every digraph D on at least 9 vertices with A(D) = 2 and «(D) < 2 has a
non-separating spanning tree

We provide below some support to Conjecture 26l by proving it for hamiltonian oriented
graphs (ie. with no 2-cycle).

Theorem 27. FEvery hamiltonian oriented graph D = (V,A) on at least 9 vertices with
A(D) > 2 and (D) = 2 has a non-separating spanning tree

Proof. Let C' be a hamiltonian cycle of D and let X7, Xo,..., X be the vertex sets of the
connected components of H = UG(D) \ A(C). If k = 1 we are done, so assume that k > 2.
Note that each component has at least 3 vertices as dy(v) > 2, and D contains no 2-cycle.

Suppose first that £ > 3 and consider a vertex v € X; for some i € [k]. In UG(D) the
vertex v has at most 2 neighbours outside X;. If v has no neighbours in some X, ¢ # ¢, then
let w be a non-neighbour of v in X, j & {4, ¢} and let z be an arbitrary non-neighbour of w
in X,;. Then {v,w, z} is an independent set, contradiction. Therefore k = 3 and every vertex
in X; has a neighbour in each of the other sets X;, implying that we can pick x; € X;, i € [3]
such that {z1,z2, 23} is an independent set, contradiction.

Hence k = 2 and we may assume that | X;| > |X2|. As |V| > 9 this implies that |X1| > 5
and hence, as every arc between X; and X, belongs to C this implies that X5 induces
a complete subgraph of UG(D) (every vertex of X; must be adjacent at least one of the
vertices x,y in a pair of non-adjacent vertices x,y € Xs so if such a pair existed, at least
one of x,y would be incident to 3 arcs of C, contradiction). Hence, by Theorem 23] we can
assume that | X3| < 4 and that D[X1] is not semicomplete. Note that for every pair of vertices
u,v € X7 such that D has no arc between these, every vertex of X5 has at least one edge to
{u,v} in A(C). Also note that 6°(D[X;]) > 1, i € [2] as only the arcs of C' go between X
and X5.

First suppose that |X3| = 4. If X; contains vertices ug,ug,v1,ve all distinct except
possibly us = v1 so that there is no arc in D between u; and v; for i« = 1,2, then we get
the contradiction that the undirected graph induced by A(C') contains either a 4-cycle or
an 8-cycle, contradicting the C' is a hamiltonian cycle of D. Thus X; contains exactly one
pair u, v of non-adjacent vertices and, by Theorem 23] we may assume that |X;| = 5 so D
has 9 vertices. As all 4 vertices of Xy are adjacent to either u or v, exactly two of them
are adjacent to u and the other two are adjacent to v. Now it is easy to see that C' has at
most one arc inside Xy (otherwise C' would contain a 3-cycle or a 6-cycle as a subdigraph).
Consider first the case when C uses no arc inside X5. Then we can label the vertices of V'
such that X7 = {v1,ve,v4,v6,v8}, Xo = {v3,v5,v7,09} and C = vivy...v9v;.
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Figure 8: Tllustrating two cases in the proof when | X3| = 4. In (a) we illustrate the solution
when v3vs is an arc. The blue arcs form a strong spanning subdigraph S and the red edges,
together with a spanning tree 7' in D[X5], avoiding vjve and the blue arc into vy form a
spanning tree T' which is edge-disjoint from S. In (b) we indicate a solution when D contains
the directed path vgvrvsvs.
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Suppose first that D contains the arc vsvs. Then let wvy be an arbitrary arc entering
vy in D[X1] (this exists as 6°(D[X1]) > 1) and let 7" be a spanning tree avoiding the arcs
wug,v1v2 in G' = UG(D[X1]). This tree exists as G’ \ {wwvy, v1v2} has 5 vertices and 7 edges
and hence is connected. Then we obtain a strong spanning subdigraph S of D from C by
deleting the arc vzvs and adding the arcs vzvs, wvs and note that S is arc-disjoint from the
spanning tree formed by 7" and the edges of the path vjvsvgvrvs in UG(D), see Figure [§f(a).

Hence we can assume that vsvs € A(D) and by an analogous argument we can assume
that vrvs, vgvy € A(D). Now let vow be an arbitrary arc leaving vo in D[V (X7)], let T” be a
spanning tree avoiding the arcs vivy, vow in G’ and let S” be the strong spanning subdigraph
of D obtained from C' by deleting the arc vsv3 and adding the arcs of the directed path
vgu7vsv3 and the arc vow and note that S’ is arc-disjoint from the spanning tree formed by
T" and the edges of the path vsvgvgvr (in UG(D)) and the arc vavs. See Figure B(b).

Next we consider the case when C' contains one arc of D[V (X3)]. In this case, we
may assume that vs and wvg are the two vertices in X; that are non-adjacent in D and
Xo = {z4, 26, 27,29} such that x4z5x6 and x7zsT9 are subpaths of C'. We may furthermore
assume without loss of generality that zgzy; € A(C) (the case when xgxy € A(C) is iden-
tical, by renaming vertices). This implies that we can label C' as C = vjvs...v9v1, and
X1 = {v1,v9,v3,v5,v8} and Xy = {vyg,v6,v7,v9} (and vs and vg are non-adjacent in D).

If v7vg is an arc of D[V (X3)], then let j € [3] be chosen such that v; is an out-neighbour
of vg in D[V (X1)] and let 5" € [3]\ {j} be arbitrary. Now the strong spanning subdigraph S
consisting of the cycle viva...v7vgv1 and the path v7vgv; is arc-disjoint from the spanning
tree using the edges V4V, VU7, V49, UVgUs, UgV;/, UsU1, U502, U5U3. Hence we can assume that
vguy is an arc of D[V (X32)]. A similar argument shows that we may assume that vgvy is an
arc of D[V (X3)]. Now using that §°(D) > 2 this implies that the remaining arcs in D[V (X3)]
are v7vy, vgUg and v4vg. See Figure [0(a).
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Figure 9: Illustrating the two last cases in the proof when | X5| = 4.

Now choose p € [3] such that v,vs is an arc of D[V (X)] and let S’ be the strong spanning
subdigraph of D formed by the arcs of the cycle vivavsvsvgv; and the path vyvsvsvrvgvg. Let
q € [3]\ {p} be arbitrary and note that D \ A(S’) is connected as it contains the spanning
tree on the edges v4vs, v4vs, VeUY, V709, UgV1, Vg2, UgV3, UsUy, see Figure [(b). This completes
the case when |X,| = 4.

Consider now the case when | X35| = 3. Recall that X5 induces a 3-cycle in UG(D). Let G
be the complement of UG[X;]. That is, V(G) = V(X) and uv € E(G) if and only if u and
v are non-adjacent in D. By Theorem 23] we may assume that «(G) < 4 and as (D) = 2 we
may assume that G contains no 3-cycle. As |V(G)| > 6 we note that we must therefore have
a matching of size two in G. Let uv and u/v’ be two edges in a matching in G.

Note that at least three arcs between X5 and {u, v} belong to C' (as otherwise there would
be an independent set of size 3 containing u and v). There are also at least three arcs between
Xy and {/,v'} in C. As |X3| = 3 these 6 arcs are all the arcs between X5 and X;. Without
loss of generality assume that u is incident to two arcs between X; and X5 and o/ is also
incident to two arcs between X7 and X5, which implies that both v and v’ are incident with
exactly one arc between X; and Xs. As a(D) = 2 and a(G) < 4 we now note that |Xs| =6
and F(GQ) = {uwv,uv'} or E(G) = {uv,v'v',uu'}.

Let ug = u, ug = v, ug = v’ and u; = v’. We can now without loss of generality, label
the vertices of V' by uq,...,ug such that X7 = {uq,us,us,uq,ug,ug}, Xo = {us,uz,ug},
C = wujug...ugu; and there is no arc between u; and ug and no arc between uy and ug.
There may or may not be an arc between ug and ug. See Figure [I0l
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Figure 10: The hamiltonian cycle C' in D when |X3| = 3. The dotted edges indicate the two
pairs of non-adjacent vertices in D[X1].

Moreover, as 7 (D) > 2 and D is oriented, we know that D[X3] is a directed 3-cycle. If
D contains the arc uyug, then as above we can find the desired pair S, T, see Figure [[1(a).

Otherwise, it means that D[X5] is the directed 3-cycle ugurusug, and then, as above we
can find the desired pair S, T, see Figure [[1i(b).
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Figure 11: In (a): strong spanning subdigraph (in blue) and spanning tree (in red) when D
contains the arc urus. In (b): strong spanning subdigraph (in blue) and spanning tree (in
red) when D contains the 3-cycle ugurusug

6 Removing a hamiltonian path

Note that Theorem [[5]implies that every 2-arc-strong semicomplete digraph D different from
S4 has an out-branching BT such that D\ A(B™) is strong. It is easy to check that S4 also
has such an out-branching. The purpose of this section is to prove that there exists 2-arc-
strong digraphs with independence number 2 for which no hamiltonian path is non-separating.
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For every natural number r > 2 let T, = (V, A) be the tournament with vertex set
{ug,ui, ..., Upp1,V0,01,...,0r41} and arc set {u;—q1u;li € [r]} U{vjviz1]i € [r]} U {uvy)i €
[r]} U {v1vo, voug, vout, ugvy } U {ttyy1Up, Up41Upi1, UpUpy1, Uptip11 + and for all remaining pairs
not mentioned above the arcs goes from the vertex of higher index to the one with the lower
index. See Figure 12

(u1) ) AR >
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Figure 12: The tournament 7,. The fat arc in the middle indicates that all arcs not shown
in the figure go from right to left.

Lemma 28. For every r > 4 the tournament T, is 2-arc-strong. Furthermore if P is a
hamiltonian path in T, starting in vy then vy cannot reach v, in T, \ A(P).

Proof. 1t is easy to check that vy has two arc-disjoint paths to every other vertex and that
every vertex different from vy has two arc-disjoint paths to vg. This implies that 7T, is 2-arc-
strong. For the sake of contradiction assume that there is a hamiltonian path, P, in 7}, and
that vg can reach v, in S = T,. \ A(P). As for every i € [r — 1] the two arcs w;u;11,v;Vi+1
form a 2-arc-cut of 7). seperating vy from v,, one of these arcs must belong to S and the
other to P. Similarly, as for every i € [r — 2] the two arcs w;u;+1,v;+1v;42 form a 2-arc-cut
of T, seperating vy from v, one of these arcs must belong to S and the other to P. Let
A1 = {ujug,ugus, ..., ur—1u,} and let As = {v1v9,v9vs,...,v,—10,}, and note that by the
previous argument we must have 4; C A(S) and As_; C A(P) for some ¢ € [2]. Without loss
of generality assume that A; C A(S) and A2 C A(P), which implies that P cannot contain
both us and ug, a contradiction to the existence of P and S. O

The following corollary follows immediatly from Lemma 28]

Corollary 29. For every r > 4 the tournament T, is 2-arc-strong and for every hamiltonian
path P starting in the vertex vy the digraph D \ A(P) is not strongly connected.

Theorem 30. There exist infinitely many 2-arc-strong digraphs D with a(D) = 2 such that
deleting the arcs of any hamiltonian path leaves a non-strong digraph.

Proof. For each r > 4 let T} be the 2-arc-strong tournament defined in Lemma 28] and form
the digraph D, from two copies T}', T? of T} (whose vertices are superscripted) by adding
two arbitrary arcs from V(T?) to vy " for i = 1,2. Since each T, is a tournament, we have
a(D,) = 2. Moreover, as T} and T? arc 2-arc strong, D, is 2-arc strongly connected also.
Suppose that D, has a hamiltonian path P such that D\ A(P) is strong. Without loss of
generality P starts in V(T)!) and thus the restriction of P to V(7}?) is a hamiltonian path P’
starting at v3. By Lemma[8 we note that v3 cannot reach v? in T2\ A(P’), which implies that
no vertex in T} can reach v in D, \ A(P). So D, \ A(P) is not strong, a contradiction. [

23



7 Non-separating hamiltonian paths in graphs with indepen-
dence number 2

In contrast to the result in Theorem [BO] above, for the case of undirected graphs of indepen-
dence number 2 we have the following positive result on non-separating hamiltonian paths.

Theorem 31. Let G be a 2-edge-connected graph with 6(G) > 4 and o(G) < 2. Then, G
contains a spanning tree and a Hamiltonian path which are edge-disjoint.

Proof. Let G be a 2-edge connected graph with 6(G) > 4 and a(G) < 2. It is easy to see
that every connected graph with independence number at least 2 has a spanning tree with
a number of leaves at most its independence number. Hence G contains a Hamiltonian path
P. If AYG\ E(P) is connected, we are done. Otherwise let X1, Xs,..., X, be the connected
components of G\ E(P). Notice that as §(G) > 4 and P is a path, we have §(G\ E(P)) > 2,
and in particular, we have |X;| > 3 for all i = 1,...,p. If p > 3, consider u an extremity
of P and assume without loss of generality that v € X; and that its neighbour v in P is in
X1 UXs. It means that all the vertices of X5\ {v} and X3 are non neighbours of u and hence
must form a complete subgraph of G. In particular, all the edges between X5 \ {v} and X3
are edges of P, which is not possible as | Xs \ {v}| > 2 and |X3| > 3, implying that P would
contain a cycle. So, G\ E(P) contains exactly the two connected components X; and Xo.

Notice that the case |Xi| = |X2| = 3 is not possible, as in this case, as 6(G) > 4, every
vertex of X; would have at least two neighbours in X5 and every vertex of X5 would have
at least two neighbours in X7, and so P would contain a cycle, which is not possible. Hence
max{|X1|,|X2|} > 4 and we may assume that |X;| > 4.

Assume first that a(G[X1]) = a(G[X3]) = 1, that is, they are both complete graphs. In
this case, we will show how to build a Hamiltonian path and a spanning tree of G which
are edge-disjoint. If x is a vertex of any complete graph K on at least 4 vertices, it is easy
to find a Hamiltonian path which starts in z and a spanning tree which are edge-disjoint.
Suppose first that | X3| > 4. Then it follows from the fact that G is 2-edge connected, that
there exist two distinct edges 122 and y1ys with z1,y1 € X1 and x2,y2 € X5. Now consider
for i = 1,2 a Hamiltonian path P; of G[X;] starting in x; and a spanning tree T; of G[X|]
edge-disjoint from P;. We conclude by considering the Hamiltonian path (P; U P3) + x129
of G edge-disjoint from the spanning tree (77 U T3) + y1y2 of G. Hence we may assume
that | X3| = 3 and denote the vertices in Xy by {z2,y2,22}. As 6(G) > 4, there exist three
distinct edges of G xax1,y2y1, 2221 such that x1, y; and z; belong to X;. So, we consider a
Hamiltonian path P; of G[X;] starting in z1 and a spanning tree 77 of G[X7] edge-disjoint
from P;. We conclude then with the Hamiltonian path P’ = (P U x2y222) + 2221 of G and
the spanning tree 17 + x222 + y2y1 + 2221 of G edge-disjoint from P.

If a(G[X1]) = 1 and a(G[X32]) = 2, then as §(G) > 4, we must have |X5| > 4. In this
case we may swap the names of X; and X5, which implies that we may assume without loss
of generality that a(G[X1]) = 2. Let x; and y; be two vertices of X; which are not adjacent
in G. As every vertex of X5 is adjacent to x1 or y; in G and as the corresponding edges must
be edges of P, we have | X3| < 4. Suppose | X2| = 4. Then we will prove that G[X}] is almost
complete, that is it contains all the possible edges except x1y1. Denote the vertices of Xo by
{x2,y2,22,t2}, and as «(G) = 2, we can assume that zo and ys are adjacent to x; and that
z9 and to are adjacent to y;. Assume first that G[X;] contains two non-adjacent vertices z;
and t; both distinct from x; and y;. As a(G) = 2, the vertex z2 has to be adjacent to z; or
t1. We can assume that ziz9 is an edge of G, but then yo has to be adjacent to ¢ as there
is no cycle induced by the edges of P. Similarly, we can assume that z1zo is an edge of P,
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but then ts cannot be adjacent to any of z1,t; without creating a cycle induced by the edges
of P. So, {z1,t1,t2} is an independent set, contradicting a(G) = 2. Now assume that X;
contains a vertex z; # y; which is non-adjacent to 1. Then z has to be adjacent to z7 or
z1 and as x9 and ys are already adjacent to z1 in P, 25 must be adjacent to z;. Similarly, to
is adjacent to z1, but then z1z9y1t2 would form a cycle with the edges of P, a contradiction.
Similarly we can prove that every vertex of X; except x; is adjacent to y; so G[X7] is the
graph K\x,| — r1y1. As [X1| > 4, it is easy to find then in G[X;] two vertex-disjoint paths
Py and P| such that V(P;) UV (P]) = X1, the path P; ends in x; and the path P] ends in y;
and G[X;] — P, — P, is connected and so contains a spanning tree 77. On the other hand, as
d(G[X2] — P) > 2, the graph G[X3] contains a 4-cycle. One of the edges of this 4-cycle goes
from {z2,y2} to {z9,t2}. So, denote this 4-cycle by abeda such that a is adjacent to x; and
d is adjacent to y;. Now, we consider the Hamiltonian path P' = (P; U P]) + ab + bc + cd of
G. As b and c¢ have at least one neighbour each in X;, we know that G\ E(P’) has at most
2 connected components, one containing X7 U {b, c}, the other one containing {a,d}. But
as 0(G) > 4, a has a neighbour in X; U{b, ¢} different from 1, and so, G\ E(P’) is connected.

The only remaining case is when | Xz| = 3. Denote the vertices of X5 by {z2,y2, 22} and
assume without loss of generality that xo and yo are adjacent to x1 and that zy is adjacent
to y1. As zo as degree at least 4 in GG, there exist a vertex z; € X7 distinct from z1 and 21
such that z; is a neighbour of z in P. More generally, as 6(G) > 4, every vertex of Xy has
exactly two neighbours in X7, which are then neighbours in P, G[X3] is a complete graph
and finally every vertex of X5 has degree exactly 4. In particular, {1, 22} is an independent
set of size 2, and every vertex of X \ {x1,y1,21} is adjacent to x1. Now, let us focus on the
extremities of the path P. Both cannot lie in Y = {x1,y1, 21, x2,y2, 22} as the only vertices
of Y with degree less than 2 in P are y; and z1, and they cannot be both extremities of P
as otherwise, P would be the path y;2221. So, denote by p an extremity of P not lying in Y
and recall that 7 is adjacent to every vertex of V' \ Y so x1p is an edge of G. Now consider
the Hamiltonian path P’ of G defined by P’ = (P — xox1 — 21y2) + x2y2 + x1p. To conclude,
let us prove that G\ E(P’) is connected. Indeed, every vertex of V' \ {y1, 21, 22} is linked to
x1, and all the corresponding edges except px; are edges of G\ E(P’). So, G\ E(P’) induces
a connected graph on Z = V' \ {y1, 21, 22,p}. Moreover, z, is adjacent to xo and x9z is not
an edge of P’. And by choice, p is not adjacent to 29 and so has a neighbour in Z different
from x1. Finally, y; and 21 have both at least one neighbour in G \ E(P’) which belongs to
V\{y1,z1}. Thus, G\ E(P’) is connected and the proof is complete. O

Notice that we cannot replace 6(G) > 4 by 6(G) = 3 (even if A(G) = 3) as shown by the
graph built from two 3-cycles linked by a perfect matching. Also, any 3-regular graph, G, has
|E(G)| = 3|V(G)|/2, so cannot contain two edge-disjoint spanning trees when |V(G)| > 4,
and therefore also not a hamiltonian path and a spanning tree that are edge-disjoint.

8 Remarks and open problems

All proofs in this paper are constructive and it is not difficult to derive polynomial algorithms
for finding the desired objects in case they exist. We leave the details to the interested reader.

Problem 32. Determine the complexity of deciding whether a strong digraph of indepen-
dence number 2 has a non separating out-branching.

Problem 33. Determine the complexity of deciding whether a strong digraph of indepen-
dence number 2 has a non separating spanning tree.
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This problem is NP-complete for general digraphs as shown in [§].
Theorem 23] suggests that perhaps we can get rid of the requirement on the minimum
in-degree in Theorem [§ when the digraph has enough vertices.

Conjecture 34. There exists an integer K such that every digraph D on at least K vertices
with A(D) > 2 and a(D) = 2 has a non-separating out-branching.

It is not difficult to check that every member of the infinite class of digraphs that we used
in Proposition [[2] has a non-separating branching from every vertex.

Conjecture 35. There exists an integer L such that every digraph D on at least L vertices
with A(D) > 2 and «(D) = 2 has a non-separating out-branching B for every choice of
seV.

Question 36. Does every 3-arc-strong digraph D with a(D) = 2 have a pair of arc-disjoint
spanning strong subdigraphs?

In Proposition we showed that 2-arc-strong connectivity and high minimum semi-
degree is not enough to guarantee such digraphs.
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