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Abstract

We provide a comprehensive study of the convergence of the forward-backward algorithm un-
der suitable geometric conditions, such as conditioning or Lojasiewicz properties. These geomet-
rical notions are usually local by nature, and may fail to describe the fine geometry of objective
functions relevant in inverse problems and signal processing, that have a nice behaviour on mani-
folds, or sets open with respect to a weak topology. Motivated by this observation, we revisit those
geometric notions over arbitrary sets. In turn, this allows us to present several new results as well
as collect in a unified view a variety of results scattered in the literature. Our contributions include
the analysis of infinite dimensional convex minimization problems, showing the first Lojasiewicz
inequality for a quadratic function associated to a compact operator, and the derivation of new lin-
ear rates for problems arising from inverse problems with low-complexity priors. Our approach
allows to establish unexpected connections between geometry and a priori conditions in inverse
problems, such as source conditions, or restricted isometry properties.

1 Introduction

Splitting algorithms based on first order descent methods are widely used to solve high dimensional
convex optimization problems in signal and image processing [28], compressed sensing [31], and
machine learning [84]. Their main advantage is their simplicity and complexity independent of the
dimension of the problem. The worst case convergence rates of these methods have been intensively
investigated in the last twenty years. The simplest example is the gradient method applied to a
smooth convex function, which is known to converge in values as o(n~!) [32, 94]. Analogous results
are known for the forward-backward splitting algorithm. We refer to these results as worst case since
no particular assumption is made on the objective function aside from convexity and existence of
a solution. Note that these rates are sharp, meaning that there are functions for which these rates
are arbitrarily accurate. Clearly such a large class of convex functions allows for functions with
wild behaviors around the minimizers [16], behaviors that might hardly appear in practice. It is then
natural to ask whether improved rates can be proved under further regularity assumptions.
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Previous work on optimization rates with geometry. One classical geometrical assumption is strong
convexity, which indeed guarantees linear convergence rates [50, 95]. In practice, strong convexity
is often too restrictive, and one would wish to relax it, while retaining fast rates. A relaxation of
this condition is given by geometric conditions that, roughly speaking, describe convex functions
f € I'p(X) that behave like

x — dist?(x, argmin f), 1)

for some p > 1 and on some subset () C X, which is typically a neighborhood of the minimizers
and/or a sub-level set. The intuition behind this kind of assumption required on a neghborhood of
the solution is clear: the bigger is p, the more the function is “flat” around its minimizers, which in
turns means that a gradient descent algorithm will converge slowly. The idea of exploiting geometric
conditions to derive convergence rates has a long history dating back to [89, 91], and plenty of similar
convergence rates results have been derived under different yet related geometrical properties.

The optimization community focused on several different but related geometric assumptions,
namely the p-conditioning, the p-metric subregularity and the p-Lojasiewicz properties (see Section
3 for their definitions). The first' result exploting geometry to derive fast convergence rates dates
back to Polyak [89, Theorem 4], showing that the gradient method converges linearly (in terms of
the values and iterates) when the objective function verifies the 2-Lojasiewicz inequality. Improved
convergence rates for first-order descent methods were then obtained in [91], considering notions
slightly stronger than p-metric subregularity, and proving finite convergence of the proximal algo-
rithm for p = 1, and linear convergence for p = 2. These results are improved and extended in [82],
analyzing for the first time convergence rates for the iterates of the proximal algorithm using metric
subregularity for general p € [1, +oo[. The results in [82] recover those in [91] (see also [96, 97]), but
also derive superlinear rates for p € ]1,2[, and sublinear rates for p > 2. Roughly speaking, the re-
sults in [82] show that the bigger is p the slower is the algorithm. A related notion, nowadays called
the Luo-Tseng error bound condition, has been considered in the seminal paper [81], and implies
the linear convergence of several first order methods. Recently, this condition has been shown to be
equivalent to 2-conditioning [40, 74]. In the early 90’s, some attention was devoted to the study of
p-conditioned functions, in particular for p = 1 (some authors call this property superlinear con-
ditioning, sharp growth or sharp minima property). In this context, [45, 64, 23] showed that the
proximal algorithm terminates after a finite number of iterations. For p = 1, Polyak [90, Theorem
7.2.1] obtained the finite termination for the projected gradient method. The 2-conditioning was also
used to obtain linear rates for the proximal algorithm in [70]. In [3], it was observed that the p-
Lojasiewicz property could be used to derive precise rates for the iterates of the proximal algorithm.
The authors obtain finite convergence when p = 1, linear rates when p € |1, 2], and sublinear rates
when p € ]2, +oo[. Similar results can be found in [4, 83]. Such convergence rates for the iterates have
been extended to the forward-backward algorithm (and its alternating versions) in [18], and similar
rates also hold for the convergence of the values in [27, 46]. More recently, various papers focused on
conditions equivalent (or stronger) to the 2-conditioning to derive linear rates [67, 75, 41, 78, 40, 61].
Some effort has also been made to show that the Lojasiewicz property and conditioning are equiva-
lent [16, 17], and to relate it to other error bounds appearing in the literature [61]. See also [85] for a
refined analysis of linear rates for the projected gradient algorithm under conditions that interpolate
between strong convexity and 2-conditioning (see also Subsection 4.3).

A key observation. Our study starts from a basic observation which allows a number of develop-
ments. Indeed, motivated by several relevant examples described in Section 5, we require condi-
tion (1) to hold on an arbitrary set (), which in general is neither a neighborhood of the solution,
nor a sublevel set. This extension allows to establish a connection with modeling assumptions con-
sidered in different contexts and unveil their role in optimization. As we explain below, modeling
assumptions, such as source conditions in inverse problems [42] or the restricted injectivity property
in sparse recovery [25], correspond to conditioning assumptions on specific subsets. This ensures
global convergence rates for the forward-backward algorithm that are faster compared to those given
by a worst case analysis and indeed often observed in practice.

11f we discard the “classic” strong convexity assumption.



Geometry and inverse problems. As a first example of the importance of considering arbitrary sets
() to define geometrical properties, consider linear inverse problems Ax = y for which the operator
A is an infinite dimensional compact operator, making the problem severely ill-posed. A common
modeling assumption is to suppose that the minimal norm solution of the problem satisfies a source
condition, which can be seen as a measure of its regularity (see Section 5.1 for a definition). Under this
condition, it is shown that the sublinear rate of the gradient algorithm is faster than the worst case
one [42]. However, such a behavior cannot be apparently explained in terms of classical geometrical
conditions satisfied by the least squares function: indeed, it was shown in [53] that such a least
squares function cannot verify any Lojasiewicz inequality (1) in a neighborhood of its minimizers.
On the contrarythanks to the extension of the definition considered in this paper, we show that
geometric assumptions are indeed satisfied, but only on specific subsets. More precisely, we show in
Theorem 5.9 that the source condition guarantees that the least squares ||Ax — y||? is p-Lojasiewicz
(p > 2) on a dense affine subspace having empty interior. This allows therefore to explain the faster
global rates of the gradient algorithm which are typically observed in this context.

As a second example, consider linear inverse problems with a low-complexity prior, such as
sparse inverse problems. For these problems, the restricted injectivity condition [25] is a key model-
ing assumption to guarantee stable recovery: it means that, even if a linear measurement is corrupted
by noise, we can hope to reconstruct an approximated solution by solving a regularized optimiza-
tion problem. In Section 5.2, we show that this assumption implies a 2-conditioning of the problem
over a (nonconvex) cone of sparse vectors. Since this set is active, in the sense that it is reached
by the algorithm after a finite time, it immediately gives us asymptotic linear rate of the algorithm.
For problems with more general low-complexity priors the situation is similar: an active set will be
identified by the iterates of the algorithm, and we show that restricted injectivity condition on the
tangent cone to this active set induces a 2-conditioning of the problem on this set. Depending on the
applications or on the hypothesis made on the problem, this set can be a low-dimensional manifold,
or a set with less structure, and can be computed within the partial smoothness framework [54] or
the mirror stratification one [43].

Paper contents. Motivated by the estimation problems presented in Section 5, the goal of this paper
is to provide a comprehensive study of the convergence rates of the forward-backward algorithm
for convex minimization problems satisfying geometric conditions on arbitrary sets. We collect in a
unified view a variety of results scattered in the literature, and we extend them to this more general
setting. In addition, we derive several novel results along the way. The paper is organized as follows.

After reviewing and discussing worst-case convergence results for the forward-backward algo-
rithm in Section 2, we give in Section 3 the definition of different geometric conditions for a proper
convex lower semicontinuous function f: p-conditioning, p-metric subregularity, and p-Lojasiewicz
property on general subsets (2 C X, rather than sublevel sets or open sets, as typically done in the
literature. We show that those geometrical notion are equivalent, provided that the set () is stable
by the semigroup generated by df (see Proposition 3.3). Since establishing p-conditioning of a func-
tion may be hard in general, we provide two sum rules for conditioned functions in Theorem 3.15
and Theorem 3.17. The first one establishes that if a strictly convex function remains p-conditioned
under linear perturbations, then it is also p-conditioned under convex perturbation. The second one
gives conditions under which the sum of two conditioned functions are conditioned. It allows us to
show in particular that the ROF model (minimization of the total variation and the Kullback-Leibler
divergence) is 2-conditioned on every bounded set.

Section 4 exploits the p-Lojasiewicz property on general sets to study the convergence of the
forward-backward algorithm. In Theorem 4.1, we recover and extend results from the literature,
getting finite / superlinear / linear / sublinear convergence rates, depending on the value of p €
[1, +oco[ to our more general setting. Along the way, we extend the sharp superlinear rate known
for the proximal method to the Forward-Backward algorithm. In addition, our approach allows to
derive in a unified setting both nonasymptotic/global and asymptotic/local convergence results,
see Corollaries 4.11 and 4.12. We go beyond the classical analysis by introducing a p-tLojasiewicz
property with p taking nonpositive values. This allows to study convex functions being bounded
from below but with no minimizers, a case which has drawn little attention so far, but which can



arise for instance in function approximation [35] or in statistical learning theory [34, Theorem 9] (see
also Section 5.1). For such ill-posed problems, we derive new and sharp sublinear rates for the values
in Theorem 4.6, interpolating between o(n~!) and o(1). We further show in Section 4.3 that the 2-
conditioning is essentially equivalent to the linear convergence of the forward-backward algorithm,
illustrating the importance of this notion for convergence rate analysis.

In Section 5, we apply the aforementioned results to optimization problems arising from inverse
problems, and discuss the interaction between geometry and modeling assumptions. The key results
of this section are Theorem 5.9 and Theorem 5.20. Theorem 5.9 establishes that classical source con-
ditions in inverse problems guarantee the Lojasiewicz property on special sets, and therefore give
better convergence rates of the gradient method with respect to worst case ones. Theorem 5.20 says
that if we have an a priori assumption about the minimizer, which is assumed to belong to a set C,
then a restricted injectivity property of the Hessian of the smooth component of the objective func-
tion implies that f is 2-conditioned on this set C around the minimizer. This guarantees asymptotic
linear rates for forward-backward when combined with Corollary 4.15.

2 The forward-backward algorithm: notation and background

2.1 Notation and basic definitions

We recall a few classic notions and introduce some notation. Throughout the paper X is a Hilbert
space. Given () C X, we note int () and cl Q) its interior and closure. We say that () is a cone,
if O =]0, +00[(2. We note cone(Q2) (resp. span((2)) the smallest cone (resp. linear subspace) in
X containing Q. Let x € X, § € ]0,+oo|, and let Bx(x,6) and Bx(x,5) denote respectively the
open and closed balls of radius 6 centered at x. We also use By and By to denote Bx(0,1) and
Bx(0,1), and Sx to denote the unit sphere By \ Bx. The distance of x € X from a set Q) C X is
dist (x, Q) = inf{||x — y||: y € Q}, and ||Q}]|_ stands for dist (0,Q2), so, in particular ||D||. = +oco. If )
is closed and convex, proj (x,Q)) is the projection of x onto (2, and the relative interior and the strong
relative interior of () are respectively defined as [11, Definition 6.9]: riQ) = {x € Q | cone(C — x) =
span(C —x)}, sri = {x € Q| cone(C — x) = cl span(C — x)}. Given a bounded linear operator
A between two Hilbert spaces, its spectrum, noted spec(A), is the set of spectral values A € R such
that A — Al is not boundedly invertible. We also note spec*(A) := spec(A) \ {0}. The set of singular
values of A, noted c(A), is defined as 0(A) := \/spec*(AA*), and we note 0;,7(A) := info(A).
Let I'p(X) be the class of convex, lower semi-continuous, and proper functions from X to |—oo, +o0].
For f € To(X) and x € X, df (x) C X denotes the (Fenchel) subdifferential of f at x [11, Definition
16.1], and dom f (resp. domdf) denotes the effective domain of f (resp. of df). Moreover, f* is
the Fenchel conjugate of f, namely f*(v) = sup,.x(x,v) — f(x) for all v € X. We introduce the
shorthand notation dom™f := dom f \ argmin f. We also introduce the following notation for the
(strict) sublevel sets of f € T'y(X): for every r €] — oo, +oo|, [f < 1] :={x € X | f(x) <r}.

The following assumption will be made throughout this paper.

Assumption 2.1. Let X be a Hilbert space, ¢ € To(X), and h: X — R be differentiable and convex, with
L-Lipschitz continuous gradient for some L € |0, +oo[ and set f = g+ h.

Splitting methods, such as the forward-backward algorithm, are extremely popular for minimiz-
ing an objective function as in Assumption 2.1. To have an implementable procedure, we implicitly
assume that the proximal operator of g can be easily computed (see e.g. [28]):

(VA > 0)(¥x € X) prox,(x) = argmin {g(u) o fu— x|2} . %)
ueX 2A

Remembering Assumption 2.1 is in force, we introduce the Forward-Backward (FB) map for A <
10,21
Ty:x€Xr— Thx:= proxAg(x — AVh(x)) € X, 3)

so that the FB algorithm can be simply written as x,,11 = T)x;.



2.2 The Forward-Backward algorithm: worst-case analysis

The following theorem collects known results about the convergence of the FB algorithm. This is a
“worst-case” analysis, in the sense that it holds for every f € T'y(X) satisfying Assumption 2.1. The
main goal of Section 4 is to show how these results can be improved taking into account the geometry
of f atits infimum.

Theorem 2.2 (Forward-Backward - convex case). Suppose that Assumption 2.1 is in force, and let (X ) peN
be generated by the FB algorithm with A €]0,2L~![. Then:

i) (Descent property) The sequence (f(xn))neN is decreasing, and converges to inf f.
ii) (Féjer property) For all ¥ € argmin f, the sequence (||x, — X||),,cp is decreasing.
iii) (Boundedness) The sequence (X, )neN is bounded if and only if argmin f is nonempty.
Suppose in addition that f is bounded from below. Then
iv) (Subgradients convergence) The sequence (||0f (xu)||_) e converges decreasingly to zero, with |9 f (x,41) || =
O ((xs) —inff).
Moreover, if argmin f # @, we have:
v) (Weak convergence) The sequence (x,),eN converges weakly to a minimizer of f.
vi) (Global rates for function values) For alln € N,

dist (xo, argminf)2, with C — 1 ifA < ‘Lfl,
2An 1+2(AL—1)(2—AL)~'  otherwise.

Fxy) —inff < C

vii) (Asymptotic rates for function values) When n — +oo, f(x,) —inf f =0 (n™1).

Theorem 2.2 collects various convergence results on the FB algorithm. Item i) appears in [94, Theorem
3.22] (see also [52]). Item ii) is a consequence of the nonexpansiveness of the FB map (see (3)) [65,
Lemma 3.2]. Item iii), which is a consequence of Opial’s Lemma [87, Lem. 5.2], can be found in [94,
Theorem 3.12]. Item iv) follows from Lemma A.9.ii) in the Annex. Item v) is also a consequence of
Opial’s Lemma, see [65, Proposition 3.1]. Items vi) and vii) are proved in [32, Theorem 3] (see also
[20, Proposition 2] and [12, Theorem 3.1]).

Remark 2.3 (Sharpness of the results in the worst-case). The convergence results in Theorem 2.2
are sharp, in the following sense. First, the iterates may not converge strongly: see [8, 52] for a
counterexample in I'o(¢2(IN)). Even in finite dimension, no sublinear rates should be expected for
the iterates. To see this, apply the proximal algorithm to the function x € R — f,(x) = [x|?, whose
unique minimizer is zero. When p € |2, +-co[, there exists a constant C;, > 0 depending on (||xo||, A, p)
such that (see e.g. the discussion following [83, Proposition 2.5], or Lemma A.1):

1

~1/(p=-2) im — =
(Vn>1) |xu| > Cpn , where plirfw — 0. 4)

The estimate (4) also provides a lower bound for the rates on the objective values:
fp(xn) —inf f, > Chn=P/(P=2), (5)

The above lower bounds imply that the rate in Theorem vii) cannot be improved into a rate O(n~?),
for some > 1, because we can always find a p large enough verifying p/(p —2) > 4. It also
means that no polynomial rates can be expected for ||x" — %||. This fact was also observed in [32,
Theorem 12] on an infinite dimensional counterexample. When f is bounded from below, but has no
minimizers, the values f(x,) — inf f go to zero but no rates can be obtained in general. To see this,
consider for any a« > 0 the function f, € I'y(R) defined by

fa R =] —o0,+00] : fo(x)=|x|"" if x <0, 400 otherwise. (6)



If (xn)nen is obtained by applying the proximal algorithm to this function, then (see Lemma A.1)
there exists C, > 0 such that:

s > -0y, —a/(2+a) . _ . & _ .
fa(xp) —inf fo > C.%n , where }}3}]2_‘_“ 0 and “gTw2+“ 1 (7)

Observe that this lower bound on the objective function values implies that the convergence for
those functions is slower than the usual O(n~!) rate obtained in Theorem 2.2.vi). It also shows that
no polynomial rates can be proven for the values when argmin f = @.

3 Identifying the geometry of a function

3.1 Definitions

In this section we introduce the main geometrical concepts that will be used throughout the paper
to derive precise rates for the FB method. Roughly speaking, these notions characterize functions
which behave like (1) on an arbitrary set () C X.

Definition 3.1. Let p € [1,4o0], let f € T'y(X) with argmin f # @, and QO C X. We say that:
i) fis p-conditioned on () if there exists a constant y¢ o > 0 such that:

Vx € QNdom f, WT'Qdist (x,argmin f)P < f(x) —inf f.

ii) of is p-metrically subregular on () if there exists a constant 757 > 0 such that:
Vx € QNdom*f, 7,5 dist (x,argmin f)P 1 < [[9f (x)].
iii) fis p-Lojasiewicz on (1 if there exists a constant ¢ o > 0 such that:
Vx € Qndom™f, (f(x)—inff)"7 < csnlf(x)]l

We will refer to these notions as global if Q = X, and as local if QO = Bx(%;0) N [f < r] for some
% € argmin f, and § €]0, +o0], r €] inf f, 400].

The notion of conditioning, introduced in [98, 105], is a common tool in the optimization and
regularization literature [6, 86, 66, 101, 17]. It is also called the growth condition [86], and it is strongly
related to the notion of Tikhonov wellposedness [38]. The p-metric subregularity coincides with
metric subregularity of the subdifferential at the origin, and it is less used, generally defined for
p = 1 or 2 with () equal to a neighborhood of a specific minimizer [36, 67]. It is also called upper
Lipschitz continuity at zero of df ~! in [29], or inverse calmness [37]. The Lojasiewicz property goes
back to [79], and was initially designed as a tool to guarantee the convergence of trajectories for the
gradient flow of analytic functions, before its recent use in convex and nonconvex optimization. It is
generally presented with a constant 6 € [0, 1] which is equal, in our notation, to1 —1/p [79, 1, 14, 17],
or 1/p [83, 53, 46]. In the remark below we explain the main difference between our definition and
the one usually considered in the literature.

Remark 3.2. There is a subtle but crucial difference in the terminology used in Definition 3.1 with
respect to the one commonly used for the Lojasiewicz property. It is usually said that a function
has the Lojasiewicz property at ¥ if there exist 6 > 0, ¢ > 0, and r > inf f such that f(x) — f(%) <
cllof(x)||- holds on QO = Bx(%;6) N [f < r]. If the latter property holds for every ¥ € S C X, the
function is said to have the Lojasiewicz property on S. This is a different requirement with respect to
the one in Definition 3.1. Indeed, we require the inequality to hold uniformly on (), while the above
definition must hold locally around every point of interest in a given set, and typically only allows
for asymptotic convergence rates (see Corollary 4.12). This change of viewpoint is motivated by the
fact that for many convex functions, we have more than just a local information about the geometry



(see Sections 3.3 and 4). More importantly, it is actually necessary for the analysis of the problems
discussed in Section 5, which motivated this paper. Beyond that, it also allows to understand in a
unified framework both global (Corollary 4.11) and local (Corollary 4.12) convergence rates.

The notions introduced in Definition 3.1 are closely related to each other. Indeed, for convex func-
tions, p-conditioning implies metric subregularity, which implies the Lojasiewicz property. Under
some additional assumptions, it is possible to show that the reverse implications hold. For instance,
metric subregularity implies conditioning when () = argmin f + éBy, § > 0 [102, Theorem 4.3].
Similar results can also be found in [2, 7, 41, 39], and [29, Theorem 5.2] (for Q) = X). Also, it is shown
in [17, Theorem 5] that the local Lojasiewicz property implies local conditioning. The next result,
proved in Annex A.2, extends the mentioned ones, and states the equivalence between conditioning,
metric subregularity, and Lojasiewicz property on 0 f-invariant sets (see Definition A.2in Annex A.2).

Proposition 3.3. Let p € [1, +oo[, let ) C X, and let f € I'y(X) be such that argmin f # @. Consider
the following properties:

i) fis p-conditioned on 2,
ii) of is p-metrically subregular on (),
iii) fis p-Lojasiewicz on Q).
Theni) = ii) = iii). One can respectively take 7510 = 7fo/pand ¢y o = ey fl,g’ . Assuming in
addition that () is df-invariant, we also have iii) = i) with 77 = c;f)pl_iq .

The two next propositions show that these geometric notions are stronger when p is smaller, and
are meaningful only on sets containing minimizers (their proof follow directly from Definition 3.1
and are left to the reader).

Proposition 3.4. Let f € I')(X) be such that argmin f # @, Q C X,and p’ > p > 1.

i) If f is p-conditioned (resp. df is p-metrically subregular) on (), then f is p’-conditioned (resp.
df is p’-metrically subregular) on Q N §Bx for any 6 €]0, 4oc0].

ii) If f is p-Lojasiewicz on (), then f is p’-Lojasiewicz on QN [f < ] for any r > inf f.
Proposition 3.5. Let f € I')(X) be such that argmin f # @. If QO C X is a weakly compact set for
which Q Nargmin f = @, then f is p-conditioned on Q) for any p € [1, +oo[.

3.2 Examples
In this section, we collect some relevant examples.

Example 3.6 (Uniformly convex functions). Suppose that f € I'o(X) is uniformly convex of order
p € [2,40o[ [11, Definition 10.7]. Then, there exists v > 0 such that [101, Corollary 3.5.11.iv]:

(V(x1,%2) € domdf?) (Vx] € 3f(x1)) f(x2) — f(x1) — (¥}, %0 — x1) > %sz —x||P.

Such function is globally p-conditioned, with ¢ x = 7, and globally p-Lojasiewicz, with ¢y x =
(1—1/p)'~1/Py~1/P (see Lemma A .4). In the strongly convex case, when p = 2, the 2-F.ojasiewicz
inequality holds with the constant cf x = 1/4/27, which is sharp. Examples of uniformly convex
functions of order p are x — |[|x||¥ [11, Example 10.16].

Example 3.7 (Least squares). Let A : X — Y be a nonzero bounded linear operator between Hilbert
spaces, and f(x) = (1/2)||Ax — y||?, for some y € Y. Then, the conditioning, metric subregularity,
and Lojasiewicz properties, with p = 2 and Q) = X, are equivalent to verify on Ker A, respectively:

1rxllxl? < (A*Ax,x), vapxllx]| < [A*Ax|, and (A*Ax,x) < 2c} (|| A" Ax|%.



If on¢(A*A) > 0 holds, one can see that the above inequalities hold with

VX = Vof X = 1/(20%,;() = oinf(A™A),

meaning in particular that f is globally 2-conditioned. Since oj,¢(A*A) > 0is equivalent for R(A*A)
to be closed (see Proposition 5.2), it is in particular always true when Y has finite dimension. If
instead oy,(A*A) = 0 holds, [53, Theorem 2.1] shows that f cannot satisfy any local p-Lojasiewicz
property, for any p > 1. This is for instance the case for infinite dimensional compact operators. Nev-
ertheless, we will show in Section 5, that the least squares always satisfies a p-Lojasiewicz property
on the so-called regularity sets, for any p > 2.

Example 3.8 (Convex piecewise polynomials). A convex continuous function f : RN — R is said
to be convex piecewise polynomial if RN can be partitioned in a finite number of polyhedra Py, ..., Ps
such that for all i € {1, ..., s}, the restriction of f to P; is a convex polynomial, of degree d; € IN. The
degree of f is defined as deg(f) := max{d; | i € {1,...,s}}. Assume deg(f) > 0. Convex piecewise
polynomial functions are conditioned [71, Corollary 3.6]. More precisely, for all r > inf f, f is p-
conditioned on its sublevel set Q) = [f < r], with p = 1+ (deg(f) —1)N. In general, the constant -y .0
(which depends on r) cannot be explicitly computed. This result implies that polyhedral functions
(deg(f) = 1) are 1-conditioned (in agreement with [23, Corollary 3.6]), and that convex piecewise
quadratic functions (deg(f) = 2) are 2-conditioned (in agreement with [70, Theorem 2.7]). More
generally, convex semi-algebraic functions are locally p-conditioned [15].

Example 3.9 (L1 regularized least squares). Let f(x) = a|/x||; + (1/2)|Ax — y|%, for some linear
operator A : RN — RM,y € RM and a > 0. As observed in [17, Section 3.2.1], f is convex piecewise
polynomial of degree 2, thus it is 2-conditioned on every nonempty level set O = [f < r]. The
computation of the conditioning constant 7y q is rather difficult. In [17, Lemma 10] an estimate
of 7 is provided, by means of Hoffman’s bound [58]. Extensions of this result to the infinite
dimensional setting can be found in [49].

Example 3.10 (Regularized problems). Let X be an Euclidean space, f(x) := g(x) + h(Ax), where
A : X — RM is a linear operator, ¢ € I'y(X), and h € To(RM) is a strongly convex C!"! function, and
argmin f # @. Then f is 2-conditioned on any level set QO = [f < r], for r > inf f, if

i) g(x) = [|x[|p, with p € ]1, 2], (see [104, Corollary 2]),

i) g(x) = Hng with p € |1,2], (use [40, Theorem 4.2]; the details are left to the reader as an
exercise, and can be checked in the Appendix),

iii) g(x) = ||x[|+ is the nuclear norm of the matrix x € X, provided the following qualification
condition holds? (see [103]): 3% € argmin f such that —A*Vh(Azx) € rid|| - ||« (%).

iv) g is polyhedral (see [103, Proposition 6]).

Note that in [103, 104], the authors do not prove directly that the functions are 2-conditioned, but that
they verify the so-called Luo-Tseng error bound, that is known to be equivalent to 2-conditioning
on sublevel sets [40, Corollary 3.6]. Note also that in items ii-iv), the strong convexity and C!
assumptions on & can be weakened (see [103] and [40, Theorem 4.2]).

Example 3.11 (Distance to an intersection). Let C, D be two closed convex sets in X such that C N
D # @, and for which the intersection is sufficiently regular, i.e. 0 € sri(C — D). Let f(-) =
max{dist (-, C),dist (-, D)}. Clearly, f € I'y(X), and argmin f = CN D. Then f is 1-conditioned on
bounded sets [10, Theorem 4.3]. Let p € [1, +-c0[. From || - ||ec < || - ||, it follows that the function x —
dist (x, C)? 4 dist (x, D)? is p-conditioned on bounded sets. The regularity condition 0 € sri (C — D)
is not necessary if the two sets are polyhedral, as proved by Hoffman [58].

2We mention that this result was originally announced in [60, Theorem 3.1] without the qualification condition, but then
corrected in [103, Proposition 12 & following remarks], in which the authors show that such condition is necessary.



Example 3.12 (Minimum of Lojasiewicz functions). If f = min;—;__,, f;, with f; € To(RN) being
continuous on its domain, and locally p-Lojasiewicz at ¥ € argmin f, then f is locally p-Lojasiewicz
at ¥ [74, Theorem 3.1]. It is important to notice that this result do not need the f;’s to be convex.

The next section presents new sum rules for conditioned functions.

3.3 A sum rule for p-conditioned functions

Since verifying conditioning directly with the definition can be difficult, it is very useful to establish
which basic operations preserve conditioning. In this section we present two new sum rules for con-
ditioned functions in a setting where f = ¢+ ho A, where ¢ and & are convex and A is a bounded
linear operator. Theorem 3.15 states that if g strictly convex and p-conditioned up to linear pertur-
bations then also f is p-conditioned. Theorem 3.17 provides an alternative where the assumption of
strict convexity of g is replaced by a stable conditioning assumption on /1, which we formalise in the
next definition, inspired by the terminology used in [88, 41, 40].

Definition 3.13. Let f € I'o(X), QO C X, and p € [1,+0co[. We say that f is p-tilt-conditioned if, for
every u € X, the tilted function f + (u, -) has no minimizers, or is p-conditioned on Q.

Note that a similar notion is already present in the literature: if f is p-tilt-conditioned (in our
sense) on every compact set, then it is firmly convex in the sense of [40, Definition 4.1].

Example 3.14 (Tilt-conditioned functions). Many conditioned functions relevant for inverse prob-
lems are also tilt-conditioned:

* The 1-norm || - ||1, and more generally every polyhedral function, are 1-tilt-conditioned on Eu-
clidean spaces [23, Cor. 3.6].

* Convex piecewise polynomials of degree 2 are 2-tilt-conditioned on their sublevel sets. This is
due to Example 3.8 and the fact that this class of functions is stable up to linear perturbations.

e For the same reasons as above, p-uniformly convex functions are p-tilt-conditioned on X, for
p=>2.

e If KL(x1;x7) denotes the Kullback-Leibler divergence between two vectors in ]0, +co[V, then
the divergence KL(x3; -) is 2-tilt-conditioned on bounded sets. This result is new, and its proof
can be found in Lemma A.6.

® The nuclear norm is 2-tilt-conditioned on bounded sets [103, Proposition 11].

¢ See [40, Section 4] for more examples and properties of 2-tilt-conditioned functions on compact
sets.

In this first theorem, we show that if a strictly convex function remains conditioned up to linear
perturbations, then it is also stable up to convex perturbations:

Theorem 3.15 (Sum rule involving a strictly convex tilt-conditioned function). Let f = g+ ho A,
where g € To(X), let Y be a Hilbert space, h € To(Y) and A : X — Y a bounded linear operator. Suppose
that argmin f # @. Let Q) C X, and assume that:

a) the nondegeneracy condition 0 € sri (domh — A(dom g)) holds,
b) g is strictly convex on its domain,
c) g is p-tilt conditioned on Q) for some p € [1, +o0.

Then, f is p-conditioned on Q). We have 7y¢ o = 75,0, where § = g + (-, u), for some u € X.



Proof. Let ¥ € argmin f; Fermat’s rule implies that 0 € 0f(%). Using assumption a) with [11, Thm.
16.47], we can write 0 € dg(%) + A*0h(Ax). Let & € —0h(AX) be such that 0 € dg(%) — A*7, ie,
¥ € 0g"(A*0). Letx € QNdomf, and set § = g — (A*,-). Using the fact that linear forms are
continuous, we can use again Fermat'’s rule together with a sum rule [87, Thm. 3.30] to write

ucargmng < 0€d(g— (A7) (u) =09g(u) — A*0 < A*0 € dg(u) < u € 9g*(A*3), (8)

meaning that argmin § = 9g*(A*0) # @. It follows then from assumption c) that § is p-conditioned
on ). Moreover, because g is strictly convex, we have dg*(A*5) = {x} [11, Prop. 16.37.i], and
argmin f = {x} [11, Cor 11.9]. These facts mean that argmin § = argmin f. We can now write the
conditioning of § evaluated at x, together with the convexity of & (remember that —7 € dh(Ax)):

g(x) > g(x)+(A"0,x — %) + (750/p)dist” (x,argmin f),
h(Ax) > h(A%x)+ (-7, Ax — AX).

Observe that we are allowed to use the conditioning of § at x, because x € dom f C dom g = dom §.
Summing these two last inequalities gives

f(x)—inff > WT’Qdistp(x, argmin f),

with ¢ 1= 70, which concludes the proof. O

Remark 3.16 (On the nondegeneracy condition a) of Theorem 3.15). This condition is very mild, and
is satisfied under any of the following sufficient conditions (we note X a minimizer of f):

® 1 is continuous at A% (see [11, Prop. 16.27 & Prop. 6.19.vii]).
® i has a full domain.

e dimY < +co, ¥ € qridomg and AX € ri dom# (see [11, Def. 6.9 & Prop. 6.19.ix]). These
inclusions hold for instance if g and # have open domains.

Theorem 3.15 is useful, but proves to be impractical when g is not strictly convex, which typically
happens when g corresponds to some low-complexity-inducing regularizer used in inverse problems
(fl norm, group lasso, nuclear norm, total variation, etc). The next theorem provides a setting for
those functions; in exchange for the strict convexity of g, we will require & to also be tilt-conditioned,
and to some strong qualification condition to hold.

Theorem 3.17 (Sum rule for tilt-conditioned functions). Let f = ¢+ ho A, where g € To(X), h € Ty(Y)
and A : X — Y is a bounded linear operator with closed range. Suppose that argmin f # @, and let Q) C X.
If ¢ € To(Y) denotes the corresponding Fenchel-Rockafellar dual problem (v) = g*(A*v) + h*(—v), and

a) the nondegeneracy condition 0 € sri (domh — A(dom g)) holds,
then argmin i # @. Moreover, if
b) thereis o € argmin 1 for which the following qualification conditions are satisfied:
0 € sri(9g*(A*6) — A~lon*(—1)), )
0 € sri(R(A)—0h"(—9)), (10)
c) g is py-tilt-conditioned on Q), and h is py-tilt-conditioned on AQ) for some p1, pr > 1,
then f is p-conditioned on every bounded subset of Q, with p := max{p1, p2}.

Proof. The beginning of this proof starts as in the proof of Theorem 3.15: we use the nondegeneracy
assumption a) with [11, Thm. 16.47] to get some ¥ € argmin f and & € —odh(AX) such that ¥ €
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08" (A*7). So the condition [11, Thm. 19.1.ii] is verified, meaning that strong duality holds (in the
sense that inf f = — inf ¢). This allows to use [11, Cor. 19.2] to obtain

¥ € argmin f = 9g*(A*5) N A~ 1on* (—3). (11)
We can use again [11, Cor. 19.2], this time on the dual problem, to also obtain
0 € argmin = —oh(A%) N A* 19g(x).

The above equality allows us to assume, without loss of generality, that 7 is the element of argmin
satisfying b). So, it remains to prove that, for all § > 0, there exists v > 0 such that:

(Vx € QNéBxNdom f) f(x) —inf f > ydist?(x,0g*(A*3) N A~1oh* (—0d)). (12)

Fix § > 0,letx € Q5 := QNJBxNdom f,and set § = ¢ — (A*5,-) and i = h + (5,-). Setting
p = max{py, p2}, we see from assumption c) and Proposition 3.4 that § and / are p-conditioned
on the bounded sets ()5 and A(Q);, respectively. Using the same arguments as in (8), we obtain that
argmin§ = dg*(A*0) > % and argmin/ = 0h*(—07) > A%. Therefore, the conditioning of § (resp. /)
evaluated at x € dom f C dom ¢ = dom § (resp. Ax € Adom f C domh = dom /) writes as

8(%) + (A", x — %) + (15,0,/p)dist? (x,08" (A"0)),
h(A )+< Ax—Ax} (V0 / P)dist? (Ax, a0 (~0)).

Summing these two last inequalities gives,
f(x) —inf f > Cy (dist?(x,0¢*(A*3)) + dist? (Ax, oh*(—7))), (13)
with C; = p~! min{7g 0, 7, 40,1 Since || - [ < [| - ||y on R?, we deduce that
f(x) —inf f > C; max {dist (x,9g"(A*0)), dist (Ax,d0h*(—0))}",

It remains to lower bound the right hand side by the distance to argmin f. By Example 3.11, thanks
to the qualification condition (9) and the fact that ()5 is bounded, we derive from (11) that there exists
C; > 0 independent of x such that

dist (x,argmin f) < C, max{dist (x,dg*(A*®)), dist (x, A~ 0h* (7)) }. (14)

Define y := proj(Ax, R(A) Noh*(—7))), which is well defined since we assumed R(A) to be closed.
Let ¢, € Io(X) be defined by ¢, (1) := (1/2)[|Au — y||>. Since y € R(A), necessarily inf ¢, = 0, so
we deduce from Example 3.7 that

(Vue X) ¢y(u) > (opne(A” A)/2)dist? (u, argmin ¢y, ). (15)

On the one hand, we have argmin¢, = A~y C A~'0h*(—0). On the other hand, the definition of y
implies ¢y, (x) = (1 /2)dist?(Ax, R(A) Noh*(—3)). Thus, it follows from (15) that

dist (Ax, R(A) Noh* (—0)) > oine(A) dist (x, A Loh* (—17))).
Since this is true for any x € ()5, we can combine it with (14) to get for all x € Qs
dist (x, argmin f) < C3 max{dist (x,9¢" (A*?)), dist (Ax, R(A) Noh™(—7))}, (16)

with C3 = C; max{1, ojn¢(A) ~1}. To end the proof, use the qualification condition (10) with Example
3.11 again to get some C4 > 0 such that for all x € Q,

dist (Ax, R(A) Noh*(—07)) < Cymax{dist(Ax, R(A)),dist(Ax,oh*(—0))} 17)
Cydist (Ax,o0h™ (—7)).

The above inequality, combined with (16) and (12), concludes the proof. O
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Remark 3.18 (On the qualification conditions). When g is not strictly convex, the conclusion of The-
orem 3.17 may not hold if the qualification conditions (9) and (10) are removed, as proved in [103,
Section 4.4.4] with ¢ = || - ||+. Let us give some sufficient conditions for (9) and (10) to hold:

¢ If X and Y have finite dimension, b) is equivalent to
0 €riAdg*(A*3) —rioh™(—0).

To prove this, use [11, Cor. 6.15] and [92, Thm. 6.7] to see that the above condition is equiv-
alent to (9), which implies (10). This condition is for instance satisfied if 0 € ridy(7) and
0 € ri domg* + A*(ri domh*) (see [11, Thm. 16.47]). Those are the two conditions needed in
[40, Theorem 4.2].

¢ If X and Y have finite dimension and # is strictly convex, then a sufficient condition for b) is
¥ € riog*(A*9) [11, Prop. 18.9].

¢ If X and Y have finite dimension, g is polyhedral and / is strictly convex, then assumption b) is
not needed. As pointed out in [40, Cor. 4.3], this is due to the fact that the subdifferentials of #*
and g* are polyhedral, which allows the use of Hoffman’s bound [58] instead of [10, Theorem
4.3] in the proof.

Remark 3.19 (On the closedness of the range). In Theorem 3.15 we assume R(A) to be closed. To
see how important this hypothesis is in infinite dimension, take ¢ = 0 (which is not strictly convex),
h = | -]|*> and A an operator with a nonclosed range. Then, for this example, the qualification
conditions cannot be satisfied. Indeed, even if (9) is automatically satisfied (because d¢*(0) = X),
condition (10) reduces to 0 € sri R(A), which is equivalent by definition to R(A) = clR(A), which
is impossible. Worse, even if we could get rid of this qualification condition, and if the conclusion of
the theorem were true, we would obtain that x + ||Ax||? is 2-conditioned on bounded sets, which
was proven to be impossible in [53, Theorem 2.1] (combine it with Proposition 3.3).

Remark 3.20 (Previous results). Our results can be seen as extensions and refinements of arguments
from [40], where the authors introduce the ideas of exploiting the 2-conditioning of tilted functions
on compact sets, together with the description of argmin f as an intersection (11). Theorem 3.17
improves on [40, Thm. 4.2] and [40, Cor. 4.3] which require the argmin f to be bounded, and & to be
in C! with domh = Y (we only ask for a compatibility condition which is satisfied if / is continuous
at A%, see Remark 3.16). As far as we know, Theorem 3.15 is the first sum rule of this kind with such
weak assumptions on g.

To illustrate the interest of these sum rules, we provide a new result for regularized inverse prob-
lems where the loss function is the Kullback-Leibler divergence, and the regularizer is a polyhedral
function, such as the ¢! norm, or the Total Variation, which are commonly used in the signal and
image processing literature.

Proposition 3.21. Let f(x) = g(x) + KL(y; Ax), where ¢ € To(IRV) is polyhedral, A € My n(R),
and y €]0, +co[M. If argmin f # @, then f is 2-conditioned on bounded sets.

Proof. We just have to verify the hypotheses of Theorem 3.17, by noting h := KL(y; - ). First, the
nondegeneracy condition a) is verified because dom is open, and & is continuous on its domain
(see Remark 3.16). Second, the qualification conditions b) are not needed because we are in a finite
dimensional setting, ¢ is polyhedral and & is strictly convex (see Remark 3.18). Finally, g being
polyhedral implies that it is globally 1-tilt-conditioned (see [23, Corollary 3.6]), and we prove in
Lemma A.6 that & is 2-tilt-conditioned on bounded sets, so ¢) is verified. O

4 Sharp convergence rates for the Forward-Backward algorithm

In this section, we present sharp convergence results for the forward-backward algorithm applied to
p-Lojasiewicz functions on a subset (2, building on the ideas in [5]. We extend the analysis to the case
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where () is an arbitrary set, which will allow us to deal with infinite dimensional inverse problems
(see Section 5.1), or structured problems for which all the information is encoded in a manifold (see
Section 5.2). We also provide explicit rates of convergence, for both the iterates and the values. The
proofs of Section 4.1 are left in the Annex A.3.

4.1 Refined analysis with p-Lojasiewicz functions

Theorem 4.1 (Strong convergence and rates, p > 1). Suppose that Assumption 2.1 is in force, and that f
is bounded from below. Let (xy,),cN be generated by the FB algorithm. Assume that:

a) (Localization) foralln € IN, x, € Q C X,
b) (Geometry) f is p-Lojasiewicz on QQ, for some p > 1.

Then the sequence (xy)yeN has finite length in X, meaning that Y, e || Xn+1 — Xn|| < 00, and converges
strongly to some xeo € argminf # @. Moreover, there exist some constants Cp, C;, > 0 with explicit
expressions (see equations (53) and (55)), such that the following convergence rates hold, depending on the

value of p, and of k := A(2 — AL) [ZC},Q]_l-'

i) If p =1, then x, = Xeo for every n > (f(xo) — inf f)/x.

it) If p €]1,2], the convergence is superlinear: for all n € IN,

f(xn) —inff

p
2(p-1) .
D) - vl < Gyl () —inf 1,

i) ~intf <
iit) If p = 2, the convergence is linear: for alln € IN,

Flotns1) =06 < = (F ) = inf ) and 1 = ool < Calf(x0) = inf )2 (142) /2,

iv) If p €]2, +o0|, the convergence is sublinear: for all n € IN,

1

_P_ J

flxn) —inf f < (C)P/ P 20772 and  ||x,41 — Xool| < Cp(Cp)V/ PP 72,

Note that the rates range from the finite termination, for p = 1, to the worst-case rates seen
in Theorem 2.2, when p tends to +oco. The bigger is p, the more the function is ill-conditioned, in
the sense that the rates of its values become closer to o(n’l), and the rates of its iterates become
arbitrarily slow.

Remark 4.2 (Related work). Theorem 4.1 collects known and new results. We present a simple proof
of this theorem, focusing on the analysis of a real sequence satisfying (51) (see [27, Theorem 3.2]
or [46, Theorem 3.4] for previous results). The superlinear rates in ii), which were known for the
proximal point algorithm [82], are new for the Forward-Backward algorithm. Moreover, the case
p = 2 was giving R-linear rates for the values in [27, 46], while we prove here Q-linear rates. Also,
the quantification of the number of steps in the case p = 1 involving x is new.

Remark 4.3 (On the sharpness of the rates I). Let f = || - ||”. According to (4) and (5), the order of
the sublinear rates for the forward-backward algorithm that we obtain for both iterates and values
are sharp when p €]2, +o0o|, see Remark 2.3. When p = 2, we see that the proximal algorithm
verifies x, 11 = (14 2A) " 'x,, and the algorithm converges linearly. Finally, when p € 1,2, the
order of superlinearity that we obtain is not sharp, since for this function the proximal algorithm
has a Q-superlinear rate of order (p — 1) 1. It is shown in [82, Theorem 3.1] that dist (x,, argmin f)
converges with this order for the proximal algorithm. For this, the author uses the stronger notion of
metric subregularity, and we will extend this result in Theorem 4.21 to the FB algorithm.
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Remark 4.4 (Best stepsize and condition number). When p € [1,2], we directly see that the bigger
is x, the better are the constants in the rates for the values. This is true also for p > 2, by looking in
the proof of Theorem 4.1 to the definition of the constant C;,. The constant x is maximal when we
take A = L1, in which case x = (L2c},0)_1. When f is a y-strongly convex function, x = y/L is
the condition number of f (see Example 3.6) . So (LZC?}/Q)_l can be seen as a generalized condition
number, extending this notion from strongly convex functions to p-Lojasiewicz ones.

In Theorem 4.1 the p-Lojasiewicz assumption with p € [1,4oo[ implies that the argmin f is
nonempty. In what follows we will derive convergence rates for the objective function values, even
in the case where f is bounded from below but has no minimizers. Such results are of interest for in-
stance in function approximation theory, where the goal is to find the best approximation of a target
function within a specified function class [35]. Since in general the considered classes are not closed
in the ambient space, the minimizer of the error does not exist, but convergence rates in objective
function values are useful. A similar problem appears also in supervised statistical learning theory,
where some convergence results can still be obtained are available (see e.g. [34, Theorem 9] and [33,
Theorem A.1]).

We show below that the p-Lojasiewicz notion can be extended to nonpositive values of p, which
allows to describe thegeometry of problems without minimizers. Based on this new definition, we
then derive sharp convergence rates for the objective function values.

Definition 4.5. Let p € |—00,0], let f € Ty(X) be bounded from below, and let ) C X. We say that f
is p-Lojasiewicz on ) if dcg o > 0 such that the Lojasiewicz inequality holds:

¥x € Qndom™f, (f(x)—inff) "7 < cpnlof(x)].

Similarly to the case p > 1, where this property describes the behavior of f around its minimizers,
here it describes the decay of f(x) when ||x|| goes to +oc. This assumption leads to convergence rates,
interpolating between 0(1) and o(n~!), depending on the value of p < 0. We will see in Section 5.1
that this result applies to ill-posed linear problems involving a compact operator between infinite
dimensional spaces.

Theorem 4.6 (Rates of convergence, p < 0). Let f € To(X) be bounded from below and satisfying As-
sumption 2.1, (xn)neN be generated by the FB algorithm. Assume that:

a) (Localization) foralln € IN, x, € Q C X,
b) (Geometry) f is p-Lojasiewicz on Q), for some p < 0.
Then the values converge sublinearly (with C}, defined as in (53)):

e g
Wi € N, f(xq) —inf f < CJ 2nT.
Remark 4.7 (On the sharpness of the rates II). The rates obtained in Theorem 4.6 are sharp. Indeed,
the function defined in (6) is p-Lojasiewicz on R with p = —a, and our rates match the lower bounds
obtained in Remark 2.3.

Theorem 4.6, together with Theorem 4.1, give a complete (and sharp) picture of the asymptotic
behavior of the FB algorithm. In fact, looking at the proofs of the mentioned results, we see that the
only properties of forward-backward algorithm that are used are (47) and (48). We can then extend
the previous theorems to a broader class of first-order descent methods, which encompasses block
coordinate descent methods, and/or variable metric extensions of the FB algorithm [5, 18, 46].

Theorem 4.8 (General first-order descent method). The statements of Theorems 4.1 and 4.6 remain true
if the sequence (x,),eN is generated by any algorithm satisfying:
(3a>0)  allvwe = xal? < flrnrr) = f(xn) (18)
(3b>0) 19f (¥nr2) [l < bllxn41 = xul]- (19)
In that case the constant appearing in Theorem 4.1 becomes k := ab’%;é.
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4.2 How to localize the sequence of iterates

One of the two assumptions we do in Theorems 4.1 and 4.6 is that the sequence belongs to a set ()
on which the geometry of f is known. We discuss here some possible choices. One first simple case
is when Q) remains invariant under the action of T, (see also Annex A.2).

Definition 4.9. We say that Q) C X is FB-invariant if for all A €]0,2L~![, T,Q) C Q.

Example 4.10 (FB-invariant sets). Theorem 2.2i)-ii) and Lemma A.9.ii) imply that these sets are FB-
invariant (as well as any of their intersection):

* Bx(%,6) and Bx(%, ) for every ¥ € argmin f, and for every & € |0, +co],

e [f <r]foreveryr >inff,

e {xeX||of(x)||l.< M} and {x € X | ||[0f(x)]. < M}, for every M €]0, +o0],
* O = {x,}neN if (xn)neN is generated by the FB algorithm.

Assuming that ) is FB-invariant, the localization property becomes a simple assumption on the
initialization of the algorithm. The proof of the next corollary is immediate:

Corollary 4.11 (Geometry on stable sets gives global rates). Let f € T'o(X) be bounded from below
and satisfying Assumption 2.1, and (x,),cN be generated by the FB algorithm. Assume that QO C X
is FB-invariant and that:

a) (Initialization) xy € Q,
b) (Geometry) f is p-Lojasiewicz on (), for some p €] — o0, 0[U[1, +o0].
Then the results of Theorems 4.1 and 4.6 apply for the sequence (x),cN-

In some cases, it is possible to remove the assumption x( € ), to the price of having only asymp-
totic rates. Indeed, it suffices to prove that the sequence will enter in () at a certain iteration, which is
the argument used in [5, 46], in a non-convex setting. This happens for instance with the local level
sets, under a slight compactness assumption (see below).

Corollary 4.12 (Local geometry gives asymptotical rates). Let f € T'o(X) be such that argmin f # @
and satisfying Assumption 2.1. Let (x,),cn be generated by the FB algorithm and assume that:

a) (Compactness) (xn)ncN admits a subsequence strongly converging to ¥ in X,
b) (Local geometry) for some p € [1, +o0[:

(3(3,7) € ]0, +00]) such that f is p-Lojasiewicz on Bx(%,6) N [f < r + inf f].

Then there exists 1y € IN such that the rates of Theorem 4.1 apply for the sequence (X;1y+1)neN-

Proof. Let (x4, )xe be a subsequence strongly converging to some X, which belongs to argmin f
according to Theorem 2.2. Therefore, f is p-Lojasiewicz on Q) := Bx(xw,d) N [f < r + inf f], for
some (4,7) € ]0,4c0]. Since x;, — Xeo and f(xy,) | inf f, there exists K € IN such that x,,, € Q.
Since Q) is FB-invariant, we conclude that (x,),>n C Q. O

Remark 4.13 (On the compactness assumption). The compactness assumption made in Corollary
4.12 is always satisfied in finite dimension. Indeed Theorem 2.2 guarantees that the sequence is
bounded under the assumption that argmin f # @. If X has infinite dimension, this assumption can
be verified provided that f has compact level sets, due to the decreasing property of f(x).
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The property that a sequence (x,),en generated by an algorithm reaches a set of interest () after
a finite number of iterations, is usually called identifiability, or finite identification of (2 [100, 68, 54],
and Q) is therefore called an active set. For instance, the so-called active manifolds can be identified in
finite time, under the assumption that f is partially smooth with respect to this manifold [54, 55]. An
alternative approach, recently introduced in [43], shows that the strata of mirror-stratifiable functions
are identifiable. We will use this notion of active strata to derive another asymptotic convergence
result.

Before introducing the notion of mirror-stratifiability, we recall that a set M C RY is said to be
stratified by {M;};_; C M if this family is a finite partition LUM; = M such that M; NclM; # @ <
M; C cl M. The latter inclusion endows the family of strata with an order relation M; < M; < M; C
cl Mj. Given a point x € M, it will be useful to note M, the unique strata which contains x.

Definition 4.14 (Mirror-stratifiable function). We say that a function f € To(RN) is mirror-stratifiable
if

a) domof (resp. domdf*) is stratified by {M;};_; (resp. {M;}5_,),
b) the map Jf: M — J ridf(x) realizes a bijection between {M;};_; and {M; };_,,
xeM

c) the map J; is decreasing, in the sense that M; < M; < [¢(M;) = J¢(M;).

Both notions appear naturally in most sparsity-based inverse problems such as the 1-norm, group-
lasso norm, nuclear norm, or the total variation, or any polyhedral function, see [43] for more details
and many examples.

Corollary 4.15. Suppose that Assumption 2.1 is in force, that X = R, and let (x,),cn be the se-
quence generated by the FB algorithm converging to some ¥ € argmin f. Assume that:

a) g is mirror-stratifiable, and we define Cz := U{M | Mgz <= M =< ]g_l(M’th(X))},
b) f is p-Lojasiewicz on Cz N Bx(%,d) for some 6 €]0,+00] and p € [1, +oo|.

Then there exists ny € IN such that the rates of Theorem 4.1 apply for the sequence (Xyy+n)neN- Note
that Cx = Mz holds whenever 0 € ridf(%).

Proof. It follows from [43, Theorem 4] that there exists 1y € IN for which x4, € Cx for every n € IN.
Since (x,)neN converges to X, we can assume that n is such that x4, € Cx NBx(%,0) for every
n € IN. This, together with b), allows to apply Theorem 4.1 to the sequence (X;;+1)neN- The equality
Cz = M follows directly from the bijectivity of ¢, and the fact that —Vh(%) € ridg(x). O

The reader not familiar with the notion of mirror-stratifiability might wonder what is the active
set Cz appearing in Corollary 4.15. Here are a few example of interest:

Example 4.16. We keep here the notations of Corollary 4.15:

e If g(x) = ||x|l1, we can choose a stratification based on sets with prescribed support, which
gives

Cz = {x € RN | supp(&) C supp(x) C act(—Vh())}, (20)

where supp(x) is the support of x, and act(x*) = {i | |x;] = 1} is the set of active indices

of x* in [—1,1]N. Some authors call act(—Vh(%)) the extended support of . In the case that
0 € ridf(x), we have supp(%) = act(—Vh(x)).

e If g(x) = ||x]||« is the nuclear norm, we can choose a stratification based on sets of matrices with
prescribed rank, which gives

Ci = {x € My N(R) | rank (¥) < rank (x) < #act(c(—Vh(%)))}, (21)

where o(x*) denotes the set of singular values of the matrix x*. If 0 € ridf (%), we have
rank (%) = #act(c(—Vh(x))).
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Remark 4.17 (Partial smoothness). Even if there is no direct relation between mirror stratification
and partial smoothness, all the above mentioned functions are both mirror-stratifiable and partially
smooth, and it would be immediate to provide an analogue result to Corollary 4.15 for partially
smooth functions. Note that when using the identification theorems for partially smooth functions,
it is necessary to assume the qualification condition 0 € ridf(x) to hold. In this case, the active
manifold coincide with the active set Cz = My for most practical cases (polyhedral functions, spectral
norms), meaning that those cases are already covered by Corollary 4.15.

Remark 4.18 (On the assumptions). Note that our assumptions do not require or imply that f has
unique minimizer; we only require f to be Lojasiewicz on the active set. In Section 5.2, we will
show how this geometrical assumption can be guaranteed, provided that V2i(¥) is injective when
restricted to the tangent cone of the active set. In [74, Thm. 3.7] the authors provide a sufficient
condition for the Lojasiewicz inequality to hold locally when g is a partially smooth function.

4.3 Linear rates of convergence for the Forward-Backward algorithm

In this Section we give more insights on the linear rates for the FB algorithm. According to Theorem
4.1, f(xn) —inf f and ||x; — Xeo|| converge linearly when a 2-Lojasiewicz property is verified. Another
decreasing quantity of interest is dist (x,,, argmin f), and its Q-linear convergence is equivalent to
asking that the forward-backward map T) satisfies

(3efa €]0,1[)(Vx € QNdom f) dist (Tyx,argmin f) < ef ndist (x,argmin f). (22)

If such property holds on a set () containing (x,)ncN, the sequence (dist (x,, argmin f)),cn will
converge Q-linearly. In fact, it is possible to show that (22) is equivalent to the 2-conditioning of f on
), provided this set is FB-invariant (see Definition 4.9). This fact has been observed in [85] for the
projected gradient method, with QO = X and A = L™}, and below we extend the argument to our
more general setting.

Proposition 4.19 (Linear rates and 2-conditioning). Suppose that Assumption 2.1 is in force and
assume that argmin f # @. Let Q C X and A €]0,2L71[.

i) If f verifies (22) on (), then it is 2-conditioned on Q) with y¢ = A2 —-AL)(1—¢ f/Q)2.

ii) If f is 2-conditioned on T) (), then it verifies (22) on Q withef o = (1 + Ays ) ~1/2 for stepsizes
Aelo, L.

Then, on FB-invariant sets, the 2-conditioning is equivalent to (22), for stepsizes A € }O, L_l] .

Proof. Let S = argmin f, and let x € Q). It follows from the triangular inequality that

dist (x,S) < ||x — proj(Tax, S)|| < ||x — Tyx|| + dist (Tyx, S). (23)
Lemma A.9.i) implies that

¥ = Thx|2 < 24(2 = AL) " (f(x) — inf f) %)
For item i), combine (22), (23), and (24):
(1—e5,0)>dist (x;5)* < [|[Tax — x[|* < 2A(2 — AL) ' (f(x) — inf f).
For item ii), Lemma A.9.i) with u = proj(x; S), and the fact that A < 1/L implies
| Tax — proj(x; S)||* < dist (x;S)? — 2A(f(Tax) — inf f).

Then, since f is 2-conditioned on T} > T, x, we can conclude from

dist (Tyx; $)? < ||Tax — proj(x; S)||> < dist (x;S)? — Ay adist (Thx;S)>%. O
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Let us assume that f is a y-strongly convex function, with ¢ > 0 as in Example 3.6, and let % be its
unique minimizer. Let (x,),cN be generated by the FB algorithm, for which we take A = 1/L, and
define the condition number of f as « := /L. We compare the different linear rates that we can get
for ||x, — %|| by using different theorems, relying on more or less strong assumptions. Using that f is
2-Lojasiewicz (with cf x = (27)’1/ 2, see Example 3.6), Theorem 4.1 yields R-linear rates of the form

|xn — x|| < Ce", C >0,

where ¢ = 1/+/1+ «. If instead we exploit 2-conditioning (recall that in general this is a stronger
notion than 2-Lojasiewicz , Proposition 3.3), we obtain Q-linear rates from Proposition 4.19 with
exactly the same constant €. If we use directly the strong convexity of f, we obtain in this case Q-
linear rates with ¢ = 1 — x (see e.g. [95, Proposition 3]). So, the more information we use, the better
rates we derive. In [85], the authors investigate different notions belonging between strong convexity
and the 2-conditioning. For instance, under an assumption of “quasi strong convexity”, they obtain
e = /(1 —x)/(1+x), which is smaller than (1 4 x)~1/2, but not as good as 1 — x. In conclusion,
two aspects are crucial in the linear convergence of forward-backward. First, to have Q-linear rates
for the iterates, it is necessary and sufficient to require the 2-conditioning of the function, due to
the equivalence result of Proposition 4.19. Second, just assuming 2-conditioning is not a guarantee
of having a fast computation of the solution, since linear rates can be arbitrarily slow on any finite
number of iterations. Indeed two constants play a key role: the condition number «x, which is directly
related to 777, (some extra assumptions on f could improve the value of ¢ ), see e.g. the discussion
in Subsection 5.2), and ¢ (see also [85]).

4.4 Superlinear rates and finite termination

In this section, we refine the convergence analysis for the case p € ]1,2|, replacing the p-Lojasiewicz
property with p-metric subregularity (or p-conditioning). As discussed in Remark 4.3, the order of
superlinear convergence that we derive for the FB algorithm in the case p €]1,2[ is not sharp. In
Theorem 4.21, using p-metric subregularity (or p-conditioning) instead of p-Lojasiewicz , we derive
better (and indeed sharp, see Remark 4.3) superlinear rates. Keep in mind these three notions are
only equivalent via Proposition 3.3 if () verifies a stability condition. The proof of Theorem 4.21
below follows directly from the next lemma, which is a partial analogue of Proposition 4.19-ii).

Lemma 4.20. Suppose that Assumption 2.1 is in force and assume that argmin f # @.

i) If of is p-metrically subregular on Q) C X, then forall p € |1,2[, and x € dom™ f:

Tyx € Q = dist (Tyx,argmin f)P~! < 2/(/\'yaf,0)_1dist (x,argmin f).
ii) If f is p-conditioned on (), then for all p € ]1,2[, and x € dom™ f:
(x,Tyx) € O = (f(Tx) ~inf )P < (p/770)" (2/A) (f(x) — inkf).
Proof. Let S = argmin f. Lemma A.9.ii), the triangular inequality, and Theorem 2.2-ii) yield

Alof(Tax) [l < [|Tax — x| < [[Tax — proj(x, S)|| + [[proj(x, §) — x[| < 2dist (x, ). (25)

For i), use the hypothesis with (25) to derive 757 adist (Tx, S)? 1 < (2/))dist (x, S). For ii), use the
p-Lojasiewicz inequality via Proposition 3.3 , together with (25) and the p-conditioning;:

(f(Tax) —inf P < (p/as,)IDF (TP < (p/77,0)2(2/ M) (F(x) — inf f) O

Theorem 4.21. Assume that p €]1,2[ and that the hypotheses of Theorem 4.1 hold. If the p-Lojasiewicz hy-
pothesis is replaced by p-metric subregularity (resp. p-conditioning), then dist (x,, argmin f) (resp. f(x,) —
inf f) Q-superlinearly converges with order (p — 1) L.
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We now discuss the relevance of these fast rates when f is p-Lojasiewicz with p € [1,2]. While
superlinear rates are well-known for the proximal algorithm applied to sharp functions, it is not
observed for the gradient method. The apparent contradiction between this result and practice is
in fact related to a quite intuitive fact, stated in the following Proposition: the more a function is
smooth, the less it can be sharp. This means that the gradient algorithm cannot be applied to p-
Lojasiewicz function, with p < 2, because it is incompatible with V f being Lipschitz continuous. A
similar statement, under different assumptions, can be found in [13, Proposition 2.8].

Proposition 4.22. Let f € Ty(X) be such that dom f has a nonempty interior. Assume f to be dif-
ferentiable on ), where Q) C X is convex and such that® proj(Q;argmin f) C Q. Assume that f is
p-conditioned on (), and that V f is a-Holder continuous on (), i.e.

(OLyfoa > 0)(Fa>0)(V(x,y) € O [[Vf(x) = VW)l < Lygaallx —yll*

Then p € [a + 1, +oo[. In the case that p = a + 1, we have moreover that 7¢ o < Lyf,0a-

Proof. Let x € ONdom” f, and ¥ := proj(x,argmin f). Then ¥ € Q and ¥ # x. Forall t € |0,1],
let x; := tx + (1 — t)x. Then x; € O\ argmin f and ¥ = proj(x, argmin f). From the p-conditioning
assumption and the Descent Lemma A.10 applied at (¥, x;) € Q?, we see that:

V5.0 . . _ Lvrao _
(vt €10,1) 0< L2 w27 < fxe) — f(7) < T — 2. 26)
p x+1
If we suppose that p < a + 1, then by passing to the limit for t — 0, we get 7fq/p < 0 which is
impossible. So p > a + 1, and if equality holds, 7fn < Ly q follows from (26). O

As a consequence of Proposition 4.22, we should not expect more than linear rates for the gradient
method applied to a C!'! convex function. Such a result cannot be extended straightforwardly to the
Forward-backward algorithm. For instance, the function f(x) = ||x||> + ||x|| has a nontrivial smooth
term in its decomposition, but is still sharp at its minimizer.

5 Linearinverse problems: from modeling assumptions to conver-
gence rates

Throughout this section, X and Y are Hilbert spaces and A : X — Y is a bounded linear operator.
X is called the parameter space and Y is the data space. Given the linear inverse problem Ax =y,
for some y € Y, we are interested in the (possibly regularized) convex optimization problem

gréi)rgf(x) =g(x) + D(Ax;y), (27)
where ¢ € Tp(X) and h = D(-,y) € To(Y). The goal of this section is to show that typical modeling
assumptions made in the inverse problem literature can be interpreted as geometric assumptions
on (27), which are often not local, in the sense of Definition 3.1. First, we show that the classical
source conditions are equivalent to a Lojasiewicz condition on suitable subsets, that we call source
sets. Second, we show that the restricted isometry property, which is the key for exact recovery in
sparsity based regularization, induces a 2-conditioning of the problem over a cone of sparse vectors,
which is identified in finite time by the algorithm. This result extends to general inverse problems
with mirror-stratifiable regularizing functions, for which the restricted isometry property entails a
2-conditioning of the problem over an active set (introduced in Corollary 4.15).

3Note that proj(Q;argmin f) C Q holds when Q = Bx(%,0) N[f < 7], for ¥ € argminf, because proj(-;argmin f) is
nonexpansive.
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5.1 Lojasiewicz property of quadratic functions via source conditions in Hilbert
spaces

All across this Section 5.1, we assume that A : X — Y is a bounded linear operator, that y € Y,
and that f(x) := (1/2)||Ax — y||? is the associated least squares function. We will also note y' :=
proj(y,cl R(A)), and, whenever argmin f # @, we will note x* := proj(0, argmin f), which verifies
Axt =yt

5.1.1 Elements of linear algebra

Before going further into the topic, let us recall some basic (but not necessarily well-known) facts
about bounded linear operators in Hilbert spaces. A firstimportant difference with the finite-dimensional
setting is that the set of minimizers of f can be empty:

Proposition 5.1 ([51, Theorem 3.1.1]). Let A : X — Y be a bounded linear operator, y € Y and
f(x) :=||Ax — y||*>/2. Then argmin f # @ < y € R(A) + R(A)* < y" € R(A).

We see that argmin f # @ is guaranteed when R(A) is closed, which for instance cannot happen for
compact operators with infinite-dimensional range [51, Theorem 3.1.3]. Observe that the closedness
of R(A) can be checked by means of its singular values:

Proposition 5.2. Let A : X — Y be a bounded linear operator. Then R(A) is closed if and only if
Uinf(A) > 0.

Proof. Use the fact that R(A) = R((AA*)1/2) [42, Proposition 2.18] together with [53, Remark 2.3]
and the fact that spec((AA*)!/2) = spec(AA*)1/2 [56, §32 Theorem 3]. O

5.1.2 Known results about the Landweber algorithm

The quadratic function f can be minimized by means of a gradient method, defined as
(V1 € N) %1 = Xy — AA*(Ax, —y), with xo € X and A € ]0,2]|4"4]| . (28)

A vast literature is devoted to this algorithm, which is often called in this context the Landweber
algorithm. It is well-known that whenever argmin f # @, the sequence (x;),eN generated by the
Landweber algorithm converges strongly to the projection of xy onto argmin f (see e.g. [42, Theorem
6.1], or [51, Theorem 3.3.2] for varying stepsizes). When the range R(A) is closed, the algorithm be-
haves exactly as in finite dimensions: both iterates and values converge linearly, see Example 3.7 and
Theorem 4.1. If the R(A) is not closed, instead, the rates for ||x, — %o || can be arbitrarily slow without
additional assumptions [32, Theorem 12]. Moreover, [53, Theorem 2.1] shows that no local Lojasiewicz
property can be satisfied by such quadratic function when R(A) is not closed. This could suggest
that it is not possible to rely on geometrical assumptions to obtain convergence rates. Nevertheless,
as we will see below, this is not true. Indeed, in the inverse problem literature, this worst-case sce-
nario is avoided by making an extra assumption on the problem. For instance, if the following source
condition is verified

(3ne]o,+oo]) ¥ € R(A A, 29)

the Landweber algorithm initialized with xo = 0 is known [42] to have the rates
F(xn) —inf f = O(n~ %24, and ||x, — xF|| = O(n™H). (30)
Also, when argmin f = @, a source condition in Y can be made:
(Jv €10, +oo]) y' € R(AA™)Y, (31)
so that the Landweber algorithm initialized with xq = 0 verifies [34, Theorem 2.10]:

f(xy) —inf f = O(n=2). (32)
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The source condition (31) can be understood in light of Proposition 5.1. Indeed, this proposition
says that the problem is well posed (in the sense that argmin f # @) when y* € R(A). So it is
reasonable to think that the “deeper” y' is in R(A), and the easier the problem is. In the ill-posed
case y* € clR(A) \ R(A), we could also imagine that the “further away” y' is from R(A), and the
more difficult the problem is. Estimating the location of ™ can be done thanks to the spaces R(AA*)Y,
because they form a sequence of nonincreasing dense subsets of clR(A) (see Lemma A.14 and [42,
Proposition 2.8]):
dR(A)=cdl |JR(AA*)" and R(AA*)V2=R(A).
v>0

The aim of this section is to highlight how the rates (30) and (32) can be simply explained using the
results of Section 4. We show that the source conditions (29) and (31) are equivalent to assume that
the initialization xg of the algorithm belongs to a so-called source set. Our main result in this section
consists in showing that the function f satisfies a Lojasiewicz inequality on these source sets, which
are FB-invariant. As a by-product of Corollary 4.11, we will obtain a new and simple geometrical
interpretation of the rates in (30) and (32).

5.1.3 Regularity spaces and source sets

Definition 5.3 (Regularity space and source set). 1. Given (v,6) € |0, +-o0[ x |0, +-00], the data reg-
ularity space and the data source set are respectively defined as:

Y, =yt + R(AA®)Y and  Yy5:=y' + {(AA")'w | w € dAR(A), |w| < 6}.

2. Given (p,6) € |—1/2,+o00[ x ]0,400], the regularity space and the source set are respectively
defined as:
Xp:=AWy10 and  X5(y) = A Y000,

where A~! denotes the preimage of a set under the application A.
Proposition 5.4.
i) argmin f = @ if and only if X, = @ forall u € [0, +oo].
ii) argmin f # @ if and only if X;, = X forall u € |-1/2,0].
iii) Assume R(A) is closed. Then X, = X forall u € |=1/2, +oo].

Proof. Given any x € X, observe that x € Xj is, by definition, equivalent to Ax € Yj,,. Since
R(A) = R(AA*)Y2, the latter is equivalent to Ax € y 4+ R(A). We can then easily deduce, using
also Proposition 5.1, that Xg = X < Xy # @ < y' € R(A) & argmin f # @. For items i) and ii), the
claim follows directly from the nonincreasingness of { X} } _1/2<,« - For item iii), observe that for
allv > 0, spec((AA*)Y) = spec(AA*)" [56, §32 Theorem 3]. As a consequence of Proposition 5.2, we
deduce that R(AA*)Y is closed, and therefore R(AA*)” = R(A) (see Lemma A.14 in the Annex). In
particular, Y, = y* + R(A) for all v € ]0, +oo[, and the result follows from item ii). O

For well-posed problems, for which argmin f # @ (and x' exists), the source sets can be expressed
with a simpler expression (the proof is left in the Annex):

Lemma 5.5 (Source sets for well-posed problems). Assume that argmin f # @. Then, for all u > 0
and 6 > 0:

Xy = {x"} +Ker A+ R(A*A)" and X, ; = {x"} + Ker A+ {(A*A)"w | w € Ker A*, ||[w]|| < 5}

Remark 5.6. Given that x* € ker A+, we see that the classical conditions in (29) and (31) are equiv-
alent, with our notations, to 0 € X, and 0 € X,_;,,. This means in particular that (29) is just a
particular case of (31).
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Remark 5.7 (Source sets as balls). Assume that A is injective and y € R(A). Forally > 0, R(A*A)H is
a dense subspace of X (Lemma A.14), and we can endow it with the norm induced by the unbounded
operator (A*A)~#, defined as || x|, := inf{||w|| | w € X and x = (A*A)*w}. Then, we see that the
source sets X, s are nothing but balls centered at the solution xt, with respect to this norm:

Xus = {x e X| Hx—x’LHy <54,

while X, is the affine space spanned by these balls. By doing an analogy with the following example,
the reader can think about this norm || - ||, in X as if it was a Sobolev norm in an L? space. Note that
these balls may have an empty interior with respect to the topology of X.

Example 5.8 (Regularity spaces as Sobolev spaces). Assume that X is the space of zero mean L2-
functions on [0, 271]:

X = {qv e 12([0,27)), /Ohgo(t) dt = o}.

If A is the linear integration operator defined on X, then R(A*A)* coincides with the Sobolev space
H2#([0,27t]) N X [59, Theorem 6.4], so that the regularity space is here

X, = {x"} + H?([0,271]) N X.

5.1.4 Properties of quadratic functions on source sets

Here is the main result of this section: on each source set X, 5, the least squares functional f is p-
Lojasiewicz with p =2 + 1.

Theorem 5.9 (Geometry of least squares on source sets). Let u € |—1/2,0[U]0, +oco[and 6 € |0, +oc0].
Then f(x) = 3| Ax — y||* is p-Lojasiewicz on Q = X,, 5, with

p=2+4utand cr0 = o= (u41)/u+1) 51/ (142p) (33)
Moreover, these two constants are sharp.

Proof. Let x € X, 5 and remind that y* = proj(y, clR(A)). From Definition 5.3 and the definition of
t
y', we get

Ax = y" + (AA*)H1/ 20, where w € ker A** with ||w| <6, (34)
f(x) —inf f = (1/2)[| Ax — y*||> and |V f (x) || = [ A" (Ax — y")]. (35)

We first prove that f verifies the Lojasiewicz inequality by using the interpolation inequality (see
Lemma A.13 in the Annex) with & = y + (1/2) and B = u + 1, together with (34):

JAx — ]| = [ (AA") 120 < [[(AA") o552 |w] 572 < [(AA") o] 3205, (36)
We use (34) in the right member of (36), to write

I(AA") FHw|? = [(AA*)2(AANT w2 = | (AA) 2 (Ax = y")|P = A" (Ax =D ©37)
By combining (34), (35), (36) and (37), we obtain the following inequality

2u+1
| 7T =

f(x) —inf f = (1/2) | Ax —y' |2 < (1/2)577 | A*(Ax — y")] (1/2)67 ||V £ (x)]| 5T

Then the desired Fojasiewicz inequality holds by taking p := 2+ u~'. Now we verify that the
obtained constants in (33) are sharp. For this, let X = ¢2(IN), and let (e;)reny C X be its canonical
basis. Let (0})ren be a strictly positive sequence converging to zero, and define A : X — X as
follows: Vx = (xp)ren € X, Ax = Yen Okxgex- Let f(x) = (1/2)]|Ax||?, y = 0, and let us assume
that f is p-Lojasiewicz on X, s for some p > 1:

(Vx € Xp5)  [(L/2) AP0 < ey x| AAx]. (38)
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Let vf := 50,? Fep € X6, which satisfies | A*Avk|| = 50,? 2 and deduce from (38) that

(VkeN) 20-P/psCr=2/p < cpy gV D205, (39)

It follows from o — O that 4y — 2up 42 < 0, which is equivalent to pup > 2u + 1. If 4 > 0, it means
that p > 2+ u~1 > 0, which is a regime in which the smallest is p, the better. If u €] —1/2,0], then

p < 2+ u~! < 0, which is a regime in which the largest is p, the better. In both cases we see that
B A
2+ y‘l is the best possible exponent. Moreover, when p = 2 + ,u_], (39) becomes 2 25l <

CF X, 00 which implies the sharpness of the constant obtained in (33). O

Remark 5.10. The result of Theorem 5.9 contrasts with [53, Theorem 2.1], in which the authors show
that no local Lojasiewicz property can be satisfied by a quadratic function when R(A) is not closed.
The key difference here is that we look at the Lojasiewicz property on specific dense sets with empty
interior (see Remark 5.7).

Let us now verify that the source sets are invariant under the action of the Landweber algorithm
(28). As mentioned at the beginning of the section, the Landweber algorithm is the gradient decent
algorithm applied to a quadratic function, and therefore it is an instance of the FB algorithm. We can
thus apply the convergence rates of Section 4 once we prove that the source sets are invariant.

Proposition 5.11 (Invariance of source sets). For all (y,d) € |—1/2,00[ x ]0, +00[2, the source set X, 5
is FB-invariant.

Proof. Letx € X, 5, A € ]0,2/[|A"A||[, and let us prove that T)x = x — AA*(Ax — y) belongs to X ;.
By using Lemma 5.5, we deduce that Ax = y' + (AA*)'w, v := u+1/2, and w € clR(A) with
|wl|l < 4. Since A*(Ax —y) = A*(Ax — y'), this implies that

AT\x = Ax — AMAA* (Ax —y") = y" + (AA")V (1 — AAA)w

The above equality shows that T)x € X,,. It remains only to prove that Tyw := (I — AAA*)w verifies
Tyw € clR(A) and | Tyw| < é. The condition Tyw € cl R(A) immediately follows from w € cl R(A)
and AA*w € R(A). Next, observe that Tyw is obtained by applying a gradient descent step to w
with respect to the function u — (1/2)||A*u|/%. Since this function has zero as a minimizer, and is
differentiable with a || A*A||-Lipschitz gradient, the Fejér property (see Theorem 2.2-ii)) implies that
IThwll < flw| <. =

Next we combine all the results of this section to derive convergence rates of the Landweber
algorithm under source conditions from Lojasiewicz conditions.

Corollary 5.12 (Convergence rates for Landweber algorithm). Let (x,),cN be a sequence generated
by the Landweber algorithm (28). Assume that for some y € ]—1/2,+00], the source condition
xo € Xy, is satisfied. Then:

i) f(xn) —inf f = O(n=(1+21),
ii) If u > 0, then ||x,, — %p|| = O(n~#), where % := proj(xo, argmin f).

Proof. For item i), the source condition together with Proposition 5.11 imply (xn)n,en C X5 for some
5 > 0. If u # 0, we derive from Theorem 5.9 that f is 2 + u~!-Lojasiewicz on Xy,6- Depending on
the sign of 2 + u~!, the rates on f(x,) — inf f follow from Theorems 4.1 and 4.6. If 4 = 0, then the
source condition and Proposition 5.4 ensures that y* € R(A), meaning that argmin f # @, so the
rate O(n~!) follows from Theorem 2.2. For item ii), the convergence and rates on the iterates follows
from Theorem 4.1. To show that the limit of the sequence (let us note it x«) is ¥y, it is enough to verify
that x« — x( € ker A+, since argmin f is an affine space parallel to ker A. Because of the definition of
the algorithm, it is easy to show by recurrence that x, — xg € R(A*). This being true for all n € IN,
we can pass to the limit and deduce that xe — xg € cl R(A*) = ker A+, O
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5.2 Sparsity based regularization, partial smoothness, and restricted injectivity

In this section we turn to the general case of optimization problems coming from a regularized in-
verse problem (27). In particular, we focus on the case where V2 verifies a restricted injectivity
condition at a solution, a situation which typically arises when g is mirror-stratifiable, and typical
modeling assumptions from the inverse problems/compressed sensing literature hold. In this set-
ting we will be able to derive the 2-conditioning of the objective function in (27). In what follows, we
will use the notation S (X) to refer to the set of bounded selfadjoint positive linear operators on X.

5.2.1 Coercive linear operators on a cone
Definition 5.13. We say that K C X is a cone if it is a union of rays: [0, +c0[K C K.

Note that we do not require a cone to be convex. This is important for certain applications in
which we have geometrical information about a function over a union of linear spaces, see for in-
stance (40) in the context of sparse regularization problems.

Definition 5.14. Let S € S4(X), lety € |0, +oo[, and let K C X be a cone. We say that S is y-coercive
on K if, forall d € K, (Sd,d) > «||d||?.

Example 5.15 (coercivity for positive symmetric matrices). A matrix S € Sy (RN) is coercive on a
closed cone K C RN if and only if S is injective when restricted on K (see Proposition A.15 for a
proof):

KnKerS = {0}.

Example 5.16. Any operator S € S (X) is 0i¢(S)-coercive on Ker S+ (see e.g. the proof in [30, Thm.
4]). In particular, if S is positive definite then it is j,¢(S)-coercive on X.

In the next proposition we relate the coercivity of the Hessian of a function f on a cone to the 2-
conditioning of f on this cone. This relation can be seen as a weakened analogue of the well known
fact (see [11, Prop. 10.8 & 17.7.(iii)]) that, for f € C*(X) :

f is y-strongly convex < (Vx € X) V2f(x) is y-coercive on X.

Strong convexity is a global notion, which requires the function to have a positive definite quadratic-
like geometry at each x € X. On the contrary, the 2-conditioning requires the function to have a
positive quadratic-like geometry, on a given set (). We now state our result (its proof is left in the
Annex A.5). For similar results, see also [19, Section 3.3.1] and [41].

Proposition 5.17 (Coercivity of the Hessian implies 2-conditioning). Let f = ¢+ h with g, h € Tp(X)
and argmin f # @. Assume that / is of class C? in a neighbourhood of ¥ € argmin f, and that V2/(x)
is y-coercive on a closed cone K C X. Then,

(V" €]0,7[) (30 €]0, +00]) s.t. f is 2-conditioned on Q) := % + (KN Bx) with y5q =7/,

/

and Q Nargmin f = {x}. If h € C*(X) and V?h is L-Lipschitz, we can take § = 1L,

5.2.2 Conditioning on prox-regular sets via restricted injectivity of the Hessian

Let us define some useful tools from variational analysis. The notion of reached set (or set with
positive reach) was introduced by Federer [44, Def. 4.1], and later extended to prox-reqularity (see
Proposition A.19 and [93]).

Definition 5.18. Let C C RN. The (Bouligand) tangent cone to C at ¥ € C is defined as
Te(x) :={d e RN | (3t, 1 0)(3d, — d) %+ tud, € C}.

The normal cone to C at X is N (%) := {7 € RN | (Vd € Tc(%)) (n,d) < 0}.

24



Definition 5.19. Let C C RN, and p > 0. We say that C is p-reached at % € C, if it is locally closed at
X, and verifies

1 1
(V7 € Ne(x) NSyw) B(x+Eq,E)mC:®.

We say that C is prox-regular at % if there exists p > 0 and a closed neighbourhood U of ¥ such that
CNU is p-reached at any x € U. We say further that C is prox-regular if it is prox-regular at every
xeC.

Convex sets, and in particular affine spaces, are prox-regular. Manifolds of class C? are locally
prox-regular (see Proposition A.19).

We now provide the result at the core of this section, which says that if a minimizer X belongs
to some prox-regular set, and if the Hessian V?h(%) is injective when restricted to the tangent cone
of this set, then f is 2-conditioned on this set around X. This will guarantee asymptotic linear rates
when combined with Corollary 4.15.

Theorem 5.20 (Injective Hessian on tangent cone implies 2-conditioning). Let g,k € To(RN), and
f = g+ h. Assume that there exists some ¥ € argmin f such that:

a) ¥ belongs to some C C RN which is p-reached at %,
b) h is of class C? in a neighbourhood of %,
c) Ker V2f(x) is y-coercive on Tc(%).

Then argmin f|c = {x}, and for every " €]0,y[, there exists 6 €]0,+o0] such that f is 2-conditioned on
Q= CNB(x,9), with -y Q= v'. If we assume moreover that V2h is L-Lipschitz continuous, then we can

take 6 = %.

Proof. Let K := T¢(%). Using Proposition A.20, we see that for every 7/ < < there exists a § €]0, 5|
such that the enlarged cone Ky (see Definition A.16) contains (C — ) N1B(0, é) for 6 > 0 small enough,
and such that V2/(x) is 7'-coercive on Ky. The conclusion of the claim follows from Proposition 5.17
applied to h and Ky. Under the additional assumption that V2 is L-Lipschitz, take any 7' €]0, 7/,
and let 7" := a7y + (1 — a)y/, with & = 2L/ (2L + p||V?h(%)||). Using again Proposition A.20, we
obtain that V2h(%) is 7”-coercive on some cone Ky, with ¥ + Ky D CNB(%,6;) and 6; = 2(y —
")/ (0|[V?h(%)||). Then, Proposition 5.17 shows that f is 2-conditioned on Q) = % + Ky N B(%, 6,),
with & = (7" —9')/L and 75 o = 7. The conclusion follows by seeing that é; = J, with our choice
of 9". O

Theorem 5.20 can be used in combination with Corollary 4.15: in this case we obtain that the re-
stricted injectivity of the Hessian on the tangent cone to the active set Cz guarantees asymptotic linear
rates. In the example below, we detail what our assumptions mean for the examples in Example 4.16.

Example 5.21.
e If g(x) = ||x||1, the active set (20) is an open and dense subset of the vector space X; = {x €
RN | supp(x) C I} with I = act(—Vh(x)). It is therefore p-reached for every p > 0, and
TC; (f) = X].

o If g(x) = ||x]|+, let ¥ = #act(c(—Vh(x))) and let M, be the manifold of matrices with rank
equal to r. If 0 € ridf (%), the active set Cx (see (21)) is equal to M,. In particular, it is prox-
regular (see Proposition A.19), and an expression for its tangent space can be found in [69,
Example 2.2]. More generally, Cs is locally prox-regular at ¥ if rank (¥) = r. To see this, use
the same arguments as in [80, Prop. 3.1]: the fact that the singular values depend continuously
on the matrix allows to find a neighbourhood U of ¥ where the matrices have a rank greater or
equal to . This means that Cz N U = M, N U, which is prox-regular.
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Remark 5.22 (Related results with partial smoothness). While our results are new in the setting
of mirror-stratifiable functions (where no condition 0 € ridf(X) is required), they intersect with
existing results when g is partially smooth with respect to an active manifold M. It is shown in [75]
that the y-coercivity of V2h(%) on the tangent space T (%) guarantees asymptotic linear rates. We
recover a similar result by combining Theorem [54, Theorem 5.3] with Theorem 5.20 and Theorem
2.2. For a fixed stepsize A = 1/L, [75, Thm. 3.1] predicts a Q-linear rate arbitrarily close to \/2(1 — «)
(where x = <y/L) provided that x > 1/2. Instead, our results predict a R-linear rate arbitrarily
close to (1 4+ (x/4))~1/2, without condition on k. Note that our constant is worse (resp. better) than
2(1 —«) when « is close to 1 (resp. 1/2). Note also that the partial smoothness of ¢ together with
[54, Theorem 6.2.ii)] ensures that f is 2-conditioned on a neighbourhood ) of the solution, with
Yf0 = 7', meaning that we can use Proposition 4.19 to obtain Q-linear rates arbitrarily close to

(1+x)"1/2,

5.2.3 Application to low-complexity inverse problems

Consider f € To(RN) be defined by, for every x € RV, f(x) = al/x||; + (1/2)||Ax — y||>. f is the
sum of a smooth function, with Hessian equal to A*A, and a nonsmooth function «||x[|;. Example
3.9 ensures that f is locally 2-conditioned on its sublevel sets without any assumption on A. This
means, according to Theorem 4.1, that for any r > inf f, and any xo € [f < 7], there exists a constant
¢ €]0,1[ such that the iterative soft-thresholding initialized at x( verifies f(x,+1) —inf f < e(f(x,) —
inf ). Nevertheless, expressing the 2-conditioning constant, or ¢, in terms of the components of the
problems is far to be easy [17]. One way to recover a meaningful constant is to exploit modeling
assumptions which are usually made to ensure the stability and recovery of the inverse problem
Ax =y.

Suppose that we are given the sequence generated by the iterative soft-thresholding, which con-
verges to a minimizer of f, x, — *. Itis known that, after some iterations, the support of the sequence
is stable [76, 49]:

(31 c{1,...,N})(Ing € N)(Vn > ng) supp(x,) C L.

In particular, if the qualification condition 0 € ridf(X) holds, we can take I = supp(x) [76, Prop.
3.6]. To estimate the rates of convergence for the sequence, it is then sufficient to make a restricted
injectivity assumption on the matrix A, depending on the knowledge we have on I.

In the case we have access to I, suppose that on the space X; := {x € RN | supp(x) C I}
the matrix A is injective, i.e. Ker AN X; = {0} holds. Then, there exists a constant y; > 0 such
that A*A is 7y-coercive on X (see Example 5.15), which implies via Proposition 5.17 that f is 2-
conditioned on Xj, with ¢ x, = 7. We deduce then that, asymptotically, the rates are governed
by e = (1+ 7||A*Al|~1)~1. It might happen that instead of knowing I, we have only access to a
partial information via the sparsity level s := |I|. We can then follow the same reasoning with the
(nonconvex) cone K; := {x € RN | |supp(x)| < s} instead of X;. In that case, the constant 75 of
coercivity of A*A on K; is defined by

(Vx € Ko)  sllx]|* < [|Ax][?, (40)

and guarantees linear rates governed by e = (1 + 7;||A*A||~!) !, using again Proposition 5.17. Such

assumption is classical in sparsity based regularization, and it is related to the so-called Restricted
Isometry Property [25], to ensure uniqueness of the minimizer and guarantee the robustness or re-
covery [99, 26]. Observe that while the computation of s remains impracticable [9], it is meaningful
with respect to the properties of our problem, and, more importantly, can be estimated when the
matrix A is random [47, Section 9]. Of course, this whole discussion can be extended to other reg-
ularized inverse problems, in particular if || - ||; is replaced by a mirror-stratifiable function. In this
case we will use Theorem 5.20 instead of Proposition 5.17 to derive linear rates.
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6 Conclusion and perspectives

In this paper, we dicussed in details how geometry can be used to improve the rates of the FB method,
or more general first-order descent schemes. We characterized the geometry, using tools that are
often encountered in practice, like the p-conditioning, and we provided a new sum rule for it. In
Figure 6.1 we recall the various rates obtained for the FB method, from the worst case scenario (no
minimizers, no assumptions) to the best one (sharp functions).

f(xn) —inf [[xn — Xoo|
inf f > —o0 o(1) —
p € ]—00,0] O(n?/(2=p)) —
argmin f # @ o(n=1) decreasing, 0(1) in finite dimension
p € ]2, o0 O(n—P/(P=2)) O(n1/(r=2))
p=2 Q-linear withe =1/(1 +«) R-linear with e = 1/(1 + «)
pell2] Q-superlinear of order 1/(p — 1) | R-superlinear of order 1/(p — 1)
p=1 finite finite

Figure 6.1: Convergence rates of the FB algorithm for locally p-Lojasiewicz functions (with the con-
stant « defined in Theorem 4.1).

We also have discussed how those refined results can be obtained by decoupling the geometrical
information we have on the function and the localization of the sequence we are looking at. This
geometry-based analysis reduces then the gap between theory and practice, where the observed
rates are often better than the ones resulting from a worst case analysis. It moreover shows that linear
rates are tightly linked to 2-conditioned function. In addition, we showed how our analysis can be
specialized to the inverse problems setting, and allows to explain typical modeling assumptions in
this context, such as source conditions and restricted injectivity property. It is worth noting that the
geometrical information such as conditioning or Lojasiewicz property can be exploited to derive
sharper convergence rates for a broader class of functions and/or algorithms than just forward-
backward algorithm [5]. We also emphasize that convexity plays no role in the proofs of Theorems
4.1 and 4.6. Indeed, some of these results were already known for non-convex functions [18, 27,
46]. One of the challenges in the future is to have quantitative results concerning the geometry of
classes of nonconvex functions. For instance, what can be said about “simple” nonconvex piecewise
polynomial functions (see [73] for an answer about maximum of finitely many polynomials)? Can
we estimate the Lojasiewicz exponent of semialgebraic functions, depending on the degree of the
polynomials defining their graph? Finally, a last challenge is the application of such geometrical tools
to derive precise rates for nondescent methods. First results in this direction, using 2-conditioning
are known for inertial methods [85, 77] or stochastic gradient methods [61]. It would be of interest to
understand the behavior of these algorithms for other geometries.

A  Appendix

A.1 Worst case analysis: proofs of Section 2

The following Lemma contains a detailed proof for the lower bound (7) in Example 2.3, which can
also be applied to (5) by using a symmetry argument.

Lemma A.1 (Lower bounds for the proximal algorithm). Let p €] — o0, 0[U]2, +-c0[, and let f, € To(R)
be the function defined by

|x|Pifx <0,
+oo ifx >0,

0 if x <0,
|x|Pifx > 0.

ifp<0,fp(x):{ and if p > 2, fp(x):{
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If xo € dom f \ argmin f, and x,, ;1 = profo(xn), then for alln > 1:

P 1

folxn) —inff, > ChnT7  with C, = (\x0|2_"’ +p(p— Z)A) =7

Proof. Note that dom f}, is an open interval, and that f, is infinitely derivable there. We can then see
that fp, f, and f, are non-negative. In particular, we deduce that f, and f, are non-decreasing on
dom f.

Let us now take some xy € dom f \ argmin f, and consider the following continuous trajectory

N
(vt =0) x(t) = sgn(p) (JxoP P +p(p—2)t) 77
It is a simple exercise to verify that x(-) is a solution of this differential equation:

x(0) =xp, x(t)+ f'(x(t)) =0, x(t) € dom fp.

The main step towards proving our lower bound is to show, by induction, that for every n € IN,
xy > x(nA). This is clearly true for n = 0, so, let us assume now that this is true for n € IN, and show
that this implies x,,11 > x((n + 1)A). Start by writing

*((n+1)A) = x(nA) + /(;“Mx(t) at=x(m) + [ (;HM(_ £ ox)(8) dt.

On the one hand, f, is non-negative on dom f, and %(t) = —f;(x(t)), which means that x(-) is
increasing. On the other hand, f} is non-decreasing, which means that (— fr/, o x) is increasing. This
fact, together with our induction assumption, allows us to write

(n+1)A
(- 1A) < xn+/nA (=0 2)((n+1)A)) dt = x4 — Af)(x((n+1)A)),
e x((n+1)A) + AL (x((n+1)A))

Consider now the function ¢ : dom f, —]0, +oo[ defined by ¢(t) = t + Af,(t). It is clearly increas-
ing and bijective on its image, so its inverse ¢! is also increasing. We observe moreover that, by
definition, the proximal sequence satisfies x,, 1 = ¢~ !(x). This allows us to write

p(x(n+DA) <xp o x((n+1DA) <o (xn) = 241

IN

Xp.

This ends the proof of the induction argument.
Observe that, given non-negative numbers a,b > 0, the following inequality holds

(Vn>1) sgn(p)(a+bn)>7 >sgn(p)(a+ b)zlﬁnzfﬁ.

1 1

This means that, foralln > 1,

1 1
= 1

xn = sgn(p) (107 + p(p=2)An) 77 = sgn(p) (027 + p(p —2)2) "7 07 = sgn(p)Cyn 7.

Passing this inequality through f, (which is non-decreasing) yields the desired result. O

A.2 Proofs of Section 3
A.2.1 Invariant sets and proofs of Section 3.1

We provide here a result concerning the equivalence between all the notions in Definition 3.1, for
a large class of sets () C X. The sets () we will consider are directly related to the gradient flow
induced by df. Given ug € dom f, it is known? that there exists a unique absolutely continuous
trajectory noted u(-; up) : [0, +00[— X, called the steepest descent trajectory, which satisfies:

(fora.e. t >0) %u(t; ug) + of (u(t;ug)) 20, and u(0;ug) = up. (41)

Following [21], we introduce the notion of invariant sets for the flow of df:

4Gee [21, Thm 3.1] when 1y € dom df, and [21, Thm. 3.2] with [11, Cor. 16.39] when ug € cl dom f.
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Definition A.2. A set O C X is df-invariant if for any x € QNdomdf and a.e. £ > 0, u(t;x) € Q)
holds.

In other words, () is said to be df-invariant if any steepest descent trajectory starting in () remains
therein. It is straightforward to see that the intersection of two d f-invariant sets is still 0 f-invariant.

Example A.3. An easy way to construct a d f-invariant set is to consider the sublevel set of a Lyapunov
function ¢ : X — R U {400} for the gradient flow induced by df. A function is said to be Lyapunov
if for any x € dom f, (u(-;x)) : [0, +oo[— R is decreasing. Classical examples of this kind are:

e (O = X, whichis [p < 1] withyp = 0.
Q = [f <r]forr >inf f, whichis [ < r] with ¢ = f (see [21, Thm. 3.2.17]).

e ) = B(x,0) for ¥ € argminf, 6 > 0, which is [¢ < ¢] with ¢(x) = ||x — %|| (see [21, Thm.
3.1.7)).

e O ={xe X||df(x)]. < M} for M > 0, which is [ < M] with (x) = [[of(x)]_ (see [21,
Thm. 3.1.6]).

See [21, Section IV.4] for more details on the subject, as well as [22, 63]. It is also a good exercise to
verify that the source sets considered in Proposition 5.11 are d f-invariant.

We next prove Proposition 3.3, stating the equivalence between conditioning, metric subregular-
ity and Lojasiewicz on df-invariant sets. The proof is based on an argument used in [17, Theorem
5], which relies essentially on the following convergence rate property for the continuous steepest
descent dynamic (41).

Proof of Proposition 3.3. Convexity of f and the Cauchy-Schwartz inequality imply
(Vx e dom f) f(x) —inf f < ||of(x)]||_dist (x, argmin f),

and so i) = ii) = iii). Next, we just have to prove that the Lojasiewicz property implies
the conditioning one. So let us assume that f is p-Lojasiewicz on (), which is df-invariant, and fix
x € QNdom™ f. Define, for all t > 0, ¢(t) := (pcfln)’ltl/p, which is derivable on |0, +oo[, and
forall u € dom f, r(u) = f(u) —inf f. Let us lighten the notations by noting u(-) instead of u(-; x),
so that u(0) = x. Because we will need to distinguish the case in which the trajectory converges in
finite time, we introduce T := inf{t > 0 | u(t) € argmin f} € [0, +o0]. Since x € dom™ f and u(-) is
continuous, we see that T > 0. For every t € [0, T[, we have u(t) ¢ argmin f, so u(t) € QNdom” f
and r(u(t)) # 0. If T < 400, we also have for every t > T that u(t) = u(T) and 1(t) = 0. Now, we
write:

(0, T) glrx) = plr(x) — 9lr(u(t)) = [ (porow'(®)dr= [ ¢/((row(®): (row)(x)dr
But %(r ou)(t) = —Hu(T)H2 = —HBf(u(T))H% (see [21]), so that the above equality becomes
(Vt€]0, T[) o¢(r(x)) = /Ot ¢'((rou)())||of (u(7))|? dr. (42)

Since we assume () to be 0 f-invariant, we can apply the Lojasiewicz inequality at u(7) € QN dom™ f
for all T €]0,t[, which can be rewritten in this case as 1 < ¢(r(u(7)))||of (u(7))]||.. This applied to
(42) gives us:

t
(DTN () = [ (o)) dr. (#3)
From (43) and the definition of T, we see that f lli(7)|| dT < ¢(r(x)) < 0o, meaning that the
trajectory u(-) has finite length. As a consequence, it converges strongly to some i when ¢ tends to

+oo. Finally, we use on (43) the fact that ||u(0) — u(t)| < fot li(7)|| dT, together with the fact that
il € argmin f (see [21, Thm. 3.11]) to conclude that

lx = a2l < (f(x) —inf )1/ =

dist (x,argmin f) <
o (x,argmin f) .
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Proof of Proposition 3.4. i): let S := argmin f # @. Given § > 0, there exists M €]0, +oo[ such that
sup{dist (x,S) | x € QNéBx} <M
Since f is p-conditioned on (), we deduce that:
(Vx € QNJBy) dist(x,S)" = dist (x,S)Pdist (x, )" P < (pMP P /7¢0)(f(x) —inf f),

meaning that f is p’-conditioned on Q N JBy.
ii): the proof follows the same lines as in i). O

Proof of Proposition 3.5. Assume by contradiction that there exists a sequence (z"),en C () such that
n~ldist?(z",argmin f) > f(z") — inf f. (44)

Since () is weakly compact, we can assume without loss of generality that z"" weakly converges to
some z® € Q) when n — +o0. Then, it follows from (44), the boundedness of (z"),cn C Q) and the
weak lower semi-continuity of f that f(z*) —inf f < 0, meaning that z*° € argmin f, contradicting
QNargmin f = @. O

A.2.2 Proofs of Section 3.2

Lemma A.4 (The Lojasiewicz constant for uniformly convex functions). Let f € I'j(X) be uniformly
convex, of order p > 2, with constant . Then f is p-Lojasiewicz on X, with crx = q’l/ q'y’l/ P,
where 1 = (1/p) + (1/9).

Proof. Let x € domdf, X € argmin f, and x* € df(x). By definition of uniformly convex functions

flx) —inf f =sup f(x) — f(u) < — inf ((x%,u—x) + (v/p)|u—x[P). (45)
nex ueX
The right member of the above inequality involves a strictly convex optimization problem, whose
unique optimal value 7 can be determined by using Fermat’s rule:

0=x*+7la—x||P2(@—x) o a=x—y VED|xr|| 2P/ (P,
Injecting this optimal value in (45) gives, after rearranging the terms,
fx) —inf f < (1=1/p)y™ V7| P/,

and, since x* is arbitrary in df(x), the result follows after passing this inequality to the power 1 —
1/p. O

Proof of Example 3.10.ii). To prove the claim, it is enough to verify the three conditions of [40, Theo-
rem 4.2]. The first condition (boundedness of argmin f) is guaranteed by the fact that f is coercive.
Indeed, h is strongly convex, therefore bounded from below, and g is itself coercive. The second
condition (dual qualification conditions) follows immediately from the fact that both #* and g¢*, and
are continuously differentiable. To see this, observe that in this example ¢* is (up to a constant) || - ||7,
where g is the conjugate number of p: (1/p) + (1/g) = 1. Moreover, h being strongly convex means
that 1* is also continuously differentiable, with dom h* = RM. The third condition (firm convexity)
is easy to check for /i because it is strongly convex; for g the proof is left in the following Lemma.
We can then apply [40, Theorem 4.2], which ensures that f is 2-conditioned on every compact set.
Using again the fact that f is coercive, and therefore has bounded sublevel sets, we conclude that f
is 2-conditioned on every sublevel set. O
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A.2.3 Proofs of Section 3.3

Lemma A.5 (p-powers are 2-tilt conditioned when p €]1,2]). Let p €]1,2],u € RN, and f: RN — R
be defined as f(x) = %Hng — {(u,x). Then f is 2-conditioned on every bounded subset of R.

Proof. This function is a separable sum, so, without loss of generality, we can assume from here that
N =1 (see [40, Lemma 4.4]). Given a real t € R, we will note its sign with s(t), which is equal to —1
(resp. +1)if t < 0 (resp. t > 0), or 0 if t = 0. Using the convexity, the differentiability of f, and the
Fermat’s rule, we see that f admits a unique minimizer ¥, defined by the relations

1
0=s(x)|x|P ! —uex=s(u)|u <u=sx)xP L

If u = 0, it is immediate to see that f is 2-conditioned on ] — 1, 1[, where the relation |t|> < |t|F holds.
We therefore assume from now that u # 0, which also means that ¥ # 0. We now compute (we note

q=p/(p—1))
1 1 1 1
inff = f(x) = —|%|P —ux = = |x|P —s(2)|x|P1x = =|x|P — |x]P = —=|x|",
ff()pll pll (%)]%| pll || qH

meaning that we are looking for an inequality like
o 1 . 1 a1 1
ylo—x]° < E|x|p—ux—1nff: E\x\”—s(x)\x“’ x—|—§|x|p.

Using the L'Hopital rule twice allows us to study the following limit:

1 S\ || p—1 1|+ N —ip— _
p Zs@RP e el sl —s@iE Tt (o D (o)
—X) X—% 2 2 '

X% |x — x|? =3 2(x

Note that our assumption that ¥ # 0 ensures that we can take the derivative of the second numerator
around X. Since this limit is well-defined, and nonnegative, it means that f is 2-conditioned on a small
enough neighbourhood of %. To conclude the proof, it remains to verify that f is 2-conditioned on any
bounded set. This follows immediately from Proposition 3.5 and the fact that argmin f = {x}. O

Lemma A.6 (Kullback-Leibler divergences are 2-tilt conditioned). Let ¥ €]0, +oo[N, and f € T'o(RN)
be the Kullback-Leibler divergence to :

flog(f) —F+t ift >0,

+00 else.

f(x) = KL(%; x) i I(%;;x;) where kl(f;t):{

Then f is 2-tilt-conditioned on every bounded set of RM.

Proof. Let d € RV, and define the tilted function f = f + (d-). Using Fermat’s rule, we see that
argmin f = 9f*(—d). It is a simple exercice to verify that dom df* =] — oo, 1[N, so argmin f # @ if
and only ifd €] — 1, —l—oo[N . Let d be such vector, and write, for any x; > 0:

i) — % loo( ) — % 4yt dis — ANV xi X
fi(xi) xllog(xi) X+ x;+dix; = (14d;) (1+di Y (xi) 1+d )

Let X; := %"d[, which is well defined under our assumption that 4; > —1. Then
. X;
fi(xi) = (1+d;) (X log(—l) X; +x;+ X;log(1 + di)> = (14d;)kl(X;; x;) + a;,
l

where a; = X;(1 +d;)log(1 +d;) > 0. We then observe that argmin f; = {X;}, from which we
deduce that argmin f = {X} with X = (X;)},.

Now, let § > 0 be fixed, and let x € B(X,¢). Letd := min; d; > —1, ¢ :== N|| X||e, and

1

= (g —In (1 + g)) which is nonnegative because t > In(1+ ) on ]0, +o0|.

31



For eachi € {1,...,N}, we have |x; — X;| < 6, so we can use [24, Lem. A.2] on f; to write

N
i(x) = fi(Xi) = Y (1 +dy)kI(X;; x;)

i=1

fx) —inff =

M=

Il
—_

(1+d)CIX; — x| > (1+d)C[| X — x|~

™=z

>

Il
—_

This proves that f is 2-conditioned on B(X, ), which conludes the proof.

A.3 The Forward-Backward algorithm and proofs of Section 4

Definition A.7. Given a positive real sequence (7,),eN converging to zero, we say that r, converges:

sublinearly (of order a €]0, +o0]) if 3C €]0, +-00[ such that Vi € N, r, < Cn~%,

Q-linearly if Je €]0,1[ such that Vn € IN, 1,11 < €ry,

R-linearly if 3(s,)en Q-linearly converging such that Vin € IN, r, <'sy,,
o Q-superlinearly (of order B €]1, +oo[) if 3C €]0, +oo[ such that Vi € N, 1,11 < crh,
® R-superlinearly if 3(s,),eNn Q-superlinearly convergent such that Vi € IN, r, < sj,.
It is easy to verify that r, is R-superlinearly convergent of order 8 > 1 if and only if
(Ve €]0,1[)(3C > 0)(Vn € N) 7, < Cef".

Note that R-linear and R-superlinear convergence ensures only the overall decrease of the sequence,
while Q-linear and Q-superlinear convergence requires the sequence to decrease at a certain speed
for each index. It is immediate from the definition that Q-convergence implies R-convergence.

Lemma A.8 (Estimate for sublinear real sequences). Let (7,),cN be a real sequence being strictly

positive and satisfying, for some x > 0, « > 1 and all n € N: 7y, — 1,41 > &1} 11 Define & :=
1

mil’l{K,K%}, and J := mff(min{“s;],K*aT_lr(l)_“ (1 - SJ%)} € )0, +co[. Then, foralln € N, r, <
5>

(K&l)—l/(zx—l)'

Proof. It can be found in [72, Lemma 7.1], see also the proofs of [3, Theorem 2] or [46, Theorem
34]. O

Lemma A.9. If Assumption 2.1 holds, then for all (x, u) € X? and all A > 0:
i) I Tax —ul? = |lx — uf|* < (AL = 1) | Tax — x| +2A(f (u) — f(Tax)).
i) [|9f (Tax)ll. < A7 Tax — x|| < [|9f (x)]|-
Proof of Lemma A.9. To prove item i), start by writing
ITax = ul? = [lx — ul|® = =[|Tax — x[|> + 2 (x = Tax,u — Thx) .

The optimality condition in (2) gives x — Tyx € Adg(T)x) + AVh(x) so that, by using the convexity

of g:
ITax — | = flx — u|® < = || Tax — x| + 22 (g (u) — g(Tyx) + (Vh(x),u — Tyx)) .

Since we can write (Vh(x),u — Thx) = (Vh(x),u — x) + (Vh(x),x — T)x), we deduce from the
convexity of i and the Descent Lemma ([11, Theorem 18.15]) that

(Vh(x), 1= Tyx) < hw) — h(x) +h(x) ~ H(Tax) + 5 | Tox — x| = h(w) — A(Tyx) + 2 Tax - 2]
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Item i) is then proved after combining the two previous inequalities. For item ii), the optimality
condition in (2), together with a sum rule (see e.g. [87, Theorem 3.30]), to deduce that

V(u,v) € X3, v= prox, (u) < At (u—v) + Vh(v) € 9f (v). (46)

For the first inequality, use (46) with (1,v) = (x — AVh(x), T)x), together with the contraction prop-
erty of the gradient map x — x — AVh(x) when 0 < A < 2/L (see [11, Cor. 18.17 & Prop. 4.39 &
Remark 4.34.i]) to obtain:

19/ (Tax) || < A7H|(x = AVA(x)) = (Tax = AVA(Tax)) || < A7 Tax — x]|.

For the second inequality, consider x* := proj(—Vh(x),dg(x)), and use (46) with (u,v) = (x +
Ax*, x), together with the nonexpansiveness of the proximal map (see [11, Prop. 12.28]):

ITax = x| = [[prox,, (x — AVh(x)) — prox, o (x + Ax%)[| < A[VA(x) + 27| = Aflof (x)]].- O

Lemma A.10 (Descent Lemma for Holder smooth functions). Let f : X — R and C C X be convex.
Assume that f is Gateaux differentiable on C, and that there exists (&, L) €]0, +c0[?, such that for all
(x,y) € C |IVf(x) = VF(y)]| < L|lx — y|* holds. Then:

‘a-&-l'

(V(x,y) €C*) fly) = f(x) = (Vf(x),y—x) < lx =yl

L
x+1
Proof. The argument used in [101, Remark 3.5.1] for C = X extends directly to convex sets. O

Now we can prove the convergence rate results of Section 4.1:

Proof of Theorem 4.1. We first show that (x,),eN has finite length. Since inf f > —oo, 1, := f(x,) —
inf f € [0, +00[, and it follows from Lemma A.9 that

1
al|xXpi1 — xnl®> < rp—rppq, witha = ﬁ(Z —AL) >0, (47)

1 Geas)ll. < blltn — g, with b= A~ (48)

A

If there exists n € IN such that r,, = 0 then the algorithm would stop after a finite number of iterations
(see (47)), therefore it is not restrictive to assume that r, > 0 for all n € IN. We set ¢(t) := ptl/ P and
¢ := ¢ 0, so that the Lojasiewicz inequality at x, € Q2N dom” f can be rewritten as

(Vn € IN) 1< cq'(ra)|[0f (xn)ll. (49)
Combining (47), (48), and (49), and using the concavity of ¢, we obtain for all n > 1:

be be
21 — xa]* < ;fp’(rn)(rn = Tn1) I = 2n-1 ]l < —(@(rn) = @(rus)) oen — xn—1l-

By taking the square root on both sides, and using Young’s inequality, we obtain

be
(Vn>1) 2[[xuq1 —xal < ;((P(Vn) = @(rng1)) +l|xn — x|l (50)

Sum this inequality, and reorder the terms to finally obtain

n

bc
(vn=1) Y s = xell < —g(r1) + [lxa = xol.
k=1

We deduce that (x,),enN has finite length and converges strongly to some xo. Moreover, from (48)
and the strong closedness of df : X =% X, we conclude that 0 € 9f(xw).

Now we prove the convergence rates. Let ¢ = ¢ iy for short. We first derive rates for the sequence
of values r,, := f(x,) — inf f, from which we will derive the rates for the iterates. Equations (47) and
(48) yield

a
T — us1 = al|xugq — xa|* > ﬁ”af(xn—&-l)u?'
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The Lojasiwecz inequality at x, 11 € Q Ndom* f implies c?r ipl(

that

—Tpy1) > ab=? +1’ so we deduce

(VneN) 1y #0 = ri{H( —Tut1) > K5y, withx:=a(bc) 2. (51)

The rates for the values are derived from the analysis of the sequences satisfying the inequality in
(51). Depending on the value of p, we obtain different rates.
o If p = 1, then we deduce from (51) that for all n € IN, 7,41 # 0 implies 7,41 < r, — x. Since the
sequence (7,),eN is decreasing and positive, 7,1 # 0 implies n < rox 1.

For the other values of p, we will assume that r,, > 0. In particular, we get from (51)

(Vn €N) 1y —ryp1 > xrt,y, with a:=2(p—1)p~! and x:=ab ?c 2 (52)

e If p €]1,2[, then a €]0,1[. The positivity of 7,1 and (52) imply that forall n € N, 1,41 < x~1/%rL/%,
meaning that r, converges Q-superlinearly.

e If p = 2, then @ = 1 and we deduce from (52) that for alln € IN, 7,41 < (1+x) " ry, meaning that

ry converges Q-linearly.

eIf p € ]2, 400, thena € |1,2[, and the analysis still relies on studying the asymptotic behaviour of a
real sequence satisfying (52). Lemma A.8 in the Annex shows that we haver, 11 < (C,)? /(p=2)y=p/(p=2),

by taking
—2 — 2-p 2P )
(C/ )_1 := min K,K% max min P K2P er 1— S*% . (53)
P ps 0

s>1

To end the proof, we will prove that the rates for ||x, — X«|| are governed by the ones of r,,. Let
1 <n < N < +00, and sum the inequality in (50) between n and N to obtain (remind that b = A~1):

N

C 1
N — Anl|| = k+1 — Akl =~ —F'n n— An—1||-
len = xll < Y- llxis = xell < Eor/P 4w = x4
k=n

Next, we pass to the limit for N — co, we use (47), and the fact that r;, is decreasing to obtain

[
(V1 >1)  [|eo — xu]| < ;’—Ar}/ﬁ \/_,/—rn (54)

1.1
Note thatrl/2 < r(‘;' ’ 1/p 1if p € [2, +o0f, and 7, /p <rl ’ 1/2 1if p € [1,2]. So, by defining

2pc(2 — AL) "1+ (2Arg) /22 = AL) V2 VP ifp > 2,
Cp = 1/p 1172 1/2 172 (55)
2pcery’ T (2= AL)~ + (2A0)Y4(2 - AL) ifp<2,
we finally conclude from (54) that ||xeo — x| < Cpr 1/ max{z,p } whenn > 1. O

Proof of Theorem 4.6. The proof is as for the case p € |2, +oo[ of Theorem 4.1: the p-Lojasiewicz prop-
erty implies (51), and the statement follows from Lemma A.8 witha =2(p —1)/p € ]2, 4o0[. O

Proof of Theorem 4.8. The proofs of Theorems 4.1 and 4.6 rely on the combination of the Lojasiewicz

inequality with the estimations (47) and (48), which can be replaced by (18) and (19). O

A.4 Linear inverse problems and proofs of Section 5.1

Here we will make use of is the Moore-Penrose pseudo-inverse of A. It is a linear operator (not neces-
sarily bounded), whose domain is D(AT) := R(A) + R(A)+, and satisfying

(Vy € D(A")) A'y:= argmin {||x| | A*Ax = A*y}.
It is easy to see that, whenever y € D(A"), the solution set of (27) is ATy + ker A.

Lemma A.11. Let A be a bounded linear opertator from X to Y. Then, for every continuous function
¢ : [0, +co[— R, we have Ap(A*A) = p(AA*)A.
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Proof. A simple induction argument shows that, for every k > 0, A(A*A)* = (AA*)¥A. Taking
linear combinations of this equality allows to see that, for every polynomial P € R[X], AP(A*A) =
P(AA*)A. Now, if ¢ is continuous on [0, +oo], it is in particular continuous on [0, || A||?], which is
an interval containing the spectrum of both A*A and AA*. Thus, ¢ restricted to this interval can be
written as the uniform limit of a sequence of polynomials. Passing to the limit (see [56, Thm. V1.32.1])
in the last equality gives the desired result. O

Lemma A.12. Forallb € Y, r € ]0, +-00], the following two properties are equivalent:
1. (Gx ckerAt) b= Ax, |x|=r
2. (3y€cdR(A)) b=vVAA*y, |yl =r.

Proof. It is shown in [42, Proposition 2.18] that R(A) = R(vAA*), so it is enough to verify this
implication:
(V(x,y) € ker AL x cIR(A)) Ax = VAA*y = |x| = ||y

Let (x,y) be such a pair. Since Ax = VAA*yand y € clR(A) = kervV AA*l, we deduce that
y = (VAA*)'Ax. Therefore, since AA* is self-adjoint, (AA*)TAx = (A*)"x (see [42, p.35]), and
A*(A*)x = proj(x; ker A1), we get

lyl? = |(VAA*)T Ax|[? = ((AA*)T Ax, Ax) = (A*(A")"x, x) = ||| O

Proof of Lemma 5.5. Remind that y* = Ax" = AATy and letv = y + 1/2. Then, Lemma A.12 yields:

be AlY,; & (JwedR(A)) |w| <5, Ab=y'+ (AA*)(AA*)Iw withv = u +1/2,
& (JwekerAl) |w| <5, Ab= AAty+ (AA*)FAw with Lemma A.12,
& (JwekerAl) |w| <5, Ab= AATy+ A(A*A)‘w with Lemma A.11,
& (GwekerAt) |w| <d, b—x"— (A*A)lw € ker A
& be Xy
O

Lemma A.13 (Interpolation inequality [42, p. 55]). Forallx € X and 0 < a < 8, we have
* * & 1_£
I(AA) x| < [I(A"A)Px]| 7 x| F.

Lemma A.14 (Powers of self-adjoint operators). Let S be a bounded selfadjoint positive linear oper-
ator on a Hilbert space. Then, for all & > 0, ker S = ker §*, and cl R(S%) = cl R(S).

Proof. Given any 0 < a < B, we can write SP = SP~%S% from which we deduce that ker $* C ker SP.
This means that (ker S%),~¢ is a nondecreasing family. To prove that this family is constant, it is
enough to see that ker S> C ker S, which we verify now: If x € ker S?, then [|Sx||?> = (Sx,Sx) =
(S%x,x) = 0, therefore x € Ker S. The conclusion follows from the fact that ker S* = ¢l R(S). O

A.5 Regularized inverse problems and proofs of Section 5.2

Proposition A.15. Let K C RN be a closed cone and S € S. (RN). Then S is coercive on K if and
only if KNkerS = {0}.

Proof. The direct implication is immediate from Definition 5.14. For the reverse implication, let K be
a closed cone such that KNkerS = {0}. Since S is linear, we know that d — (Sd, d) is convex and
continuous. So, using the compactness of K N Sy we deduce that:

ek inf (Sd,d) = (Sd,d).
(34 €KnS)  inf (Sd,d)=(5dd) (56)

Because d € K and d # 0, we deduce from our assumption that d ¢ Ker S. Therefore, v := (Sd,d) >
0, from which we deduce that S is -coercive on K. O
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Definition A.16 (Cone enlargement). Let K C RN be a cone, and 0 € [0, %] We define the 0-
enlargement of K as

Kg:=R{x € Sgn | (Jy € KNSgn) arccos (|{x,y)]) < 6}.
Lemma A.17. If K is a closed cone, then Kj is a closed cone containing K for all § € [0, 7].

Proof. By definition, Ky is a cone containing K and Ay := {x € Sgn | (Jy € KN Skn) arccos (|(x,y)]) < 0}
is compact, due to the compactness of KNS. Since 0 ¢ Ay, by compactness of Ay, we deduce that

Ky = RAg is a closed cone (see e.g. [48, Proposition A.1.1]). O
Proposition A.18. Let S € S (RN) which is y-coercive on a closed cone K. Then, for every 7' €]0, 7],
S is 9/-coercive on Ky, with 6 := arcsin (ﬁ) € [0, Z[.

Proof. Let 0 and v be as in the statement. Since S is y-coercive on K, we see that v < ||S||, which
guarantees that 6 € [0, Z[. Now, the fact that Ky is closed (Lemma A.17) implies that Ky NS is
compact in X, so we can use the same arguments as in (56) to deduce that there exists d € Ky N Sgn

such that (Sd,d) = ) I<Hrl‘1fs (Sd,d). Since d € Kg, there exists by definition of Ky some 7 € KNS
EKMNSRN

such that arccos(|(d, 7)|) < 6. We can use [62, Theorem 1] to write

|(S5,0) — (Sd,d)| < ||S]| sinarccos(|(g,d)|) < ||S|| sin 6. (57)

Since o € KNSkn C Ky N Sgn, we have (S3,0) > (Sd,d). Moreover, arccos(|(7,d)|) < 6, so (57),
implies

(Sd,d) > (S9,0) — ||S||sin® > v — ||S||sin® = .
We deduce from the definition of d that S is 9/-coercive on Kj. O

Proposition A.19. Let C C RN, and ¥ € C.

i) For p > 0, Cis p-prox-regular at ¥ if and only if :

(Vx € C)(V € Ne(x))  (1,x—x) < gHﬂHHX — x| (58)

ii) If C is a C?> manifold, then there exists §, p > 0 such that C N B(%, §) is p-prox-regular.

Proof. Ttem i) : Definition 5.19 can be rewritten as (Vi € N¢(%) NSpn)(Vx € C) x ¢ B(x+ }—,17, :—,),

where the condition x ¢ B(x + %17, %) is equivalent to, after developing the square:

2 - _ 1 2
“(x—xm) = |lx - x| +

1 5 ) 1 2
<|lx—X%—— =|lx—x||”+ — — M
| pnl\ | | pz\lﬂ\l ; 2o

(x —%,1).

P
The conclusion follows after cancelling and reorganizing the terms. Item ii) : Every C?-manifold is
prox-regular in the sense of [93, Def. 10.23 & Prop. 13.32]. Therefore, for every ¥ € C, there exists
d,p > 0 such that for every x € CNIB(X, ), and for every 7 € N (%) NSk, the inequality (58) holds

[93, Exercice 13.31]. Conclusion follows from the fact that Nc (%) = Nenp(s,)(%)-
|

Here is a needed result estimating locally the coercivity of an operator on a prox-regular set via
its coercivity on the tangent cone.

Proposition A.20. Let C C X be p-prox-regular at ¥ € C. Let S : X — X be a bounded positive
selfadjoint linear operator, being 7y-coercive on Tc(%). Then, for all 7 e 10, 7], there exists a cone

K C X such that  is y'-coercive on K, and C N Bx(%,) C % + K, with 6 = 20,
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Proof. Let 7/ € 10,7| be fixed, and define 6 := arcsin((y —7')||S||™}) €]0,Z[. Let Ky be the 6-
enlargement of Tc(X), then Proposition A.18 guarantees that S is 9'-coercive on Kjp. It remains to
prove that there exists 6 € |0, +oo[ such that CNIB(%,6) C ¥ + Ky. Let x € C. Because C is p-reached
at ¥, we know that T¢ (%) is a convex cone (use [44, Thm. 4.8.(12)] and the fact that C is locally closed
at ¥), so we can define y := proj(x — %, Tc(%) ), and # := proj(x — X, Nc(%)). Using Moreau’s Theorem
[11, Thm. 6.30], we deduce that 7 = x — ¥ — y with (y,y) = 0. We define § := ||x — x||, and look for
a condition on it so that x € X 4 Ky. For this to happen, it is enough to verify that

(x = x,y) = cos(6)[|lx — x||[|yl. (59)

Now, use Proposition A.19.i) together with the Cauchy-Schwarz inequality, and the polynomial in-
equality X2 — cX > c%/4, to write

lyll? = llx = = yl* > llx = = + Inl* = pllylllx — 2] > 6*(1 - p?6%/4).
We can use this inequality, together with the facts that x — X =y + 7 and (y,77) = 0, to write
(x=2,9)? = llyl* = llyl?6*(1 - p?6%/4).

This allows us to conclude that (59) holds as long as:

1—p20%/4 > cos(0)? < p?0%/4 <1 —cos(h)? < pd/2 <sin(f) = 7|‘;"|Y .

O

Proof of Proposition 5.17. Let0 < 7' < v, and set S := argmin f. Since } is of class C? around ¥ € S,
there exists some 6 > 0 such that for all u € 0By, |V2h(%+ u) — V2h(%)|| < 7 — /. Notice that
when V21 is Lipschitz continuous, we can take § = (v —9')/L. Also, if it is constant, we can just
take § = +oo and o/ = <. Let us show that f is 2-conditioned on Q) := % + (KN éBy) with the
constant ys o = 79'. Take x € O N dom g and use the optimality condition at ¥ € S and the convexity
of ¢ to obtain

flx)—inff = g(x)—g(®)+ (Vh(x),x —x)+h(x) —h(x) — (Vh(x),x — %)) > h(x) —h(x) — (Vh(X),x — ).

By Taylor’s theorem applied to /1, we deduce from the inequality above that there exists y € [x, ¥]
such that:

fx)—inff > (1/2)(V2h(%)(x — %), x — %) + (1/2)( [vzh(y) - vzh(x)} (x — %), x — %).
On the one hand, since x € Q, we have that x — ¥ € K. Thus, from the coercivity of V2h (%) we have
(V2h(z)(x — %),x — ) = y|lx — %%

On the other hand, we use the Cauchy-Schwarz inequality together with the definition of § and the
fact that ||y — %|| < ||x — %|| < ¢ to obtain

By combining the three previous inequalities, we deduce that
flx) —inf f > (7' /2)]|x — 2> (60)

This implies that (¥ + K) Nargmin f = {x}, and the statement follows from ||x — || > dist (x;S). O
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